









 Elliptic curves Lecture 3

26ᵗ Ahpril 2024
Lecture 182 I Introduction

2 Projective curves

Def1 let k be a field
121

Affine space A K tn lxn XnEk3
n 2 plane

Projective space PCK K 510 013

where xox.tn Yo Yn

if7XEKXwithXiXYiVi a n

Notation Xo for the class
of Xa Xml

homogeneous coordinates



For motivation see IST Appendix A

We will be interested in theprojectiveplane

Kl NAT NA 1900131

U
HD
I

K xD

In I we considered affine curves

C f XX 0 FEIDEKIND

e g y P 1 0

projective curve
homogeneous polynomial

C FCXIYZI OFG.ME FCN
e g 2g X 23 0



We get more points e 9 91,0
point at infinity is in Q

Def2 A projective plane curve overt

is given by a homogeneous polynomial

C FUN 7 0 FAMHEKEN

L
degreeof C

FAX XY 2 FAN Z

d 3 cubic

ii We say C is singular at PE PCK

if
JER JIM JEP 0

Otherwise C is non singular at P

If C is non singular at every Poe say
Cia smooth or non singular carve



Example i C ZERO is

sinsular at P 0 0,17
NY

END

1 c zy AXE BZ

non singular Δ 16 4 2784 0

In the following we often assume K Q

Def2.3 Anek.ve over Kis

a smooth cubic projective curve E over

K with at least one point OE ECK

Isi of E



PropositionI let E be an elliptic curve

over K with char k 2,33 Then thereexists
a curve Weierstrassffamtion

E ZU AXE BZ
ABER

with 4 275 0 and an invertible change

of variables 4 E E of the form

411 71 1EE I HEEI.EHEH
such that 4 G 0,1 0 fingi Kainz

Proof Idea see IST Chapter 1.3

Rem If Charlkl 2 one can bring it on theform

ZY AXE BXZECZ
and in general

ZY a XYZ 9 YE
3
92 2 9 Easz



Examples consider the elliptic curve

E Y dZ dez
dto

with 0 1 1,07

The change of variable

411 14,271 1202,3601 4 Y

FF E
gives

E zy 43212

4 11 1,07 0,721 07 10 1,07

4 has inverse

4 XYZ 36027

From now on we will usually use affine coordinates

e g just write E Y x ̅ 4320 with the
understanding that there is still the point O at infinity

In affine coordinates y Ky 4 Eff



Defts Let E Xxl 0 and Eigxyl0
be elliptic curves K with origins 0 and O

We say that E and E are isomorphic k

if there is an invertible changeof variables

Y E t E defined by rational functions with

coefficients in K such that 4101 G

Example Curves given by quartic polynomials

can be isomorphic to curves given by a
cubic polynomial e g

C v UH and E y i Xx

are isomorphic Q via 4 und 41,4



3
ThegroupEHBE.IQ

Let EA y Axt B be
27137

an elliptic curve with origin 0 Wewant

to define a group structure on

ECQI NIE049 Ax 130903

D The addition ECQIXECQI ECQ is

given as follows

For P y B 2,1 ECQ 1903

set Ps P Pz 3 with

and Pt G O P P for any PEE Q
Notice the case 2 and 9 g doesnotexist



This definition
gives the eypliitalsebraicp.CITexpression ofthe geometric
interpretation of Lecture 2 GP Pz

Ihme ECA is an abelian group

Proof The addition is commutative by definition 0

is the neutral element and P X y has

inverse P _y The associativity can be

checked by direct but complicated calculation

See 5 Zwegers On the associativity of the addition
on elliptic curves


