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Canyou find abiceQ Area 6

Äf1 4

Fitch
also a curve but it is a conic

Ellipse Elliptic Eurve

But Name comes originally from its connection

to computing the arc length of an
ellipse elliptic integrals

Q What is an elliptic curve lover K

K field often Q R C Qp
later Kp charckl p Two

shortest answer

abelian variety lover k of dimension 1
zero set cake

994Pastare of polynomials



Equivalent answers

smooth
irreducible non singular projective algebraic
currefoverkl of genus I furnished with a point0

This might still not be explicit but if
char k 2,3 as in most cases we have

the following explicit definition

Def An elliptic curve over a field
K with charck 2,33 is a plane algebraic
curve givenby Notation

EM
E y Axt B over

Ähm
FÄLLE JÄ

ECK

a ätional pts
rational points E Q 71 4,61



this definition

Q Why I are they interesting

Elliptic carves turned out to be useful
numbertheoretical

to answer classical mathematical questions

Most famous example Fermat's last theorem
FLT

For has a b I has no integer

solutions abicezwitha.be 0

Frey ma If there is a solution the
Ribet

the elliptic curve

ÄHH E a b

this to G HAB is not modular

Taniyama
Shimura

Coni Every Ela is modular

Wiles 19941 This is true FLT
Taylor Modularity theorem



Elliptic curves also have practical
applications in cryptography factoring
integers etc later

We start by talking about general
diophantine e named after DiophantosofAlexandria

C flxi.kz r 0

flxi.mx 2 deg f n

Natural questions
a Are the rational ou intesersolations

b If so can we find them
C If we have solutions can we find more

d Can we find all
Determine 2 CQ



caser lvariable lanydea.ee

C f x an 9 do die

Thema If f EQ FCH 0

plao 9 an 1

For given do an one justneeds

to check finitely many

Covariableserent
C axtby c abto

ER

Infinitely many solutions over Q
For any XE Q y G

Over 2 Solution over 2 god ab 1C
Euklids algorithm Bezout's lemma



caser 2varidesreen 2 lconi.es

C axtbxy cyhdx ey f 0

for a
Over Q local to global principle

Ihm Hasse Minkowski Theorem

has a Q.pt Chas points locally
Q at all places

CCR and

Cap for
See L Appendix C Küss all p

Solutions mod p for all n

Example C 45 1 0 CCR CCQKO

C
2
42 3 0 has

no rational solution since it has
no solution mod 4



Here Q Q
but R

2
5 113 has solution 1 1 1 17,8

Can we find more
witafgd.pe

new
rational

2785If one starts solution

with one Q.pt
and considers a line

through this pt with a rational slope
This line intersects with another point on

Q This gives all Q pts
stereoshaphic projection

See STI Ch 1 1 X D 1

Integral points are more difficult



caser 2varides planecabi.cn

aß by xy j 0

In n 2 case we had either no Q pt
or a many For n 3 we can alsojust
have finitely many Q pts

But everything is much harder

the local to global principle doesn't

work There are cubic with sol's overR
p but no Q Sol

Selmer's example 3
3
4 3 5

No algorithm to find all Q pts
later

even if we have one projectile

Elliptic carve non sinsular plane cubic curve
with at least one Q pt

can always bring it in theform 9 AxtB


