
Elliptic Curves
Topics in Mathematical Science III, Nagoya University, Spring 2024

Instructor: Henrik Bachmann

Homework 1: Rational points on conics & elliptic curves
•

Deadline: 3rd May (23:55 JST), 2024 at TACT

Exercise 1.

(i) Show that there are no solutions to x2 + y2 − 3 = 0 over Z⧸4Z.
(Based on the local-to-global principle, this shows that there is no rational point on this
conic.)

(ii) Show that there exists a solution to x2 + 1 = 0 over Q5.

For this, it suffices to show that for each m ≥ 1 the congruence

x2 + 1 ≡ 0 mod 5m

has a solution xm ∈ Z⧸5mZ, such that x1 ≡ 2 mod 5 and xm+1 ≡ xm mod 5m for all m ≥ 1.

Exercise 2. Find all rational points on the conic

C : x2 − 3xy + y2 − 5 = 0,

given as a 1-parameter family.

(Hint: Compare with Section 1.1 of [ST]).

Exercise 3. A number n ≥ 1 is called a congruent number if it is the area of a right triangle
with rational side lengths a, b, c ∈ Q.

(i) Show that n ≥ 1 is a congruent number if and only if the elliptic curve

E : y2 = x3 − n2x

has a rational point (x, y) ∈ E(Q) with y ̸= 0.

(ii) Show that n = 1 is not a congruent number.

For (ii) you do not need to use (i).
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