Multiple harmonic g-series at roots of unity

and their connection to finite & symmetrized multiple zeta values

Henrik Bachmann
Nagoya University & MPIM Bonn

@@

joint work with Y. Takeyama and K. Tasaka (arXiv:1707.05008)

AG-Seminar Algebra, TU Darmstadt, 06.02.2018
www.henrikbachmann.com

34



Multiple harmonic g-series
) — e2miT
Classical case 4
TeH kZ(k/’l,...,kr)

Modul
e (g00)< om



Multiple harmonic g-series
) — e2miT
Classical case 4 =
TeH k=(k’1,...,k’r)

Modul
e (g00)< om
qg—1

MzV C R

MZV = Multiple zeta values



Multiple harmonic g-series
) _ 62771'7' )
Classical case 9= Cyclotomic case
T€eH k= (ki,.... k) TEQ

Modular :
C C O(H) -
o @ . C Map(Q, C)
q—1

MzV C R

MZV = Multiple zeta values



Multiple harmonic g-series
) _ 62771'7' )
Classical case 9= Cyclotomic case
T€eH k= (ki,.... k) TEQ

Modular :
C C O(H) -

o @ . C Map(Q, C)
q—1

: Symmetrized
MzV C R : MZV C R

MZV = Multiple zeta values



Multiple harmonic g-series
) _ 62771'7' )
Classical case 9= Cyclotomic case
T€eH k= (ki,.... k) TEQ

Modular :
C C O(H) -
forms @ () : C Map(Q, C)

: Finite Symmetrized
MzZV C R : Mzv C A MzV C R

Ok

MZV = Multiple zeta values



Multiple harmonic g-series

— e27ri7’ )
Classical case 9= Cyclotomic case
TeH k= (ki,.... k) TEQ
Modular :
C Cc O(H) -
forms @ (H) ) C Map(Q, C)
q—1
@ @ Kaneko- Zagler
Conjecture
Z Finite Symmetrized
MZV C R : Mzv C A MZV C R

MZV = Multiple zeta values



Multiple harmonic g-series

— e27ri7’ )
Classical case 9= Cyclotomic case
TEH k:(klaukr) TEQ
Modular :
C C O(H) -
forms @ (H) ) C Map(Q, C)
g—1 : q—1
@ @ Kaneko- Zagler
Conjecture
Z Finite Symmetrized
Mzv C R : Mzv C A MZV C R

MZV = Multiple zeta values



Multiple harmonic g-series

— e27ri7’ )
Classical case 9= Cyclotomic case
TEH k:(klaukr) TEQ
Modular :
C C O(H) -
forms @ (H) ) C Map(Q, C)
qg—1 . 4= 1 q—1
@ @ Kaneko- Zagler
Conjecture
Z Finite Symmetrized
Mzv C R : Mzv C A MZV C R

MZV = Multiple zeta values



(1) MZV - Multiple zeta values

o Indexset: k = (K1, ..., kp), k1,.... kr > 1,
o k admissible :< k1 > 2ok =0 (r = 0),
o weight: wt(k) = k1 + - -- + k., depth: 1.

@ For k admissible define the multiple zeta value (MZV)
1
(k) =Clky, . k)= > T m R

and set () = 1.

@ For the space spanned by all MZV we write
Z = (¢(k) | k admissible)q

and

Z, = (((k) | k admissible , wt(k) = k)q



(1) MZV - Harmonic product

For k1, ko > 2 we have

(k1) - Clh) = ) kl

m1>0 ml mo>0 m2

=(Z+Z+Z>mlm2

m1>me>0 mi1>me>0 mi=mao>0

= ((k1, k2) + ((k2, k1) + C(k1 + k2) .

This works for arbitrary depths, for example

C(kl) : C(k27 k3) = C(klv k2a ]{:3) + C(kQ, klv k3) + C(k27 k37 kl)
+ ((k1 + ko, k3) + ((ka, k1 + ks3) -

In particular Z is a QQ-algebra.



(1) MZV - Double shuffle relations

Additionally MZV can be expressed as iterated integrals. This gives another way (shuffle
product) to express the product of two MZV as a linear combination of MZV.

Example

¢(2,3)+3¢(3,2) +6¢(4, 1) "E° ((2)-¢(3) "E"™ ((2,3) +¢(3,2) +((5) -
= 2((3,2) +6¢(4,1) "= ((5).
But there are more relations between MZV. e.g.:

These type of relations are called extended double shuffle relations.



(1) MZV - Conjectures

MZV Conjectures

@ The extended double shuffle relations give all linear relations among MZV and

z=pz,

k>0

i.e. there are no relations between MZV of different weight.

@ (Zagier) The dimension of the spaces Z}, is given by

1
Y dimg 2 X" = .
k>0

@ (Hoffman) The following set gives a basis of Z

(C(hiy . k) | 720,k ke € {2,3)) .



(1) MZV - What we know

Theorem (Goncharov, Terasoma)

We have dimg 2, < dy, where D ;. di, Xk.=(1-Xx2-Xx3"1

k o(1|2|3|4|5|6 |7 ]| 8] 9 10 | 11
#HKkadm,wt=%k |1 |0 | 1|2 |4|8| 16| 32|64 | 128 | 256 | 512
dp 11011 ]1]2] 2|34 5 7 9

Theorem (Brown, 2011)

Every MZV can be written as a linear combination of { (K1, . . ., k) with k; € {2, 3}.
Example

4 6 4

1 1

C(4v 1) = 5C(27 3) - gC(Bv 2) ) C(G) = 1736C(27 27 2) .



(1) MZV - Connection with modular forms

Theorem (Gangl-Kaneko-Zagier, 2006)

Modular forms of weight k "give" relations between ( (7, s) and ( (k) with k = 7 + s and
T, S odd.

There are explicit formulas for these relation using period polynomials.

Example

o Each Eisenstein series in weight & corresponds to the relation
1

o The cusp form A in weight 12 gives

168¢(5,7) + 150¢(7,5) + 28¢(9,3) = %g(m) .

We will see later how this relation can be related to A\.



(1) M2V - Regularization

For ki, ..., kr > 1there exists a unique ((k1, . .., kr; T') € Z[T] with
° ((LT)=T,
o Forky > 2itisC(k1,....kn;T) =C(k1,... k),

@ Their product can be expressed by the harmonic product formula.

Example
Since

C(T)-C(2,T) = ¢(1,2;T) + C(2,,T) +¢(3; T)

we have

C(1,2T) =¢T - ¢(2,1) = ¢(3).

In general we have for k admissible: (1, ...,1,k;7T) = C(k)% + ...
—— :



(1) MZV - Symmetrized MZV

For an indexset k = (k1, . .., k,) define the symmetrized multiple zeta value by

T

Cs(k) = Z(—l)k1+"'+kag‘(ka, Ea1y.. ki3 T)C(kagt, kagay - ks T) .
a=0

@ One can check that the definition of CS is independent of 1.

@ The product of two SMZV can again be expressed by the harmonic product, e.g.

Cs(k1) - Cs(k2) = Cs(kr, ko) 4 Cs(k2, k1) + (s(k1 + k2) .



(1) MZV - Symmetrized MZV

Indepth” = 1 we have for k > 1
_ ) kA _ 2¢(k) , kiseven
Gsh) = Gl )+ (1)) = { g0 e

Question: Do we get all MZV?

Theorem (Yasuda, 2014)
We have Z = <Cs(k)>Q-

Relations between MZV give relation between Symmetrized MZV:

Example

¢(5) —2¢(2,3) +4¢(4,1) =0
—
(s(4,1) — (s(1,4) +(s(3,2) =0
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(2) Finite MZV - Definition

For an indexset k = (k1, . .., k) the finite multiple zeta value is defined by
1
Calk) = Y. g medp| €A,
p>my>->me>0 T e .
P prime

where A is given by

a= 115,

P prime @ IFp ’

P prime

(Fp=2/pZ)
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-The algebra A

We have an embedding Q <—> ZA since for € QQ we can get a solution Zp of
br,—a=0 modp

for all but finitely many p. Set ), = 0 if it does not exists and define

Z(g) :(1‘2,$3,x5,x7,.. E.A H IF

b P prime @ D '

P prime
= Ais a Q-algebra.

Example

Z<]-3_0> :(O’ana1787127276721"“)'
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-The space Z4

For the space spanned by all FMZVs we write

ZA= (K)o and  Zf = (Calk) | wi(k) = k)g.
Finite MZV satisfy the same harmonic product formula, i.e. for example

Ca(kr) - Ca(ka) = Calkr, ko) 4 Ca(ka, k1) + Calkr + k2)

and therefore Z4 is a Q-algebra.
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(2) Finite MZV - Depth 1 and 2

@ Depth 1: For k > 1 we have {4(k) = 0.
o Depth 2: For k1, k2 > 1 we have

k1+k‘2)B —k1—k )
k1 k) = ( (=)™ o :
Calki, ko) (( ) ( oy kit F )

o Clearly (a(k1, ko) = 0if k1 + ko is even.
o Itis expected, that (4 (k1, ko) # 0if k1 + k2 is odd.
@ We do not know an example for k = (), for which we can prove ( 4(k) # 0.

14/34



(2) Finite MZV - Relations

In their work Kaneko and Zagier prove several linear relations among Finite MZV.

Example

Ca(4,1) —Ca(1,4) +¢a(3,2) =0

They also made the following observation

Observation (Kaneko, Zagier)

The number of relations between (4 (2a, 1, 2b, 1) seems to correspond to cusp forms in

weight 2(a + b+ 1).

For example in weight 12 the first relation of this type is given by

16¢A(2,1,8,1) +9Ca(4,1,6,1) +1804(6,1,4,1) — 2¢4(8,1,2,1) = 0.

There are no proven results on this observation (as far as | know).
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(3) Kaneko-Zagier Conjecture - Finite MZV <> Symmetrized MZV

Conjecture (Kaneko-Zagier)

o We have an Q-algebra isomorphism

YCKZ - ZA — Z/?TQZ
CA(k) — Cg(k) mod 71'22.

@ The dimension of Z]f is given by

> dimg 27t X =
k>0

@ We do not even know if the map @ 7 is well-defined.

@ In contrast to MZV, there is no explicit conjectured basis for ZA

16/34



@ Multiple harmonic g-series - general form

A multiple harmonic g-series is a sum of the form

Q1(¢™) Qr(¢"™)
Z (1 _ qml)k‘l T (1 _ qmr)kr

mi>-->my>0
with Q;(x) € Q[z] and k; € Z>.

With ¢ = 2™ we will consider:
o "classicalcase 7T € H={z+iy € C|y >0}, |¢| < L.

@ "cyclotomic case": 7 € QQ, ¢: root of unity.
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@ Multiple harmonic g-series - classical case : Eulerian polynomials

Eisenstein series of weight & > 2:

Pk (q’HL)

Gr(t) = ((k) + A—gm)F

(27”)k n Nk
= 1! 2%1(”)(1 = ((k) + (2mi) 2)

Py () : Eulerian polynomials, defined for k& > 1 by the Polylogarithm

Po(z) 1 o o
uiw)k =y k) = m;ak Lo,

We have Py (1) = 1and P;(0) = Oforall k > 1.

Example 145 1
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(3) Multiple harmonic g-series - classical case 7 € Hl, |g| < 1

e For|g| < 1andanyindexsetk = (ki,...,k,) define

gkiq) =glkr,....ksq)= > Eng) Ze )

my>-->my>0 (1 - qml)kl o (1 - qmr)kT

andset g(0; q) = 1.
@ If we view this as a function (in 7) from H to C we just write g (k).

@ For the space spanned by all these functions we write

G = (g(k) | k admissible)g C O(H) .

and
Gr = (g(k) | k admissible, wt(k) < k)q .
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(3) Multiple harmonic g-series - classical case 7 € Hl, |g| < 1

The space G is a Q-algebra.
Denote for n > 1 the normalized Eisenstein series by

Gion(7) = (271) 2" G (7) = % 52’;!

+9(2n;q) €G.

The space of quasi-modular forms Q[G2, G4, Gg| C G is a sub algebra of G.

Theorem (B.-Kiihn, 2013)

The space G is closed under the operator q%, and q%gk_g C Gp.

Example d 1
qd—qg(l) =9(3) —9(2,1) + 59(2).
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(3) Multiple harmonic g-series - classical case 7 € Hl, |g| < 1

The functions g(k) can be seen as g-analogues of MZV:
Proposition

For k admissible and 2 < wt(k) < k we have

| o Je g
lim(1—q)"g(k;q) = {0 ,wi(k) <k

We get a surjective linear map
ok Gk — 2k

g(k) — lim(1 — q)*g(k; q).

q—1

21/34



(3) Multiple harmonic g-series - g-analogues of MZV

Theorem (B.-Kuihn, 2013)
We have the following elements in the kernel of

e Cusp forms: Sk (Sl2(Z)) C ker(¢x).
@ Derivatives: q%gk_z C ker(pg).

Example
One can prove that with o = —(26 -5 691)_1

aA =168¢(5,7) + 150 g(7,5) + 28 g(9,3)
1 83 187 7 5197

= a(2) — 22 a(4) - 20 _ _ 270
+ 7208 9®) ~ 12200 W * 5025 9(6) — 139 9®) — o1 9

Applying (012 to this gives the Gangl-Kaneko-Zagier relation

168¢(5,7) + 150¢(7,5) + 28¢(9, 3) = %917«12) .

22/34



Multiple harmonic g-series

— e27ri7’ )
Classical case 9= Cyclotomic case
TEH k:(klaukr) TEQ
Modular :
C C O(H) -
forms @ (H) ) C Map(Q, C)
qg—1 . 4= 1 q—1
@ @ Kaneko- Zagler
Conjecture
Z Finite Symmetrized
Mzv C R : Mzv C A MZV C R

MZV = Multiple zeta values



(3) Multiple harmonic g-series - cyclotomic case 7 € Q, g: root of unity

From nowon: 7 € Q, i.e. ¢ = €%™7

ord(q) = min{n | ¢" = 1}.

is a root of unity.

e For aroot of unity ¢ and any indexset k = (k1, . .., k) define

C(k7Q) = C(kh' . 'ak'r';q)

_ Py, (¢™) Py, (¢™)
a > (1 —gm)kr 77 (1 — gmr)kr

ord(q)>mi>->m,>0

andset ¢(0; ¢) = 1.

@ For the space spanned by all these functions we write

C = (c(k))q@ € Map(Q,C)

and

Ci = (c(k) | wi(k) < k)q.

23/34



@ Multiple harmonic g-series - cyclotomic case: Relations

The space C is also a Q-algebra (with the same arguments as for G).
Example

¢(2) - ¢(3) = o(2,3) + o(3,2) + c(5) — 1—12 o(3).

We can prove relations between the ¢ as elements in Map(Q, C).

Example

o(2,2) — 2c(4) — éc(2)
c(4,1) —c(1,4) +¢(3,2)

0,
0.

Notice that C is not graded by the weight.
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@ Multiple harmonic g-series - cyclotomic case : depth 1

In depth 1 we have for k > 1

B
c(kiq) = (=)' (ord(@)* ~ 1).
Now consider the case 7 = % ie.q= e = &n and ord(q) = n.
omi 1 (2mi\?
lim (1 —&,)n = lim (——() - )n:—27ri.
n—0o0 —00 n 2 n
Since ((k) = —%ﬂ for even k we obtain
—mi  (k=1)
lim (1 — &) c(k;€,) =< 2¢(k) (k> 2, kiseven)
e 0 (k >3, kis odd)
In particular Re ( ILm (1- fn)k c(k; {n)) = (s(k)

25/34



@ Multiple harmonic g-series - cyclotomic case: Symmetrized MZV

2mi

qun:eT

Theorem (B.-Takeyama-Tasaka, 2017)

For any indexset k = (k1, ..., k;) we have
L(k) := lim (1 - &) c(k; &)
- e i
=> (-pkt +k“§(ka,ka_1,...,kl;—E)C(kaH,kaH,...,kr;5).
a=0

In particular we have L(k) € Z + i Z and the following.

Corollary

For any indexset k = (k1, ..., k;,) we have
Re(L(k)) = (s(k) mod 72Z.

and Re(L(k)) = Cs(k) itk £ (..., 1,1,...).
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@ Multiple harmonic g-series - cyclotomic case: Symmetrized MZV

The Theorem gives us a surjective linear map
gp}g :Cr, — Z,
(k) — Re ( lim (1-&)"clli) ) |
n—oo
which satisfies % (c(k)) = (s(k) mod 72 2Z2.

Example
Relations between the ¢ give relation between Symmetrized MZV (mod 71'22)

c(4,1) —c(1,4) +¢(3,2) =0

(s(4,1) — (s(1,4) +(s(3,2) =0
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@ Multiple harmonic g-series - cyclotomic case: Finite MZV

For p prime let I,, = (1 — &) be the ideal of Z[&),] generated by 1 — &),

Lemma

Let p be a prime, then

o (1-&) c(k; &) € Z[&)]
o Wehave Z[&,]/ 1, = T, .

From this we get

Theorem (B.-Takeyama-Tasaka, 2017)

For any indexset k = (k1, ..., k;,) we have

(1-g)ekg) mod L)  =cafk).

P prime

28/34



@ Multiple harmonic g-series - cyclotomic case:

The Theorem gives us a surjective linear map
QD';:‘ H Ck — Z]’CA

c(k) — ((1 — &) e(ki&,) mod Ip) ,

P prime
which satisfies @7 (c(k)) = Ca(k).

Example
Relations between the C give relation between Finite MZV

c(4,1) — c(1,4) +¢(3,2) = 0

ot

Ca(4,1) = Ca(1,4) +¢a(3,2) =0
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(3) Kaneko-Zagier Conjecture - Revisited

The Kaneko-Zagier conjecture, i.e. Qi 7 in the diagram below is an isomorphism,
implies the following commutative diagram

A Cr 7
;‘V \
zi o (2/¢(2)2),

So it is natural to conjecture the following.

Conjecture

We have ker cpj:‘ = ker go‘,f :

Question

How does the kernel of cpj:‘ and go‘,j look like?
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(3) Multiple harmonic g-series - cyclotomic case: Dimensions

Clearly we have Cj,_1 C ker (pjf and Cr._1 C ker (p}j, so we define

g, C=Chp

By numerical experiments we get the following:

k 112 |3|4(5(6|7| 8 | 9 |10 11|12

.
dimggr,C=|1|1|2|2|4|5|8|12|17 |27 38|57

-
dimgZ¢'= |o|o|1|o|1|1|1|2 |2 |3 |45

Try to understand...

o ... the relations in Cy,.

@ ... how to describe the kernel of 30764 and (p;g.
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@ Multiple harmonic g-series - cyclotomic case: Quantum MF

Definition (Zagier)

Atunction f : Q — Cis called a quantum modular form of weight & for I' C Sla(Z),
if the function . : Q/{y~%(c0)} — C defined by

hy(7) = F(7) = fien (7)

has some property of continuity or analyticity for every element y € T.

— aT a b
Here f|, (7) = (c7 + d) kf (T:LLS) for y = <c d) el
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@ Multiple harmonic g-series - cyclotomic case: Quantum MF

Define for 7y € Sly(Z) and an indexset k

ha(ks7) = c(k; €™7) — ¢ o (s )

. (0 -1 (11
andwnteS—(1 0>andT—<O 1).

For k > 1 we have
B 1
hs(k;) = (~1)F - (— - 1) :

i.e. ¢(k) is a quantum modular form of weight k.
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@ Multiple harmonic g-series - cyclotomic case: Quantum MF

Figure: The graphs of ¢(4; 7) and hs(4;7) = c(4;7) — 7_—14 c ( ; —l)

T

@ Are there other examples in higher depths, which give quantum modular forms?

@ Does this have any application/meaning for finite & symmetrized MZV?
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Thank you very much for your attention!

Slides are available on my homepage: www.henrikbachmann.com



