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(1) MZV & DSH - Definition

Definition
For k1 > 2, ko, ..., k. > 1 define the multiple zeta value (MZV)

Chay k) = Y %ER.

kr
mi>>me>0 T by

(Ohsuruf order)
By " we denote its depth and k1 + - - - -+ k;- will be called its weight.

o Z: (Q-algebra of MZVs
o Zj.: (Q-vector space of MZVs of weight k.




(1) MZV & DSH - Harmonic/stuffle & shuffle product

There are two different ways to express the product of MZV in terms of MZV.

Harmonic/stuffle product (coming from the definition as iterated sums)
Example in depth two (k1, ko > 2)

) Glha) = 3~

m>0 n>0

B 1 1 1

- Z mk1 nkg + Z mkl nkg + Z mkl +ko
0<m<n 0<n<m m=n>0

= C(klv k;Q) + C(k27 kl) + C(kl + k2) .

Shuffle product (coming from the expression as iterated integrals)
Example in depth two (k1, ko > 2)

k)Gl = ((R2)+(L20)) stk + =i,

Jj=2




(1) MZV & DSH - Double shuffle relations

These two product expressions give various QQ-linear relations between MZV.

Example
C(2) - ¢(3) =" ¢(2,3) + ((3,2) + ((5)
" ¢(2,3) +3¢(3,2) + 6¢(4,1).

= 2((3,2) +6¢(4,1) "= ((5). |

But there are more relations between MZV. e.g.:

Z an =021 =<@3)

m>n>0

hM
<
=
~
w

These follow from regularizing the double shuffle relations.



(1) MZV & DSH - Regularization

Regularization
There are two ways (harmonic/stuffle (*) and shuffle (LLI) regularization) to extend the
definition of (k1, ..., kr)toall ky,..., k > 1.

Example:
depth 1: (*(1) = ¢™(1) = 0and C*(k) = ¢™(k) = (k) for k > 1.
depth 2:

k1 >2,ke >1: ("(k1, ko) = CH(kr, ko) = C(k1, k2)

ki=1,ky>1: ("(1,k2) = ¢"'(1,k2) = —((k2,1) = C(k2 + 1),

=Tk =1: ¢*(1,1) = —%g(z), ¢, 1) = 0.

GO0, 2) = €y, K)o By 1801 50(2).



(1) MZV & DSH - Regularized double shuffle

Forall k1, ko > 1 we have

C* (k1) - ¢ (k2) = (k1 ko) + (b, k1) + ¢ (k1 + k2)

ki+ko—1 j_l j_l
- Z ((kl—].)+<k2_1>>cm(j,k}1—|—k;2_j).

j=1



(1) MZV & DSH - Regularized double shuffle

Forall k1, ko > 1 we have

(k1) - ¢ (k2) = (" (ka, k2) + ¢ (K2, k1) + ¢ (k1 + k2)
ki1+ko—1 J _ 1 j o 1
(4 () e
j=1
since ¢ (k1, ko) = C*(k1, k2) + Oy.,10%,,13((2) the generating series
ZH(X1,. X)) = > k) XX
ki kep>1

satisfies

Z*(X1) — Z*(X2)
X1 —Xo

= Z7*(X1 + Xo, X2) + Z*(X1 + X2, X1) + €(2) .

Z5(X1)Z"(Xa) = Z7(X1, Xo) + Z7(X2, X1) +




(1) MZV & DSH - General dsh relations

o A:Q-algebra.
o Forzp, .k, € Aforky,... k. > 1wewrite

k1—1 kr—1
Z(Xy,. 0 X)) = > e XX
ki,....kr>1

e Acollection Z = (Z(X1,..., X)), will be called a mould.
(Please ask Komiyama-san for the correct definition of a mould)

Definition

A mould Z satisfies the double shuffle relations (in depth 2) if

Z(X1) — Z(Xo)
X1 — Xy

= Z(X1 + Xg,Xl) + Z(X1 + X2,X2> + 22.

Z(X1)Z(X2) = Z(X1, X2) + Z(Xo, X1) +




(1) MZV & DSH - Known solutions to the double shuffle relations

o A = R: Harmonic regularized multiple zeta values

Py yoer = C (ks Fr)

o A = Q: Explicit solutions are known up to depth 3 (Brown, Ecalle,
Gangl-Kaneko-Zagier, Tasaka). In depth 1 they are all given by

_ By _ (k)

M/ = i)k k even
0, k odd

Zk =

o A = QQ: Solution exist in all depths (Drinfel'd + Furusho, Racinet).



(1) MZV & DSH - Can we lift these relations?

The Riemann zeta values are the constant term of Eisensteins series

nk—lqn
> 8 <Cla)

n>1

B (2mi)*

and — % is the constant term of its normalized version (k > 2 even)

5 e B 1 nk—lqn
Gy, := (2mi) ka:—Q—k’“!Jr S ; T € Q-

Natural questions

@ What about the case A = C[[q]] of A = Q[[¢]]?
@ Are there solutions to the double shuffle equations with 2, = G, or 23, = ék?

@ Is there a depth two Eisenstein series?




(2) Multiple Eisenstein series - An order on lattices

Let 7 € H. We define an order > on the lattice ZT + Z by setting
A=A A — X €P
for A1, Ay € Z7 4+ 7 and the following set of positive lattice points

P={mr+ne€Zr+Z|m>0V(m=0An>0)}=UUR.

m
e o o o o e o o o o
o o o o o e o o o o
e o o o o e o o o o
o o o o o e o o o o
e o o o o e o o o o

In other words: A1 = Ao iff A1 is above or on the right of \s.



(2) Multiple Eisenstein series - Multiple Eisenstein series

Definition
Forintegers k1 > 3, ko, ..., k- > 2, we define the multiple Eisenstein series by
G 1
K1y kor (T) - Z )\kl .. )\kr ’
A= Ap=0 71 v
Ni€EZT+T

It is easy to see that these are holomorphic functions in the upper half plane and that
they fulfill the harmonic product, i.e. it is for example

Go(T) - G3(7) = Ga3(7) + G32(T) + G5(7) -

10/43



(2) Multiple Eisenstein series - Classical Eisenstein series

In depth one we have for kK > 3

1
Gr(r)= ) %= > mr+n)F *ZZWM

ANEZTHT m>0 m>0neZ
A0 V (m=0An>0)
=:Uy(mT)

11/43



(2) Multiple Eisenstein series - Classical Eisenstein series

In depth one we have for kK > 3

1
Gr(r)= ) %= > mr+n)F *ZZWM

ANEZTHZ m>0 m>0nezZ
A0 V (m=0An>0)
=:Uy(mT)

We refer to W, (7) as the monotangent function, which satisfies for & > 2

\I/k(T) _ Z (T—:n) k de 1 .d (q _ e?m‘r)

nel T d>0

This gives

Gk(T) = C(/‘J) + Z \IJk(mT) = k ' Z dk 1 md

m>0 m>0
d>0

11/43



(2) Multiple Eisenstein series - g-MZV

Definition

For k1, ...k, > 1 we define the/a g-analogue of multiple zeta values by

i’ ! di+-+mrd
ki,..., k) = R s g e Qflq]] -
g( 1 'I‘) m1>.§mr>o (kl — 1)| (kr — 1)| [[ ]]
dyy...,dr>0
Proposition

e Forki,...,k, > 2 wehave (q = GQMT)

glk1, oo k) = (=2mi) =R tR) N Wy ) L Wy, ()
my>-->my >0

o Forky; > 2,ky..., k. > 1wehave

lim(1 — ¢)*t Frrg(ky, ... k) = C(ky, ..., k).

qg—1

12/43



(2) Multiple Eisenstein series - Fourier expansion

Theorem (B., 2012)

The multiple Eisenstein series le,...,kr (7‘) have a Fourier expansion of the form

Gy (T) = C(R1, .. Ky) + Zanqn (g = 2™7)

n>0

and they can be written explicitly as a 2 [27Ti]-|inear combination of g-analogues of multiple
zeta values g. In particular, a,, € Z[271i].

Examples

Gi(1) = (k) + (=2m0)*g(k) ,

Ga2(a) = ((3,2) + 3¢(3)(=2m1)?¢(2) + 2¢(2)(~2mi)*9(3) + (—270)°¢(3,2) .

13/43



(2) Multiple Eisenstein series - Fourier expansion construction

Summing over A1 > - -+ = A, > 0 is by definition equivalent to summing over all
Aly ey Ap with

ANici1—MNeEP=UUR ()\0220).

Since A\j_1 — A; can be either in U or in X we can split up the sum in the definition of

the MES into 2" terms. For w1, ..., w, € {U, R} we define
Gwl...wr _ 1
N yeeny, g (T) - Z )\nl . )\nr .
Ao Ap€A; T "
Ai—1—NEw;
With this we get

Gnl,...,nr (T) = Z Ggll,i,uv:r (T) :

w17~"7wT€{U7R}

14/43



(2) Multiple Eisenstein series - Fourier expansion in depth two

In depth two the 22 = 4 terms are given by

RR 1
= = C(k1, k
Gria (7) = (mam 4+ na)Ft (maT 4 ng)ke Ok, k),
ni;n22>_0

15/43



(2) Multiple Eisenstein series - Fourier expansion in depth two

In depth two the 22 = 4 terms are given by

Gk1,/€2( ) = Z L = C(khk?):

(ma7 + n1)k (mat + ng)k2

mi1=mo=0
ni>ng >0

UR 1
le,kz(T) = E : (mat +m1)F (n E :\Ijkl mt)((kz),
m1>mo=0 1 1 2 m>0
nyE€Z,ny>0

15/43



(2) Multiple Eisenstein series - Fourier expansion in depth two

In depth two the 22 = 4 terms are given by

1
= = ((k1,k
Gk17k2( ) - _Zm_o (m1T+n1)k1(m2T+TL2)k2 C( 1, 2)7
ni;n22>_0

1
GkUlez ()= Z " Z Uy, (m7)¢(k2),
m1>mo=0 (m1T+TL1 1 n2 m>0
nyE€Z,ny>0
1
Gk17k2( T) = Z & ke Z Uy, (ma7) Wiy (MaT),
m1>mo>0 (m17_+n1) 1(m27—+n2) 2 m1>mo>0
ni,n2€L

15/43



(2) Multiple Eisenstein series - Fourier expansion in depth two

In depth two the 22 = 4 terms are given by

1
Gk17k2( ) - _Em S (m17'+n1)k1(m27'+n2)’“2 C( 1, 2)7
ni;n22>_0

UR 1
le,kz(T) = E : (mat +m1)F (n E :\Ijkl mt)((kz),
mq>mo=0 1 1 2 m>0
nyE€Z,ny>0

Gl = 3 L = Y W )y (mer),

% %
m1>mo>0 (m17_+n1) 1(m27—+n2) 2 m1>mo>0
n1,n2€Z
Gflum =3 :
v i S o (T )R (maT + na)k2

ni>n2
ni,na€L

1
=: ) = 2?7 g-MZV ??
z Z m’T + nl (m’T + n2)k2 Z k1,ko (mT) q

m>0 ni1>n2 m>0
ni,na€L

=10, gy (MmT)

15/43



(2) Multiple Eisenstein series - Multitangent functions

Definition
Forki,...,k, > 2and 7 € H define the multitangent function by
ICEEDS :
e (T) 3= R R
ny>->ny (T + nl) (T u nr)
n, €L

Theorem (Bouillot 2011, B. 2012)
Forki,...,kr > 2and K = ki + - - - + k, the multitangent function can be written as

K
Uky ok (1) = Dok T4(7)
j=2

withag—; € ZK,J'.

Proof idea: Use partial fraction decomposition.

16/43



(2) Multiple Eisenstein series - Multitangent ~~ Monotangent

Example: Reduction of multitangent to monotangent

1
U2 = D e T

ny1>ns

= Z ((m - ng)i(T +n2)?  (ng— n2;<7+n2)> "

ni>nz

1 2 3
Py ((m — ) (r ) | (= ma)?(r + )2 | (ma —n2>4<f+n1>>

ni>ng

= 3((3)W2(7) + ((2)¥s() .

17/43



@ Multiple Eisenstein series - Fourier expansion of Ggig

U3 o(7) = 3¢(3)Wa(T) + ((2)Us(7).

Example: Fourier expansion of G'3 2

Gsa(r) = GER(T) + GY§(r) + GEY () + GYY (7)

=(¢(3,2)+ > Us(mr)¢(2)+ Y Uso(mr)+ Y Uy(my7)Ta(my7)

m>0 m>0 mi1>mo>0
=((3,2)+ Y (3¢(3)Ta(m7) +20(2)Ts(m7)) + > Vs(mar)Ta(miT).
m>0 my>mo>0

With this we get the Fourier expansion of G273:

Gs2(q) = ((3,2) + 3¢(3)(=2mi)*g(2) + 2¢(2)(=2mi)°g(3) + (—271)°¢(3,2).

18/43



(2) Multiple Eisenstein series - Appearance of Multitangent in general

Example: wiwowswsws = RURRU

A summand of GIﬁUkZlegm ks

By definition of the multitangent functions we can write
RURRU —
Gk‘1,k2,k3,k4,k5 (T) - Z \Ijklyk2 (mlT)\Ijk3,k4yk5 (127—) N
m1>ma>0

19/43



Calculation of the Fourier expansion of multiple Eisenstein series

1
Crr( = . SHom

A== Ap=0 71
N EZTHZ

Gy (1) = > Gl (7)

/ wi,...,wr€{U,R}

MzZV Sums of multitangent functions
Clki,. .., k) D Wk (M) Uy g s (l27)
m1>ma2>0

Reduction multitangent to monotangent

K
Upy o (7) =k U5(7)
=2

g-MzZV (sums of monotangent functions)

gkt k) = (=2mi) BT ST w (yr)  Wy, (my)

my > >my>0




(2) Multiple Eisenstein series - Do they satisfy double shuffle?

There are different ways to extend the definition of G, . . to k1, ..., k. >1

@ Formal double zeta space realization GT, s (Gangl-Kaneko-Zagier, 2006)

!
Gk ’ Gk + (6k 2+ 6/(: 2) M = le ko + sz k1 + Gk1+k2
1 2 1, 2, 2(k1+k272) i ’
k1+ka—1 _] 1 j 1
= (L) () s wiamza,

i=2
e Finite double shuffle version Gy s (Kaneko, 2007).

@ Shuffle regularized multiple Eisenstein series G;"l kT(B.-Tasaka, 2017)

@ Harmonic regularized multiple Eisenstein series Gzl kT(B" 2019)

Observation

@ No version of these objects satisfy the double shuffle relations for all indices/weights.

@ The derivative is always somewhere as an extra term.

20/43



(3) Symmetril, Swap & q-DSH - General Idea

General idea

@ Include also (arbitrary) derivatives as objects.

o Instead of series Z (X1, ..., X,) we will consider generating series with two types
of variables X; and Yj.

@ Roughly: X;: weight, Y;: derivative.

o Inthe case Y; = 0, we get back our original story.

A: Q-algebra

X1, X,
B AllX,,..., X, Y]]
<Y1,...,}/;~> S [[ 1,41, [RAY ) 'r‘]]

Definition

A collection B = (B (i%”éﬂ) - will be called a bi-mould.
o¥r ) ) s

21/43



@ Symmetril, Swap & g-DSH - Symmetril

Definition
A bimould B is symmetril (up to depth 3), if

Yl)ffy2 )

()05 - o) ()

Y; Y, Y1,Ys Yo, Y1 X1 —Xo

X Xo, X X1, X9, X X9, X1, X X9, X3, X
B 1 B 2,43 - B 1,A2,A3 +B 2, A1,A3 +B 2y A3,A1
Y’27Y37Y1

Yl 1/‘23}/’3 Y17}/231/3 1f?a}/’l)}/é
X1,X X9,X X2,X X2,X,
+B(Y1—‘1-1Y273Y3) - B(Yl—‘rzYQ,eifg) + B(Y2,32/1+1Y3) - B(Y2,)2/1+?i/3)
X1 —Xo X1 — X3

)

Remark

This product corresponds to the harmonic product for the coefficients of 3.

22/43



(3) Symmetril, Swap & g-DSH - Swap

Definition
A bimould B is called swap invariant if

B(Xla“'aX’r) _B(}/l—i_+}/T7Y1++K‘—1)7Y1+1/27Y1)
S/Ia“'a)/;' XTvXT—l_XT7~"aX2_X37X1_X2 .

X1\ sw Y X1, X2\ sw Yi +Y5, Y
B =B B =B .
(Y1> <X1> ’ (Yhyz> (Xz,Xl—X2>

23/43



@ Symmetril, Swap & g-DSH - g-shuffle

Recall symmetrility and swap in depth 2

X1\ sw Y, X1, X2\ sw Y1+Y, )
(Yl) (X1> ’ (Ha%) <X27X1_X2> ’

X X
B<X1>B(X2) © B(Xl’X2> +B(X2’X1> n B(Y1+1Y2) _B(Y1+2Y2) .

Y, Yo Y,Ys Yo, Yy X1 —Xo

Definition
Swap + Symmtril + Swap = g-shuffle

o(3)2(e) = o) (k)

£B<Y1’Yv2>+B<1/2ayl>+B(X1§X2)_B(X1}-EX2)

X1, X5 X2, Xy Y1 -Y;
X1 +X X1+X
w g X1+ Xo, X4 B X1+ X2, X0 B( 1;;1 ?) — B( 1}2 ?)
0,1 - Y, Y, -1 Yi-Y, )

» This interpretation of the shuffle product will also appear in Jan-Willems talk in Toyama.
24/43



@ Symmetril, Swap & g-DSH - g-double shuffle

Definition
A bimould satisfies g-double shuffle (in depth 2) if

B(X1>B<X2> _ B<X1’X2) I B<X2,X1> o B(Yﬁlyz) - B(Yl)fyz)

Y, Y

Y1,Ys Yy, Y, X - X
(XX X0\ (K4 Xa, Xo\ | BOMEY) - B(YS)
Yo, Y1 - Y5 Y,Ys -1 Yi-Y, ’

i.e. B is symmetril and satisfies the ¢-shuffle product formula.

@ Clearly: Symmetril + Swap invariant — g-double shuffle.

@ Compare this to the double shuffle relations

Z(X1) — Z(Xs)
X1 —Xo
=Z(X1+ Xo, X1) + Z(X1 + X2, X2) + 22.

Z(X1)Z(X2) = Z(X1, X2) + Z(X2, X1) +

25/43



@ Symmetril, Swap & g-DSH -

Solution to g-dsh 0 => solution to dsh

Let BB be symmetril and swap invariant with b(llc) = 0for k > 0. Then

Z(X) =B<O), Z(X1, Xa) :B(Xl’X2>

0,0

satisfies the double shuffle relations.

Proof:

B(Xl;lXQ) . B(Xl;;XQ)

Yi-Y; Yi=Y2=0

26/43



@ Symmetril, Swap & g-DSH - Finding solutions

How to get solutions to swap & symmetril?
@ Solutions to double shuffle give solutions (depth < 3)
@ Fay Identity (up to depth < 2)
@ Combinatorial MES (depth < 3)

27/43
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(3) Symmetril, Swap & g-DSH -

Let Z satisfy the double shuffle relations. Then

B(iill) =2Z(X1)+2zM),

X1, X 1
B3 = 200, X0) + 2041+ Y2, 1) + Z(X)Z(1) + 32
1, 12

is symmetril and swap invariant

V.

An analogue statement also exists for depth 3. I

28/43




(3) Symmetril, Swap & g-DSH - Fay Identity

Fora B € A[[X1, Y1]] we write
() =2 (0G) ()

If B satisfies the g-double shuffle relations in depth 2, then

()G )

satisfies the Fay identity
X1 X X1 — X5 X1 — X5 X1 — Xo

F F F F F F =0.
<Y1> (Yz) + ( -Ys > <Yl + Y2> + (—Y1 = Yé) ( Y1 )

29/43

Proposition




(3) Symmetril, Swap & g-DSH - Fay Identity = q-DSH

The converse is also true:

Theorem (B.-Kihn-Matthes, 2020+) (rough version)

Any odd Laurent series F' € A((X,Y)) of the form

()1 d) o),

which satisfies the Fay Identity, gives an (explicit) solution to g-double shuffle in depth 2.

The Kronecker function defined by

X 1/1 1 r—sll [ d "™t
(e a &1 (XY
Kq(Y) 2 (X + Y) + g;o gl <qdq> r—sl+1(0)

745 odd

satisfies the Fay identity.

30/43



@ Symmetril, Swap & g-DSH - Kronecker solution to g-dsh

@ Theorem + Kronecker function Kq ();) — explicit solution to g-double shuffle.
@ This solution has the even Eisenstein series and their derivatives as objects in

depth one.

In the special case ¢ = 0 we get an explicit rational solution to g-double shuffle.

There exist a (non-unique) symmetril and swap invariant bimould ,3 with rational coefficients.

depth 1:
X 1 /1 1 1 X Y
ﬂ(y> =3 (Y + ?> ~1 (coth (5) + coth (5)) }

depth 2: Explicit formula coming from Theorem + Kronecker.

In the following we fix one of these possible bi-moulds

Xi,..., X,
X, .... X, Y. ]].
B<Y1,...,YT> € Q[[Xy, Y1, X, Y]

31/43
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Calculation of the Fourier expansion of multiple Eisenstein series

1
Crr( = . SHom

A== Ap=0 71
N EZTHZ

Gy (1) = > Gl (7)

/ wi,...,wr€{U,R}

MzZV Sums of multitangent functions
Clki,. .., k) D Wk (M) Uy g s (l27)
m1>ma2>0

Reduction multitangent to monotangent

K
Upy o (7) =k U5(7)
=2

g-MzZV (sums of monotangent functions)

gkt k) = (=2mi) BT ST w (yr)  Wy, (my)

my > >my>0




Construction of combinatorial multiple Eisenstein series
G(klk) & Xi,..., X,
dy,...,d, Yi,....Y,

/ AN

Rational solution to g-dsh Sums of multiple version of L
X1,Xo X3
B ooy > L"“(Y Y)Lmz(y
Yl,...,Y;a m1>ma>0 il 2 @

Define multiple version of L by single version of L

The series g (sums of single version of L)

le"',Xr X1 XT'
= L ... L
9<Y1Y> 2 ”“<Y1> ’"(Y)

my>--->mp>0




Combinatorial MES - The bimould g

Define for m > 1 the series

I (X) B m o ZenX-l-qumn
m = = .
Y 1= qum n>1

Definition
We define the bimould g for all depth 7 > 1 by

Xl,...,Xr Xl XT
= L ... L .
g(YI,...,Yr> > ”“(Yl) ””"(Yr

my>-->mp>0

Proposition

The bimould g is swap invariant.

32/43



- The bimould g

Example: Swap invariance of g in depth 2

X1, Xo X X5
g<Y17Y2) > m1<Y1> m2<Y2>

m1>mo>0

_ § e XitneXo+miYi+maYs ymini+mana _

q

m1>mo>0
ni,n2>0

Change of variables «~~» swap of variables
/ / !/
mip =mj +my , Mgy =My

I _ !/ !

nl = 712 5 n2 = nl — n2

(x) = }( enaX1+(ny —ny) Xa+(m)+m3)Yi+m Yz

m/l,m/2>0
n}>n5>0

_ (h+Yeh
O\ Xy, Xy - X))

! ! ! !’
MmNy +msng

q

(%)

} = muni + meng = minj +mhHns.

33/43



- Product of g
X X X
o(5i)e52) = 2 (30) 2, ()
m1>0 ma>0

(2 ey e ()3
mi1>me>0 ma>mi1>0 mi=m2>0 2

v ) () e 2 (50 (32)
= + Lo :
g(n,YQ Y2, Vi ngo Y

To describe the product of g we need to describe for a fixed M the product of L,
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(4) Combinatorial MES - Product of g

o5 )o2) = 2 () 2

( oo+ > o+ Z >Lm1 )Lm(‘);;)

m1>ma>0 ma>m1 >0 mi=ma>0

(X1, X n X2, X1
-9 Y'h}/Z g Yv27Y1

For all m > 1 we have

X X
I X3 I X2\ _ Lm(Y1+1Y2) - Lm(Y1+2y2) 4L X1, X5 ) X2, X4
"\ ) T\ e X1 - Xo "\ v, Y2 "\ Yo, 11

where

X1, Xs X, Xo— X1\ 1 X1 - Xo X»
Lo — L. _ 1 Lo
<Y1,Y2> <Y1+Y2> <B< Y ) 2) +ﬂ< Y: ) <Y1+Yz>

+
3
Ve
S I
N—
h
3
Ve
ola
N—




(4) Combinatorial MES - Combinatorial MES

For all m > 1 the series
Lm X _ eX+qum ’
Y 1—eXgm

X1, Xs X, X— X\ 1 X1 - Xo X»
Lo (X0 %2) 21, _ 1 Lo
<Y1,Y2) <Y1+Y2> <B< Y ) 2) +ﬂ< Y: > <Y1+Y2>

L, [ X0 X2 Xs licit long formul
— explicit long tormula
"\ 11,12, v3 pretong

are symmetril.

Remark

| A\

o The L,, (é) can be seen as the the generating series of "bi-monotangent” function.

@ The construction of L, ()%”i,(:) in terms of 8 and L., ();) corresponds to

"Multitangent = MZV-linear combination of monotangent".
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(4) Combinatorial MES - Make g symmetil

If Ly, is symmetril for all m > 1, then

m1>ma>m3>0
X17X2
L,
( (YleQ) <
X1, X2, X3
Lm )
+ Z ( Y17Y27)/3 )

are also symmetril.

+)  Lnm

m>0

Xo, X3

X17X2
Y1,Y )’

2 X3
L <Y2>Lm3 <Y3)

)
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(4) Combinatorial MES - Combinatorial MES

Theorem (B.-Kihn-Matthes 2020+, B.-Burmester 2020+)
The following series are symmetril and swap invariant

X1\ g% X1
6<Y1) —f (Y1>+6<Y1)7
X1, Xo af X1, X2 a (X2 X X1, Xo
6 = 1 1
(Yl,Yg) g(YhYz)” v)P\n) TP\ )
X1, X2, X3\ 5[ X1,X0,X3 a (X1, Xo X3
Qﬁ(YhYz,Yg)_g vy ) 9 vy )Py

(X Xo., X. Xi.X0. X
il 1 25 3 1, 2 3
e <Y1>5<Y2,Y3> ”( Yi,Ys, Ya )

In the mould language: & is the mould product of the two symmetril bimoulds gﬂ and f3.
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(4) Combinatorial MES - Combinatorial MES explicit

Theorem (B.-Kiihn-Matthes 2020+, B.-Burmester 2020+)

The following series are symmetril and swap invariant
X X X1
6 =
(Yl) B<Y1)+Q<Y1)’
& X1, X2 y X1, X2 3 X1 — Xo X1 )_1 ( X1 )
vi,2) ~ \n, v v J\ni+vn) 22\n+v

Xo X1 X1 — X5 Xo ) (Xth)
+ + + .
5(;@>9(Y1> B( Yi >9(Y1+Y2 "\ v, v

In the mould language: & is the mould product of the two symmetril bimoulds gil and (3.
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(4) Combinatorial MES - Combinatorial MES

Definition

We define the combinatorial multiple Eisenstein series (7 in depth < 2 by

qs(‘if) ::;G( >Xk 1);, :

d>0
Xl,XQ) (kl,l@) il e 1Yd1 7
& =5 G X7 X .
(YLYQ k;>1 dy,ds 2 d) dy!
d17d220

The symmetrility & of gives
k1 ko Ky, ko ka, kq k1 + ko
G G =G + G + G .
<d1> <d2> (dh d2) (d27 d1) <d1 + d2>
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(4) Combinatorial MES - The space of CMES

Definition

Space of double combinatorial multiple Eisenstein series of weight X > 1:
k k1, ko
D =(G G
“ < (d) (dl,d2>
d X d d X
a6 ) =———-6(7"),
dq Y1 dX1 le Y1

dg(XoXe) _(d d  d d) (XX
Tag -\ 11,5 ) ~ \aXydvi * dX,dYs YY)

Corollary

k+d=k1+ko+di1+do=K
k.k1,k2>1,d,d1,d2>0 0

Proposition

Combinatorial multiple Eisenstein series are closed under q%. In particular

qd—qu C ®K+2 .




(4) Combinatorial MES - The space of CMES

(R Rk
O = <G(d)’G<d1,dz>
k k1. k

0o _ 1, 2
Ok = <G<0>’G< 0,0 > €©K>@

k,k1,k2>1,d,d1,d2>0

k+dk1+k2+d1+d2K>
Q

Proposition

o X i contains the space of quasi modular forms Q[ég, é4, ég]K of weight K.
° ’D?{ contains the space of modular forms Q[é4, éﬁ]K of weight K

Osaka Namba TullY’s & Abeno Harukas computer calculation give:
k 1 2 3 4 5 6 7 8
dm®x = |1 2 3 5 7 11 14 .
dm®% = |1 2 3 3 4 4 5 5
#ogeneratorsof D |1 3 7 14 25 41 63 92
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(4) Combinatorial MES - CMES are ¢-MZV & Bachmann Traumereien

Proposition
Combinatorial multiple Eisenstein series are g-analogues of multiple zeta values, i.e. for
k1> 2,ky..., k. > 1wehave (r < 3)

;13%(1—61)’“ +kTG( (1) T ) = C(k1,. . k).

Expectations:
@ It should be possible to use our construction of combinatorial multiple Eisenstein

series in all depths.
(Assuming that we have an explicit rational solution to double shuffle.)

@ We expect an algebra homomorphism from the space of these series to the space
of M2V, which corresponds to ¢ — 1 in the admissible case.

@ The constant term (¢ = 0) is a rational solution for double shuffle.
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(4) Combinatorial MES - CMES are ¢-MZV & Bachmann Traumereien

Proposition
Combinatorial multiple Eisenstein series are g-analogues of multiple zeta values, i.e. for
k1> 2,ky..., k. > 1wehave (r < 3)

;13%(1—61)’“ +kTG( (1) T ) = C(k1,. . k).

Expectations:
@ It should be possible to use our construction of combinatorial multiple Eisenstein
series in all depths.
(Assuming that we have an explicit rational solution to double shuffle.)
@ We expect an algebra homomorphism from the space of these series to the space

of M2V, which corresponds to ¢ — 1 in the admissible case.

@ The constant term (¢ = 0) is a rational solution for double shuffle.

Thank you very much for your attention.
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