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Abstract. Racinet’s double shuffle Lie algebra dm0 encodes the double shuffle relations of
multiple zeta values. We study two analogues of dm0 for multiple Eisenstein series and q-
analogues of multiple zeta values, namely the space BARIswap,il of swap-invariant alternil
bimoulds with the uri bracket of Kühn and Schneps, and Burmester’s balanced double shuffle
space bm0. Both were conjectured to be Lie algebras. We prove both conjectures and show
that bm0 is isomorphic to the Lie algebra of finite-depth polynomial elements of BARIswap,il.

1. Introduction

Racinet’s double shuffle Lie algebra dm0 [Rac] controls the double shuffle relations of multiple
zeta values. In this note we study the space BARIswap,il of swap-invariant alternil bimoulds
with the uri bracket and Burmester’s balanced double shuffle space bm0. They are analogues
of dm0 for the algebra of multiple Eisenstein series and for q-analogues of multiple zeta values.
Both were conjectured to be Lie algebras, and we prove both conjectures.

The uri bracket on bimoulds was proposed by Kühn and Schneps and studied systemati-
cally by Burmester in [Bu1]. Conjugating Écalle’s ari bracket [Ec1] with two rational flexion
operators (see Definition 3.1), one gets a Lie bracket on alternil bimoulds with poles, but it
is not clear from the definition that these poles cancel for power-series or polynomial inputs.
Burmester and Kühn identify the ari bracket with a post-Lie structure on a free Lie algebra
and conjecture an analogous description for the uri bracket [BuK].

We write BARIswap,il for the space of power-series bimoulds which are alternil, swap invariant
and even in depth one (see Section 2), and B for its subspace of finite-depth polynomial
bimoulds over Q (see Section 6). Our first main result is the following.

Theorem A. (i) The space BARIswap,il is a Lie algebra with the uri bracket, i.e. we have

uri(BARIswap,il,BARIswap,il) ⊆ BARIswap,il .

(ii) The space B is a weight-graded Lie subalgebra of BARIswap,il.

The statement of Theorem A was conjectured by Kühn and Schneps (see [Bu1, Conjec-
ture 5.19]), who studied the polynomial space and bracket underlying it and obtained partial
results toward the closure assertion.1 Burmester constructed a uri Lie subalgebra of the poly-
nomial elements of BARIswap,il in [Bu1, Theorem 5.20]. Further properties of BARIswap,il and
the associated depth-graded Lie algebra are studied in [BKS].

The space B also has a description in terms of noncommutative polynomials. For this, we
use Burmester’s balanced double shuffle space bm0, introduced in [Bu1]. It is the analogue
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of dm0 for formal multiple Eisenstein series. These series can be seen as the weight-graded
version of multiple q-zeta values (see [Bu2,BIM]). Burmester also constructed an embedding
of vector spaces θ : dm0 ↪→ bm0 and an explicit bracket { , }b on the ambient space. She
conjectured that bm0 is closed under this bracket [Bu1, Conjectures 4.26(i) and 4.52]. Her
bimould realization gives a vector-space isomorphism Φ : bm0 → B [Bu1, Corollary 5.51]. Our
second main result is the following.

Theorem B. The space bm0 is a weight-graded Lie algebra under the bracket { , }b, and

Φ : (bm0, { , }b)
∼−→ (B, uri)

is an isomorphism of weight-graded Lie algebras.

The space bm0 is attached to the algebra Gf of formal multiple Eisenstein series introduced in
[Bu2,BIM]. The elements of Gf are swap invariant and their product is the bi-stuffle product.
Therefore the generating series of the formal multiple Eisenstein series is a symmetril and
swap-invariant bimould over Gf (see [BIM, Section 2]). Alternility and swap invariance are
the corresponding tangent conditions at 1. Together with the parity condition in depth one,
they define BARIswap,il, and B is its finite-depth polynomial part. The formal quasimodular
subalgebra of Gf is isomorphic to the algebra M̃ of quasimodular forms [BIM, Theorem 5.4],
and the defining relations of Gf are the graded relations underlying [BK, Conjecture 2.6]. For
multiple zeta values one expects an algebra isomorphism

Z
?∼= Q[ζ(2)]⊗ U(dm0)

∨ ,

where U(dm0)
∨ denotes the graded dual of the universal enveloping algebra of dm0, and for

formal multiple zeta values this is a theorem of Racinet [Rac] (see [Bu1, Corollary B.32]). This
suggests the analogue

Gf
?∼= M̃ ⊗ U(bm0)

∨, (1.1)
in which the quasimodular forms take the place of ζ(2). In terms of Hilbert series, the
dimension conjecture of [BK, Conjecture 1.3] can then be written as∑

k≥0

dimQ GfkX
k ?
= M̃(X)

1

1− D(X)(X + O(X)) + D(X)W(X)

=
1

1−X −X2 −X3 +X6 +X7 +X8 +X9
, (1.2)

where
D(X) =

1

1−X2
, O(X) =

X3

1−X2
, M(X) =

1

(1−X4)(1−X6)
,

S(X) = X12M(X), M̃(X) = D(X)M(X), W(X) = M(X) + S(X)− 1.

Here W(X) is the Hilbert–Poincaré series of period polynomials. For comparison, Zagier’s
dimension conjecture for multiple zeta values reads∑

k≥0

dimQ ZkX
k ?
= D(X)

1

1− O(X)
=

1

1−X2 −X3
,

where D(X) counts the powers of ζ(2) and O(X) counts the conjectural generators of dm0, one
in each odd weight k ≥ 3. In (1.2) the factor M̃(X) replaces D(X). Instead of one generator
in each odd weight, D(X)(X + O(X)) counts the generators ξmk = δm(ξk), for odd k ≥ 1
and m ≥ 0. Here δ is the derivation of (B, uri) from [Ba] which raises the weight by two (see
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(9.1)), so these are the ξk together with all their derivatives. The factor D(X)W(X) counts the
relations coming from period polynomials and all their derivatives [Bu1, Conjecture 1.22(ii)–
(iii) and Equation (4.56.1)]. In Section 9 we compute B in weight at most nine and list explicit
elements.

For Theorem A, alternility is preserved after localization and (4.7) makes the depth-one
condition automatic. It therefore remains to prove regularity and swap invariance. Regularity
in every depth follows from the divided-difference recursion in Sections 4 and 5, which also
appears in the joint work of the first author and Burmester [BB2]. To prove swap invariance,
we use the dimorphic transport isomorphisms attached to the symmetric flexion unit 1/u+1/v,
established by the second author in [Kaw2], to show that J = T−1◦swap ◦T with T = ganitpic
is an automorphism of a dimorphic ari Lie algebra, whose fixed locus is closed under ari. Notice
that the isomorphism Φ alone does not prove Theorem B, since the bimould realization forgets
every word beginning in b0. In Section 8 we show that these coefficients are determined and
compare the bracket { , }b with uri using the derivation formula of [Bu1].

We will not talk about multiple Eisenstein series and q-analogues of multiple zeta values
themselves in this paper. For these we refer to [BK] for q-analogues of multiple zeta values,
to [BB1] for combinatorial multiple Eisenstein series, to [BKM] for relations among multiple
Eisenstein series and their derivatives, and to [Bu2,BIM] for the formal version.

Acknowledgements. The authors would like to thank Ulf Kühn for comments on an
early version of this paper. This project was partially supported by JSPS KAKENHI Grant
26K22254.

2. Bimoulds and coefficient symmetries

Let R be a commutative Q-algebra. A bimould over R is a family

A = (Ar)r≥0, Ar ∈ R[[X1, Y1, . . . , Xr, Yr]].

We write BARI for the space of bimoulds with A0 = 0. The flexion operators which define
the uri bracket produce denominators, and we therefore also need bimoulds in which poles are
allowed. The space of such bimoulds is denoted by BARIloc, with the poles specified in (3.1)
below. A bimould is normalized if A0 = 1. The normalized bimould with all positive-depth
components equal to zero is denoted by 1.

Write

Ar

(
X1, . . . , Xr

Y1, . . . , Yr

)
=

∑
k1,...,kr≥1
m1,...,mr≥0

a

(
k1, . . . , kr
m1, . . . ,mr

) r∏
i=1

Xki−1
i Y mi

i

mi!
. (2.1)

Let yk,m be a letter of weight k +m. The bi-stuffle product is defined recursively by 1 ∗ w =
w ∗ 1 = w and

yk,mu ∗ yl,nv = yk,m(u ∗ yl,nv) + yl,n(yk,mu ∗ v) + yk+l,m+n(u ∗ v).

We also write � for the ordinary shuffle product on the same alphabet. The coefficient map
sends yk1,m1 · · · ykr,mr to the coefficient displayed in (2.1). A bimould in BARI is alternal if
this map vanishes on u� v for every pair of nonempty words u, v. It is alternil if the same
condition holds with ∗ instead of the shuffle product. A normalized bimould is symmetral or
symmetril if its coefficient map is a character for the shuffle or bi-stuffle product, respectively.
Notice that the tangent conditions at 1 are alternality and alternility. For bimoulds with
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poles, let
A(u� v) =

∑
σ∈Sh(p,q)

Ap+q(wσ(1), . . . , wσ(p+q))

for words u = w1 · · ·wp and v = wp+1 · · ·wp+q. We define alternality by A(u� v) = 0, and
symmetrality by A(u� v) = A(u)A(v). Alternility and symmetrility extend to bimoulds with
poles through the corresponding flexed bi-stuffle identities [Bu1, Remarks C.15(i) and C.18].

Écalle’s swap is the involution given in our coordinates by

swap(A)r

(
X1, . . . , Xr

Y1, . . . , Yr

)
= Ar

(
Y1 + · · ·+ Yr, . . . , Y1

Xr, Xr−1 −Xr, . . . , X1 −X2

)
.

We use BARIswap,il for the alternil bimoulds satisfying

swap(A) = A, A1

(
−X1

−Y1

)
= A1

(
X1

Y1

)
. (2.2)

Following Écalle’s convention [Sc, Section 2.5], the underline indicates the depth-one condition
in (2.2). In the notation of [Bu1, Theorem 5.2] the space BARIswap,il is BARIil,swap.

3. GAXI, GARI and the uri bracket

We use the flexion conventions recalled in [Sc] and [Kaw1]. With these conventions the
tangent bracket of GARI is ari. The terms symmetril and alternil refer to the standard
flexion unit 1/X.

All flexion operators below produce denominators which are products of the linear forms
Xi and Xi −Xj. We therefore work in the ring

Lr(R) := R[[X1, . . . , Xr, Y1, . . . , Yr]]
[

1
Xi
, 1
Xi−Xj

∣∣∣ 1 ≤ i ̸= j ≤ r
]
, (3.1)

whose elements are the power series in the Xi and Yi in which poles along the hyperplanes
Xi = 0 and Xi = Xj are allowed. Since the inverted elements are non-zerodivisors, the power-
series ring embeds into Lr(R). We write BARIloc for the space of bimoulds with A0 = 0 whose
depth-r component lies in Lr(R), and BIMUloc = 1 + BARIloc for the normalized bimoulds
with these poles. All substitutions occurring in the flexion formulas of Sections 3 to 6 preserve
Lr(R). The swap turns a pole in the Xi into a pole in the Yi, and for this reason more poles
have to be allowed in Section 7.

For a bimould M , a linear form t in the upper variables, and 1 ≤ p ≤ q, put

M (t)⟨p, q⟩ :=Mq−p+1

(
Xp − t, . . . , Xq − t

Yp, . . . , Yq

)
, M (t)⟨p, p− 1⟩ := 1,

and write Yp:q = Yp + · · ·+ Yq. We also use wi =
(
Xi

Yi

)
.

The concatenation product is

mu(M,N)(w1 · · ·wn) =
n∑
p=0

M(w1 · · ·wp)N(wp+1 · · ·wn). (3.2)

Its unit is 1, and invmu(M) denotes the inverse of a normalized bimould. For an iterated
product we write

mu(M1, . . . ,Ms) = mu
(
mu(M1, . . . ,Ms−1),Ms

)
.
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For normalized bimoulds B,C, define gaxitB,C(M)(∅) =M(∅) and, for n ≥ 1,

gaxitB,C(M)(w1 · · ·wn) =
∑
s≥1

∑
0=q0<p1≤q1<···<ps≤qs=n

M(ŵp1 · · · ŵps)

s∏
i=1

B(Xpi )⟨qi−1 + 1, pi − 1⟩C(Xpi )⟨pi + 1, qi⟩, (3.3)

where

ŵpi =

(
Xpi

Yqi−1+1:qi

)
.

Thus a term selects marked letters. Each marked letter absorbs the lower variables in its block,
while the upper variables in the two adjacent blocks are translated by its upper variable. This
is Écalle’s standard gaxit.

We use the multiplicativity of gaxit for mu [Kaw1, Proposition 3.12]. Its composition law
[Kaw1, Proposition 3.10] is

gaxitB,C ◦ gaxitA,D = gaxitE,F , (E,F ) =
(
mu(gaxitB,C(A), B),mu(C, gaxitB,C(D))

)
.

(3.4)
This defines the associative GAXI product gaxi((A,D), (B,C)) = (E,F ) on normalized pairs.

Put

ganitC = gaxit1,C , garitQ = gaxitQ,invmu(Q), gari(P,Q) = mu(garitQ(P ), Q).

The pairs (Q, invmu(Q)) form a subgroup of GAXI. In particular,

garitQ ◦ garitP = garitgari(P,Q),

and GARI is an associative group law on BIMUloc.
Over the dual numbers, define arit by

garit1+εb = id+ε arit(b).

For a, b ∈ BARIloc, define

preari(a, b) = arit(b)(a) + mu(a, b),

ari(a, b) = preari(a, b)− preari(b, a). (3.5)

Equivalently,

ari(a, b) = [εη]
(
gari(1+ εa,1+ ηb)− gari(1+ ηb,1+ εa)

)
, (3.6)

where [εη] denotes the coefficient at εη. In particular, ari is a Lie bracket. It preserves alternal
bimoulds by [Sc, Proposition 2.5.2].

The special normalized bimoulds pic and poc are

picr =
1

X1 · · ·Xr

, pocr = − 1

X1(X1 −X2) · · · (Xr−1 −Xr)
(r ≥ 1), (3.7)

with depth-zero component one. We put

T := ganitpic, T−1 = ganitpoc, (3.8)

the second identity being the flexion-unit inverse formula [Kaw1, Proposition 5.3]. Moreover,
T restricts to an isomorphism from alternal to alternil bimoulds in BARIloc, with inverse T−1.
This transport was first proved by Komiyama [Ko, Theorem 3.24] in the mould setting. The
bimould version used here is [Bu1, Proposition 5.9].
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Definition 3.1. For a, b ∈ BARIloc, set
uri(a, b) = T

(
ari(T−1a, T−1b)

)
. (3.9)

The bracket uri is the ari bracket transported by T . Therefore it is a Lie bracket on BARIloc

which preserves alternility.

4. A regular power-series operation

We define a power-series operation whose only quotients are divided differences. The same
construction appears in the joint work of the first author and Burmester on the coproduct for
formal multiple Eisenstein series [BB2].

Definition 4.1. For a normalized bimould A, define Ã0 = 1 and, for r ≥ 1,

Ãr = − Ar −
r−1∑
i=1

A(0)⟨1, i⟩Ã(0)⟨i+ 1, r⟩

+
r∑
i=1

A(0)⟨1, i− 1⟩Ã(0)⟨i+ 1, r⟩ − A(Xi)⟨1, i− 1⟩Ã(Xi)⟨i+ 1, r⟩
Xi

. (4.1)

Since the right-hand side involves only smaller depths, (4.1) is a recursion on depth.

Theorem 4.2. The recursion (4.1) defines a unique normalized power-series bimould. If A
is polynomial, then Ã is polynomial.

Proof. For fixed i, put
Fi(t) = A(t)⟨1, i− 1⟩Ã(t)⟨i+ 1, r⟩.

The two blocks omit the index i, so Xi enters Fi(t) only through t, and therefore Fi(0)−Fi(Xi)
is divisible by Xi. Every quotient in (4.1) is therefore a formal power series. Induction on
the depth proves existence and uniqueness. The same argument in the polynomial ring proves
polynomiality. □

Definition 4.3. For normalized power-series bimoulds A,B, define

(A ⋄B)r

(
X1, . . . , Xr

Y1, . . . , Yr

)
:=

∑
0≤j≤r

0=r0<n1≤r1<···<nj≤rj≤r

QA
n,rBj

(
Xn1 , . . . , Xnj

Y1:r1 , Yr1+1:r2 , . . . , Yrj−1+1:rj

)
, (4.2)

where

QA
n,r =

(
j∏
i=1

A(Xni )⟨ri−1 + 1, ni − 1⟩Ã(Xni )⟨ni + 1, ri⟩

)
A(0)⟨rj + 1, r⟩. (4.3)

For j = 0, the displayed lists and product are empty and rj = r0 = 0.

The sum is finite in every depth. The formula and Theorem 4.2 show that A ⋄ B is a
power-series bimould and is componentwise polynomial when A and B are polynomial. The
following marked-letter form will also be useful.

Lemma 4.4. For normalized power-series bimoulds,

A ⋄B = mu
(
gaxitA,Ã(B), A

)
. (4.4)

Proof. Expand the right-hand side using (3.2) and (3.3). Write ni = pi and ri = qi for the
marked positions and their endpoints. The final split in mu gives the factor A(0)⟨rj + 1, r⟩.
The remaining factors and lower arguments are exactly those in (4.2) and (4.3). □
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Let V be concentrated in depth one with V1

(
X1

Y1

)
= 1/X1, and put ȷ = 1 − V . For

A ∈ BIMUloc, the same triangular recursion (4.1) defines Ã, since every Xi is invertible in
Lr(R).

Lemma 4.5. Let A be normalized, either as a power-series bimould or as a localized bimould.
A bimould K ∈ BIMUloc satisfies

gaxitA,K(ȷ) = mu(A, ȷ,K) (4.5)

if and only if K = Ã.

Proof. Only decompositions with one marked letter contribute to gaxitA,K(V ), and

gaxitA,K(V )(w1 · · ·wn) =
n∑
i=1

A(Xi)⟨1, i− 1⟩K(Xi)⟨i+ 1, n⟩
Xi

.

On the other hand,

mu(A, ȷ,K)(w1 · · ·wn) =
n∑
i=0

A(0)⟨1, i⟩K(0)⟨i+ 1, n⟩ −
n∑
i=1

A(0)⟨1, i− 1⟩K
(0)⟨i+ 1, n⟩

Xi

.

Substituting these formulas in (4.5) and solving for Kn gives (4.1). Uniqueness finishes the
proof. □

Theorem 4.6. The operation ⋄ is associative on normalized power-series bimoulds and has
unit 1.

Proof. The unit follows directly from (4.2). Put Γ(A) = (A, Ã). Multiplicativity and (3.4),
together with Lemmas 4.4 and 4.5, give

gaxi(Γ(A),Γ(B)) = Γ(B ⋄ A). (4.6)

To see this, we apply the operator corresponding to the left-hand pair to ȷ and get

gaxitB,B̃
(
gaxitA,Ã(ȷ)

)
= gaxitB,B̃

(
mu(A, ȷ, Ã)

)
= mu

(
gaxitB,B̃(A),mu(B, ȷ, B̃), gaxitB,B̃(Ã)

)
.

Write the GAXI product as (C,L). Its first component is C = B ⋄ A, and the last display is
mu(C, ȷ, L). By Lemma 4.5, we have L = C̃, which proves (4.6). Associativity now follows
from associativity of GAXI and injectivity of Γ. □

In depth r, the direct formula has the form

(A ⋄B)r = Ar +Br + terms involving only components of depths below r.

Hence A ⋄ B = 1 determines a right inverse B recursively. If B ⋄ C = 1, then associativity
gives A = A ⋄ (B ⋄ C) = (A ⋄ B) ⋄ C = C. This gives B ⋄ A = 1, and ⋄ is a group law. The
depth-one formula is

(A ⋄B)1 = A1 +B1. (4.7)
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5. Conjugation with GARI

Besides (3.8) we will use the identity

T (poc) = invmu(pic) = ȷ. (5.1)

To see this, apply (3.4) to ganitpic ◦ ganitpoc = gaxit1,pic ◦ gaxit1,poc. The resulting pair is(
1,mu(pic, T (poc))

)
, so that ganitpic ◦ ganitpoc = ganitmu(pic,T (poc)). By (3.8) this composition

is the identity, and a bimould F with ganitF = id satisfies F = 1, as one sees by applying
ganitF to a bimould concentrated in depth one. We obtain mu(pic, T (poc)) = 1, which gives
T (poc) = invmu(pic). A direct computation with (3.7) gives mu(ȷ, pic) = 1, and therefore
invmu(pic) = ȷ.

Proposition 5.1. For a normalized A with poles, put Q = T−1(A). Then

T ◦ garitQ ◦T−1 = gaxitA,Ã . (5.2)

Therefore, for normalized power-series bimoulds A,B,

A ⋄B = T
(
gari(T−1B, T−1A)

)
. (5.3)

The order on the right is reversed.

Proof. The GAXI composition law shows that the operator on the left of (5.2) is gaxitA,K ,
where

K = mu
(
pic, invmu(A), T (garitQ(poc))

)
.

Using (5.1), we obtain

gaxitA,K(ȷ) = T
(
garitQ(T

−1(ȷ))
)
= T

(
garitQ(poc)

)
= mu

(
A, invmu(A), T (garitQ(poc))

)
= mu(A, ȷ,K).

The last equality uses mu(ȷ, pic) = 1. By Lemma 4.5, we have K = Ã, which proves (5.2).
Together with Lemma 4.4, this gives

A ⋄B = mu
(
T (garitQ(T

−1B)), T (Q)
)

= T
(
mu(garitQ(T

−1B), Q)
)
,

which is (5.3). □

The conjugation identity also gives the following result, which is used in [BB2].

Theorem 5.2. If A and B are normalized symmetril bimoulds, then A ⋄B is symmetril.

Proof. The symmetral–symmetril transport for T and its inverse is [Ko, Theorem 3.24]. Nor-
malized symmetral bimoulds form a GARI subgroup by [Ko, Theorem A.7]. The proofs of
both results use only finitely many shuffle and flexion identities in each depth. These identities
remain valid after base change to the localization (3.1). Therefore, the right-hand side of (5.3)
is symmetril. The formula (4.2) shows that if A and B are power-series bimoulds, then A ⋄B
is a power-series bimould as well. □
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6. Polynomial closure

The definition (3.9) of the uri bracket contains poles, even for polynomial inputs. The direct
formula for ⋄ removes them. We put
BARIpol := {a ∈ BARI | ar is polynomial for every r and ar = 0 for all but finitely many r},
and we write B for the space of elements of BARIswap,il which lie in BARIpol, with R = Q.

Theorem 6.1. The uri bracket maps power-series bimoulds to power-series bimoulds in every
depth and componentwise polynomial bimoulds to componentwise polynomial bimoulds, and it
preserves BARIpol.

Proof. Let
S = R[ε, η]/(ε2, η2), A = 1+ εa, B = 1+ ηb.

The operation ⋄ is defined over S. The mixed coefficients of A ⋄B and B ⋄A are power series,
and they are polynomials whenever the components of a and b are polynomials.

Equation (5.3) and the definition (3.6) give

[εη]
(
A ⋄B −B ⋄ A

)
= −T

(
ari(T−1a, T−1b)

)
= − uri(a, b). (6.1)

This proves power-series and componentwise polynomial closure.
For the last statement, give a monomial in depth r and ordinary degree d the weight r+ d.

All substitutions occurring in (4.1) and (4.2) preserve the ordinary degree, products add
depths and degrees, and each divided difference raises the depth by one while lowering the
degree by one. The weight is therefore preserved, and the mixed coefficient has weight equal
to the sum of the input weights. In weight k, a depth- r component has ordinary degree
k − r and hence vanishes for r > k. Every finite-depth polynomial bimould is a finite sum of
weight-homogeneous bimoulds. Its bracket therefore has finite depth support. □

7. Swap invariance

By Theorem 6.1, it remains to prove swap invariance.

Theorem 7.1. If a, b ∈ BARIswap,il, then

swap
(
uri(a, b)

)
= uri(a, b).

Burmester constructed a uri Lie subalgebra of the polynomial elements of BARIswap,il in
[Bu1, Theorem 5.20]. Our proof uses the dimorphic transports of the second author [Kaw2]
and the bialternal identities given in [Sc].

7.1. A fixed-point formulation. The symmetric flexion unit

E(u, v) =
1

u
+

1

v
has product bimould

Pr
(
X1, . . . , Xr

Y1, . . . , Yr

)
=

r∏
i=1

(
1

Yi
+

1

Xi

)
, P0 = 1.

The unit E is not the standard flexion unit 1/X defining symmetrility and alternility. In
Écalle’s notation, E is the polar unit Pai1,1 and P is the bimould paic1,1 [Ec2, Sections 3.2
and 3.7]. Since P has poles along Yi = 0, we work in the larger ring

L̂r(R) := R[[X1, . . . , Xr, Y1, . . . , Yr]]
[
1
ℓ

∣∣∣ ℓ a nonzero Q-linear form in the Xi, Yi

]
,
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in which poles along every hyperplane through the origin are allowed. It contains Lr(R) and
P . All bimoulds in this section have their depth-r components in L̂r(R).

For a bimould A, define

anti(A)(w1 · · ·wr) = A(wr · · ·w1),

neg(A)r

(
X1, . . . , Xr

Y1, . . . , Yr

)
= Ar

(
−X1, . . . ,−Xr

−Y1, . . . ,−Yr

)
.

Now define
J (Q) = ganit−1

P
(
swap(Q)

)
. (7.1)

Then swap invariance becomes the following fixed-point condition.

Lemma 7.2. Let B be alternil and put Q = T−1(B). Then

swap(B) = B ⇐⇒ swap(Q) = ganitP(Q) ⇐⇒ J (Q) = Q. (7.2)

Proof. Write pac for Écalle’s normalized bimould with pacr = 1/(Y1 · · ·Yr) for r ≥ 1 [Ec2,
Section 3.7], and put asna(C) = anti(swap(neg(anti(C)))). In terms of the push operator
(7.6) below, we have asna = push ◦ swap by [Kaw1, Proposition 2.5]. Reversing a marked
decomposition in (3.3) interchanges the upper and the lower flexions in every block, which
gives the standard identity (see also [Ma, Proposition 3])

swap ◦ ganitC = ganitasna(C) ◦ swap . (7.3)

From the explicit formula (3.7) we get(
neg anti(poc)

)
r
=

(−1)r+1

Xr(Xr −Xr−1) · · · (X2 −X1)
,

and applying swap and then anti to this yields asna(poc) = pac. We claim that

ganitP = ganitpac ◦T. (7.4)

Namely, by (3.4) the right-hand side is ganitF , where

F = mu
(
pac, ganitpac(pic)

)
.

In ganitpac(pic)r the first positions of the blocks form a subset S ⊆ {1, . . . , r} containing 1,
which contributes

∏
i∈S

X−1
i , while the remaining positions contribute

∏
i/∈S

Y −1
i . In the product

defining F the initial pac-factor accounts for the positions before the least element of S, so
that every subset of {1, . . . , r} occurs exactly once and

Fr =
∑

S⊆{1,...,r}

∏
i∈S

1

Xi

∏
i/∈S

1

Yi
=

r∏
i=1

(
1

Xi

+
1

Yi

)
= Pr.

Using (7.3) with C = poc and then (7.4), we obtain

swap(Q) = ganitpac(swap(B)), ganitP(Q) = ganitpac(B).

The first equivalence in (7.2) follows, since ganitpac is invertible, and the second one is imme-
diate from (7.1). □
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Equations (7.3) and (7.4) also give

J = T−1 ◦ swap ◦T, J 2 = id .

Namely, (7.3) gives ganit−1
pac ◦ swap = swap ◦T , and ganitP = ganitpac ◦T is (7.4).

We call a bimould H E-alternal if ganit−1
P (H) is alternal, and we denote by DE the space

of all alternal bimoulds Q for which swap(Q) is E-alternal and which are even in depth one.
Put

Dreg
E = {Q ∈ DE | T (Q) is a power-series bimould}.

By Lemma 7.2, we have

T−1(BARIswap,il) = {Q ∈ Dreg
E | J (Q) = Q}. (7.5)

For the inclusion from left to right, Lemma 7.2 gives the fixed-point relation and shows that
swap(Q) is E-alternal. Conversely, let Q ∈ Dreg

E be fixed by J . Since T (Q) is a power-series
bimould, Q = T−1(T (Q)) lies in BARIloc. The transport by T shows that T (Q) is alternil,
and Lemma 7.2 shows that it is swap invariant. The map T is the identity in depth one, so
T (Q) also has the required parity. This proves the converse inclusion.

By (7.5), it remains to show that DE is an ari Lie algebra and that J is an automorphism.
Regularity will then follow from Theorem 6.1.

7.2. Dimorphic transport. The push operator in our coordinates is

push(A)r

(
X1, . . . , Xr

Y1, . . . , Yr

)
= Ar

(
−Xr, X1 −Xr, . . . , Xr−1 −Xr

−Y1 − · · · − Yr, Y1, . . . , Yr−1

)
. (7.6)

By ARIal/al we denote the space of bialternal bimoulds, which consists of all alternal bimoulds
A for which swap(A) is alternal and A1 is even. This is an ari Lie algebra [Sc, Theorem 2.5.6],
and every element is push invariant [Sc, Lemma 2.5.5]. For push-invariant bimoulds A and B,
we also have

swap
(
ari(A,B)

)
= ari

(
swap(A), swap(B)

)
(7.7)

by [Sc, Lemma 2.4.1]. The proofs of these three statements use finite shuffle sums and the
substitutions listed in Remark 7.3 below, so they remain valid over L̂. Since swap preserves
ARIal/al, equation (7.7) shows that it is an automorphism of this ari Lie algebra.

The function E(u, v) = 1/u + 1/v is odd and symmetric. A direct calculation gives the
tripartite identity

E(u1, v1)E(u2, v2) = E(u1 + u2, v1)E(u2, v2 − v1) + E(u1 + u2, v2)E(u1, v1 − v2).

This shows that E is a flexion unit equal to its conjugate unit.
Writing E also for the bimould concentrated in depth one with that value, the associated

primary bimould invmu(1 − E) has components
∏
i

E(ui, vi), so it is P . The space DE is

therefore the dimorphic space ARIal/ol of [Kaw2, Section 3]. In its notation, O = E, ez = oz =
P , and ess = oss. Hence

öss = ëss = swap(ess).

The secondary bimoulds are defined in [Kaw1, Definition 7.1]. For an invertible P , write
adari(P ) for the adjoint action induced by conjugation with P in GARI. Explicitly,

gari
(
gari(P,1+ εA), invgari(P )

)
= 1+ ε adari(P )(A) mod ε2.

The map adari(P ) is invertible and preserves the ari bracket.
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The results of [Kaw2] are formulated for decks, which allow substitution along every linear
map between variable spaces [Kaw1, Definitions 2.1 and 2.2]. The ring L̂ is not a deck, since
a map can send an inverted form to zero. For every commutative Q-algebra R, however, the
rings L̂r(R), r ≥ 0, form a family of functions in the sense of Furusho, Hirose and Komiyama
[FHK, Definition 1]. This follows because an injective substitution sends every nonzero linear
form to a nonzero linear form and therefore extends to the localization.

Remark 7.3. Notice that Écalle’s four flexions, the operators swap, push, anti, neg and the
shuffle permutations are injective substitutions, and in each fixed depth every operation of
the flexion structure is a finite combination of these and of mu. Therefore the constructions
of [Kaw1, Kaw2] make sense for bimoulds over a family of functions, and their depthwise
identities continue to hold. In particular, this applies over L̂. Representability of decks is
used in [Kaw1, Kaw2] only for the correspondence between pro-nilpotent Lie algebras and
pro-unipotent groups. Here the exponential and logarithm are finite in each depth.

We recall the construction of the secondary bimoulds over L̂. In [Kaw1], the second author
starts with

re1 = E, rer+1 = arit(rer)(E).

Let e(x) = 1− exp(−x), and define the coefficients ϵr by

exp

((∑
r≥1

ϵrx
r+1

)
d

dx

)
(x) = e(x).

Then

ess = expari

(∑
r≥1

ϵrrer

)
. (7.8)

Here expari is the depth-filtered Lie exponential for GARI. This is the construction of [Kaw1,
Equations (6.28), (6.29), Proposition 6.7 and Definition 6.11]. The dotted secondary bimoulds
are obtained by swap [Kaw1, Definition 7.1]. Each rer is concentrated in depth r, so (7.8) is
finite in every fixed depth. By Remark 7.3, these bimoulds have components in L̂, and the
same applies to invmu, gari, invgari, expari, logari, and adari, whose defining expressions are
finite in each depth.

Lemma 7.4. The bimoulds ess and ëss are symmetral. Put

H+ = adari(ess), H− = adari(ëss).

Both maps preserve alternality and induce the identity on the associated graded for the depth
filtration. For every push-invariant bimould A,

swap
(
H+(A)

)
= ganitP

(
H−(swap(A))

)
, (7.9)

swap
(
H−(A)

)
= ganitP

(
H+(swap(A))

)
.

Moreover, ganitP and its inverse induce the identity on the associated graded for the depth
filtration.

Proof. The symmetrality of the two secondary bimoulds is [Kaw2, Theorem A.7]. The dis-
played identities are [Kaw2, Corollary 3.2] specialized to O = E, oz = P , and oss = ess.

By Remark 7.3, the first fundamental identity [Sc, Corollary 2.8.6], the crash identities
[Kaw1, Proposition 7.5 and Theorem 7.12], secondary symmetrality [Kaw2, Appendix A], and
the shuffle-exponential argument of [Ko, Theorem A.7] remain valid over L̂.
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Conjugation by a symmetral element preserves the tangent space of this subgroup, so H+

and H− preserve alternality. The logarithms of the secondary bimoulds have positive depth,
and every nonidentity term in their adjoint actions raises the depth. The corresponding
statement for ganit±1

P follows from the marked-letter formula. □

Theorem 7.5. Each map
H± : ARIal/al −→ DE

is an isomorphism of ari Lie algebras. In particular, DE is an ari Lie algebra.

For bimoulds over a deck, this is the special case O = E of [Kaw2, Theorem 3.5]. The proof
below shows that the argument also applies over L̂.

Proof. Let A ∈ ARIal/al. Both A and swap(A) are alternal and push invariant. By Lemma 7.4,
H+(A) is alternal, has the required depth-one parity and satisfies

ganit−1
P
(
swap(H+(A))

)
= H−(swap(A)).

The right-hand side is alternal, and therefore H+(A) ∈ DE. The second formula in that lemma
gives H−(A) ∈ DE. Both maps are injective because every adjoint action is invertible.

For a nonzero bimould B, let lead(B) be its first nonzero depth component, viewed as a
bimould concentrated in that depth. If B ∈ DE, then lead(B) is alternal. The bimould

ganit−1
P (swap(B))

is also alternal. Since ganit−1
P induces the identity on the associated graded, its first nonzero

component is swap(lead(B)). In particular, swap(lead(B)) is alternal, so lead(B) is bialternal.
It also has the required depth-one parity. This is inherited from B1 when the leading depth is
one, and otherwise its depth-one component is zero. Hence

lead(B) ∈ ARIal/al . (7.10)

Starting with B0 = B, define

Cn = lead(Bn), Bn+1 = Bn −H+(Cn),

and stop if Bn = 0. By (7.10) and the inclusion proved in the first part, every Bn lies in DE.
Since H+ induces the identity on the associated graded, the lowest nonzero depth increases
strictly at every step. Therefore

C =
∑
n≥0

Cn

is finite in each depth and belongs to ARIal/al. Continuity in the depth filtration and telescop-
ing give

H+(C) =
∑
n≥0

(Bn −Bn+1) = B.

The same construction with H− proves its surjectivity. Since adjoint actions preserve ari and
ARIal/al is an ari Lie algebra, both maps are Lie algebra isomorphisms and DE is an ari Lie
algebra. □

Proposition 7.6. J restricts to an automorphism of the ari Lie algebra DE, and

J = H− ◦ swap ◦H−1
+ on DE. (7.11)
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Proof. Let A ∈ ARIal/al. By [Sc, Lemma 2.5.5], A is push invariant, so (7.9) applies and
gives J

(
H+(A)

)
= ganit−1

P
(
swap(H+(A))

)
= H−(swap(A)). We therefore have J ◦ H+ =

H− ◦ swap on ARIal/al, and (7.11) follows, since H+ is a bijection onto DE by Theorem 7.5.
The right-hand side is an ari automorphism by Theorem 7.5 and (7.7). □

Proof of Theorem 7.1. Let a, b ∈ BARIswap,il and put Qa = T−1(a), Qb = T−1(b). By (7.5),
both lie in DE and are fixed by J . Put N = ari(Qa, Qb). Since DE is an ari Lie algebra,
N ∈ DE, and Proposition 7.6 gives

J (N) = ari
(
J (Qa),J (Qb)

)
= ari(Qa, Qb) = N.

By definition, T (N) = uri(a, b), which is a power-series bimould by Theorem 6.1, and com-
ponentwise polynomial for polynomial inputs. We get N ∈ Dreg

E , and (7.5) gives uri(a, b) =
T (N) ∈ BARIswap,il. □

Proof of Theorem A. Let a, b ∈ BARIswap,il. The bracket uri(a, b) is alternil, since uri preserves
alternility (see Section 3), and it is a power-series bimould by Theorem 6.1. Its depth-one
component vanishes by (6.1) and (4.7), so the parity condition in (2.2) holds, and it is swap
invariant by Theorem 7.1. This proves (i). By Theorem 6.1, the uri bracket preserves BARIpol,
which together with (i) shows that B is a Lie subalgebra. The proof of Theorem 6.1 also shows
that the bracket of two weight-homogeneous elements has weight equal to the sum of their
weights. Therefore B is weight graded (see also Section 9). □

8. The balanced double shuffle Lie algebra

We recall the double shuffle space dm0 and its balanced counterpart bm0, following [Bu1,
Sections 4.4, 5.4 and Appendix B.2]. Let X = {x0, x1} and Y = {y1, y2, . . .}. On the completed
duals of the shuffle and stuffle algebras, respectively, consider the coproducts

∆�(xi) = xi ⊗ 1 + 1⊗ xi, ∆∗(yn) = yn ⊗ 1 + 1⊗ yn +
n−1∑
j=1

yj ⊗ yn−j.

Let ΠY : Q⟨X⟩ → Q⟨Y⟩ kill words ending in x0 and send

xk1−1
0 x1 · · · xkr−1

0 x1 7−→ yk1 · · · ykr .
For ψ ∈ Q⟨X⟩, put

ψ∗ := ΠY (ψ) +
∑
n≥2

(−1)n−1

n
(ΠY (ψ) | yn)yn1 .

Then dm0 consists of the polynomials ψ such that
(ψ | x0) = (ψ | x1) = (ψ | x0x1) = 0,

∆�(ψ) = ψ ⊗ 1 + 1⊗ ψ, ∆∗(ψ∗) = ψ∗ ⊗ 1 + 1⊗ ψ∗.

By Racinet [Rac] (see also [Bu1, Theorem B.30]), the space dm0 is a weight-graded Lie algebra
under the Ihara bracket

{ψ1, ψ2} = dψ1(ψ2)− dψ2(ψ1) + [ψ1, ψ2], dψ(x0) = 0, dψ(x1) = [x1, ψ] .

For the balanced version, let B = {b0, b1, b2, . . .} and define

∆b(b0) = b0 ⊗ 1 + 1⊗ b0, ∆b(bn) = bn ⊗ 1 + 1⊗ bn +
n−1∑
j=1

bj ⊗ bn−j (n ≥ 1).
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Write Q⟨B⟩0 for the span of 1 and of the words not beginning in b0, and let Π0 : Q⟨B⟩ → Q⟨B⟩0
be the corresponding projection. The involution τ on this space is given by

τ
(
bk1b

m1
0 · · · bkrbmr

0

)
= bmr+1b

kr−1
0 · · · bm1+1b

k1−1
0 . (8.1)

Burmester’s space bm0 consists of the polynomials f ∈ Q⟨B⟩ satisfying

(f | b0) = 0, ∆b(f) = f ⊗ 1 + 1⊗ f, τ(Π0(f)) = Π0(f),

(f | b2) = (f | b4) = (f | b6) = 0.

The weight of a word is the sum of its positive indices plus the number of occurrences of b0.
There is an explicit weight-preserving embedding of vector spaces

θ : dm0 ↪−→ bm0

by [Bu1, Theorem 4.28]. We next recall the bimould realization of bm0. For f ∈ Q⟨B⟩, set
ρB(f)0 = 0 and, for r ≥ 1, define

ρB(f)r

(
X1, . . . , Xr

Y1, . . . , Yr

)
:=

∑
k1,...,kr≥1
m1,...,mr≥0

(f | bk1bm1
0 · · · bkrbmr

0 )
r∏
i=1

Xki−1
i Y mi

i ,

and put

(A#Y )r

(
X1, . . . , Xr

Y1, . . . , Yr

)
:= Ar

(
X1, . . . , Xr

Y1, Y1 + Y2, . . . , Y1 + · · ·+ Yr

)
.

In particular, ρB only sees Π0(f). Set

Φ(f) := ρB(f)
#Y .

By [Bu1, Corollary 5.51], restriction gives a weight-preserving vector-space isomorphism

Φ : bm0
∼−→ B. (8.2)

For f ∈ Q⟨B⟩, write dqf for the derivation defined in [Bu1, Definition 3.12], and let dbf = −dqf .
We set

{f, g}b := dbf (g)− dbg(f) + [f, g] ,

which has the same shape as the Ihara bracket above.2 The augmentation ideal

mb := {f ∈ Q⟨B⟩ : (f | 1) = 0}
is a weight-graded Lie algebra for this bracket [Bu1, Theorem 3.20]. Notice that the isomor-
phism (8.2) alone does not prove closure of bm0, since the map ρB forgets every word beginning
in b0. We first show that Π0 determines the missing coefficients for elements of ker(∂0).

Let v0 = b0, and define the primitive letters vk, k ≥ 1, by∑
k≥1

vkt
k = log

(
1 +

∑
k≥1

bkt
k

)
.

The concatenation derivation of [Bu1, Definition 4.46] is given by

∂0(v0) = 1, ∂0(vk) = 0 (k ≥ 1).

2This is the negative of the bracket dqf (g) − dqg(f) − [f, g] of [Bu1, Definition 3.16]. We choose the sign
so that (8.6) holds without a sign. The ari and uri brackets of [Bu1] are the negatives of ours, since [Bu1,
Definition C.22] uses the opposite order of the two preari arguments from (3.5).
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Since bk, k ≥ 1, is a polynomial in v1, v2, . . ., this is equivalently

∂0(b0) = 1, ∂0(bk) = 0 (k ≥ 1).

The restriction of Π0 to ker(∂0) is injective. In fact, its inverse is the section

secq(F ) =
∑
m≥0

(−1)m

m!
vm0 ∂

m
0 (F ) (F ∈ Q⟨B⟩0)

by [Bu1, Proposition 4.47]. The primitive elements for ∆b form the free Lie algebra on the vk
[Bu1, Proposition 4.32]. Lazard elimination, together with (f | b0) = 0, therefore gives

bm0 ⊆ ker(∂0). (8.3)

Lemma 8.1. The derivation ∂0 is a derivation for { , }b:
∂0{f, g}b = {∂0f, g}b + {f, ∂0g}b. (8.4)

In particular, ker(∂0) is closed under { , }b.

Proof. We first show that
[∂0, d

b
f ] = db∂0f . (8.5)

It is enough to check this on the letters ba. The index-raising maps ∂i, i ≥ 1, of [Bu1,
Definition 3.8] leave every occurrence of b0 in place, and hence commute with ∂0. The same
is therefore true for the operators δj built from them. Likewise, the operators lc

(a,r)
j of [Bu1,

Definition 3.10] only replace one positive-index letter by a string of positive-index letters, and
so also commute with ∂0. Applying ∂0 to the formula for dqw(ba) in [Bu1, Definition 3.12], and
using ∂0(ba) = 0, therefore gives

∂0
(
dqw(ba)

)
= dq∂0w(ba) (a ≥ 1).

For a depth-zero word w = bm0 , this is the immediate identity ∂0[b
m
0 , ba] = m[bm−1

0 , ba], using
the separate depth-zero clause in [Bu1, Definition 3.12]. On b0, both sides vanish. This proves
(8.5) by linearity. Applying it to the definition of {f, g}b, and using that ∂0 is a derivation for
the commutator, gives (8.4). □

Lemma 8.2. For f, g ∈ bm0, one has

Φ({f, g}b) = uri(Φ(f),Φ(g)). (8.6)

Proof. Put sf (g) = dqf (g)+gf , so that {f, g}b = sg(f)−sf (g). With A = Φ(f) and B = Φ(g),
[Bu1, Theorem 5.52] gives

Φ(sf (g)) = preuriBu(A,B), (8.7)
where the right-hand side is the preuri operation of [Bu1, Definition 5.15]. We compare it
with the linearization of ⋄. For a bimould F , write

F t = Fm−1

(
X2, . . . , Xm

Y2, . . . , Ym

)
, F t,1 = Fm−1

(
X2 −X1, . . . , Xm −X1

Y2, . . . , Ym

)
,

F h = Fm−1

(
X1, . . . , Xm−1

Y1, . . . , Ym−1

)
, F h,m = Fm−1

(
X1 −Xm, . . . , Xm−1 −Xm

Y1, . . . , Ym−1

)
.

Put λ(A) = [ε]1̃+ εA. Linearizing (4.1) gives

λ(A)0 = 0, λ(A)1 = −A1, λ(A)m = −Am +
λ(A)t − λ(A)t,1

X1

+
Ah − Ah,m

Xm

. (8.8)
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For a polynomial F and nodes z0, . . . , zr, put

Dr(F | z0, . . . , zr) =
r∑
s=0

F (zs)∏
k ̸=s(zk − zs)

.

Define C(A)0 = C(A)1 = 0 and, for m ≥ 2,

C(A)m =
m−1∑
r=1

(
Lm,r(A)−Rm,r(A)

)
,

where

Lm,r(A) = Dr

(
t 7−→ Am−r

(
Xr − t, . . . , Xm−1 − t

Yr, . . . , Ym−1

) ∣∣ 0, X1, . . . , Xr−1, Xm

)
, (8.9)

Rm,r(A) = Dr

(
t 7−→ Am−r

(
Xr+1 − t, . . . , Xm − t

Yr+1, . . . , Ym

) ∣∣ 0, X1, . . . , Xr

)
. (8.10)

Using the marked-letter formula for anit, the two divided-difference sums in [Bu1, Defini-
tion 5.12] can be written in flexion notation as

uritA = arit(A) + anit(C(A)). (8.11)

When a block of length r is inserted after a marked position i, the operator anit evaluates
C(A)r at

C(A)r

(
Xi+1 −Xi, . . . , Xi+r −Xi

Yi+1, . . . , Yi+r

)
.

Substitution of (8.9) and (8.10) gives, term by term, the two sums in that definition, with
Lm,r and Rm,r corresponding to the two possible sides of the marked block.

The operator Dr is symmetric in its nodes and satisfies

Dr(F | z0, . . . , zr) =
Dr−1(F | z1, . . . , zr)−Dr−1(F | z0, . . . , zr−1)

z0 − zr
. (8.12)

For r = 1, definitions (8.9) and (8.10) give

Lm,1(A) =
Ah − Ah,m

Xm

, Rm,1(A) =
At − At,1

X1

.

For r ≥ 2, applying (8.12) to the tail and translated-tail node sets gives

Lm,r(A) =
Lm−1,r−1(A)

t − Lm−1,r−1(A)
t,1

X1

, Rm,r(A) =
Rm−1,r−1(A)

t −Rm−1,r−1(A)
t,1

X1

.

Here the superscripts mean evaluation in the corresponding tail and translated-tail variables.
Summing these identities gives

C(A)1 = 0, C(A)m =
C(A)t − C(A)t,1

X1

+
At,1 − At

X1

+
Ah − Ah,m

Xm

. (8.13)

Comparing (8.8) and (8.13) inductively gives

C(A) = A+ λ(A). (8.14)

Let axit(P,Q) denote the linearization

gaxit1+εP,1+εQ = id+ε axit(P,Q).
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Then anit(Q) = axit(0, Q) and arit(P ) = axit(P,−P ). By (8.11) and (8.14),

uritA = axit(A,C(A)− A) = axit(A, λ(A)).

Linearizing (4.4) now gives

[εη]
(
(1+ εA) ⋄ (1+ ηB)

)
= preuriBu(A,B), (8.15)

since the gaxit factor contributes uritA(B) and the last factor contributes mu(B,A). Anti-
symmetrizing (8.15) and applying (6.1) yields

preuriBu(B,A)− preuriBu(A,B) = uri(A,B).

Since {f, g}b = sg(f)− sf (g), this together with (8.7) proves (8.6). □

Proof of Theorem B. Let f, g ∈ bm0. By Theorem A, the right-hand side of (8.6) lies in B.
The isomorphism (8.2) therefore gives a unique h ∈ bm0 such that

Φ(h) = Φ({f, g}b).

Both h and {f, g}b lie in ker(∂0) by (8.3) and Lemma 8.1. Since #Y is invertible and ρB
records every coefficient of Π0, the last display implies Π0(h) = Π0({f, g}b). The injectivity of
Π0|ker(∂0) now gives h = {f, g}b, proving closure. The bracket already satisfies antisymmetry
and the Jacobi identity on the ambient space by [Bu1, Theorem 3.20], and it preserves weight.
Therefore bm0 is a weight-graded Lie algebra. Equation (8.6) shows that Φ is a Lie algebra
isomorphism. □

Remark 8.3. In [BB2] the first author and Burmester construct a coproduct on Gf modulo
quasimodular forms, which turns this quotient into a connected graded Hopf algebra. Con-
jecturally this Hopf algebra is U(bm0)

∨ from (1.1). It might be interesting to describe this
coproduct directly on the space of bimoulds, where Theorem A now provides the Lie bracket,
and to work out the whole Hopf algebra structure there.

9. Explicit elements in low weight

In this section we describe B in low weight. Recall that B is the space of finite-depth
polynomial elements of BARIswap,il, and that it is a Lie algebra under uri by Theorem A. As
in the proof of Theorem 6.1, a monomial in depth r of ordinary degree d has weight r + d,
and we write Bk for the subspace of homogeneous elements of weight k. Alternility, swap
invariance and the depth-one parity are homogeneous conditions, so that

B =
⊕
k≥1

Bk, uri(Bk,Bl) ⊆ Bk+l.

For fixed k, the space Bk is cut out by finitely many linear equations in the coefficients (2.1)
of weight k, and can therefore be computed exactly. For k ≤ 9 we obtain

k 1 2 3 4 5 6 7 8 9
dimBk 1 0 2 1 4 3 8 11 18
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The elements ξmk . Let E be the bimould with

E1

(
X1

Y1

)
= −X1 + Y1

2
, E2

(
X1, X2

Y1, Y2

)
=

1

4
,

and Er = 0 for r ≥ 3, and let Q be the operator which multiplies the depth-r component of a
bimould by X1Y1 + · · ·+XrYr. In [Ba] it is shown that

δ(A) = T
(
Q(T−1A)

)
+ uri(A,E) (9.1)

is a derivation of (B, uri) which raises the weight by two. Since T and uri do not change the
depth-one component, δ is multiplication by X1Y1 in depth one.

The corresponding operator on bm0 is

δb := Φ−1 ◦ δ ◦ Φ.

By Theorem B, it is a derivation for { , }b and raises the weight by two. For example,

δb(b1) = b2b0 − b0b2 + b1b2 − b2b1 − b21b0 + b1b0b1.

This is the element in [Bu1, Example 4.53].
Fix a normalized injection in [Bu1, Equation (B.32.1)], and, for every odd k ≥ 3, denote

the image of its weight-k generator by σk ∈ dm0, normalized by (σk | xk−1
0 x1) = 1. Put

f1 = b1, fk = θ(σk) (k ≥ 3 odd), ξk = Φ(fk) (k ≥ 1 odd). (9.2)

Thus (ξ1)1 = 1 and (ξ1)r = 0 for r ̸= 1. The choices of σk, and hence of ξk, are noncanonical
in general. One may instead use the canonical zeta generators constructed by Dorigoni,
Doroudiani, Drewitt, Hidding, Kleinschmidt, Schlotterer, Schneps and Verbeek [DDDHKSSV].
For k = 2n+ 1 with 1 ≤ n ≤ 4, an exact computation shows that ξk is the unique element of
Bk of the form

ξk =M + swap(M),

where the components of M depend only on the lower variables Y1, . . . , Yr and M1 = Y k−1
1 .

In each case the depth-k component of ξk is the constant 1/k. Apart from its constant depth-
k component, M is an alternal mould in the lower variables whose swap is alternil up to a
constant, i.e. an element of weight k of Écalle’s Lie algebra ARIal∗il [Sc]. For m ≥ 0 write

fmk := δmb (fk), ξmk := δm(ξk) = Φ(fmk ),

and omit the superscript when m = 0. Notice that ξmk has weight k + 2m. Its depth-one
component is (X1Y1)

m(Xk−1
1 + Y k−1

1 ) for k ≥ 3 and (X1Y1)
m for k = 1. In low weight these

elements generate B (see Proposition 9.1).

Proposition 9.1. The following statements hold.
(i) The elements ξmk , with k ≥ 1 odd, m ≥ 0, and k+2m ≤ 9, are well defined and lie in B.
(ii) For k ≤ 9, the space Bk is spanned by the iterated uri brackets of the elements ξmℓ with

ℓ+ 2m ≤ k.
(iii) For every n ≥ 1, one has

uri(ξ1, ξ2n+1) = 0. (9.3)
Applying δm gives, for every m ≥ 1,

m∑
i=0

(
m

i

)
uri
(
δi(ξ1), δ

m−i(ξ2n+1)
)
= 0. (9.4)
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Every linear relation among the brackets uri(ξrk, ξ
s
ℓ ) of weight at most 8 is a linear com-

bination of the specializations of (9.3) and (9.4) in those weights.

Proof. Part (i) follows from (9.2) and the fact that δ preserves B. Part (ii) and the complete-
ness assertion in (iii) were verified by the exact computation described below. We prove the
general identity in (iii). Fix an odd k ≥ 3 and put h = {fk, f1}b. The construction of θ in
[Bu1, Theorem 4.28] splits the support of fk into words in b0, b1 and words containing no b0.
The first part has zero bracket with b1 by [Bu1, Lemma 3.15(i)], while the defining derivation
formula preserves the subspace of words containing no b0. Hence h contains no b0.

By Theorem B, h ∈ bm0, so it is primitive and its projection is τ -invariant. Since h contains
no b0, Π0(h) = h. Formula (8.1) sends every word without b0 other than a power of b1 to
a word containing b0. So a homogeneous τ -invariant element of weight k + 1 containing
no b0 is a multiple of bk+1

1 . Since bk+1
1 is not primitive, h = 0. This is the argument of

[Bu1, Proposition 4.56], whose closure hypothesis is now provided by Theorem B. Finally,
Lemma 8.2 gives uri(ξ1, ξk) = 0. Equation (9.4) follows because δ is a derivation of the uri
bracket. □

The computations were done in SageMath with exact rational arithmetic. The spaces Bk

were computed from the linear conditions on the coefficients, and the uri bracket was evaluated
with the polynomial formula (6.1). The first term in (9.1) was evaluated with the contraction
formula of [Ba], which also has no poles. For weight at most five, both terms were compared
with a direct evaluation of the localized formulas (3.9) and (9.1).

The elements of weight at most five are listed below, written as ξ = ((ξ)1, (ξ)2, . . .) with
the depth components in order, together with the corresponding elements fmk = Φ−1(ξmk ) of
bm0. The latter were obtained as in the proof of Theorem B: the coefficients of the words
not beginning in b0 are read off from ρB(f

m
k ), and the remaining coefficients are given by the

section secq. The elements of weight seven and nine are considerably longer, for example ξ7
has 127 and ξ23 has 322 nonzero coefficients.
Weight 1. Here ξ1 = (1, 0, . . . ) and f1 = b1.
Weight 3.

ξ3 =
(
X2

1 + Y 2
1 , X1 − 2X2 − Y1 + Y2,

1
3 , 0, . . .

)
,

f3 = b3 − 2b1b2 + b2b1 + b20b1 − 2b0b1b0 + b0b
2
1 + b1b

2
0 − 2b1b0b1 + b21b0 +

1
3b

3
1.

ξ11 =
(
X1Y1, −X1 +X2 − Y2, 0, . . .

)
,

f1
1 = −b0b2 + b1b2 + b2b0 − b2b1 + b1b0b1 − b21b0.

Weight 5.

ξ5 =
(
X4

1 + Y 4
1 , 2X3

1 − 11
2 X2

1X2 +
9
2X1X

2
2 − 3X3

2 − 2Y 3
1 − 1

2Y
2
1 Y2 +

1
2Y1Y

2
2 + 2Y 3

2 ,

2X2
1 − 11

2 X1X2 +
9
2X1X3 − 1

2X
2
2 + 2X2X3 − 1

2X
2
3 + 2Y 2

1 − 3
2Y1Y2 + 3Y1Y3 − 4Y 2

2

− 3
2Y2Y3 + 2Y 2

3 , X1 − 4X2 + 6X3 − 4X4 − Y1 + 3Y2 − 3Y3 + Y4,
1
5 , 0, . . .

)
,

f5 = b5 − 3b1b4 +
9
2b2b3 −

11
2 b3b2 + 2b4b1 − 1

2b
2
1b3 + 2b1b

2
2 − 1

2b1b3b1 +
9
2b2b1b2

− 11
2 b22b1 + 2b3b

2
1 − 4b31b2 + 6b21b2b1 − 4b1b2b

2
1 + b2b

3
1 + b40b1 − 4b30b1b0

+ 2b30b
2
1 + 6b20b1b

2
0 − 11

2 b20b1b0b1 − 1
2b

2
0b

2
1b0 + 2b20b

3
1 − 4b0b1b

3
0

+ 9
2b0b1b

2
0b1 + 2b0b1b0b1b0 − 11

2 b0b1b0b
2
1 − 1

2b0b
2
1b

2
0 +

9
2b0b

2
1b0b1

− 3b0b
3
1b0 + b0b

4
1 + b1b

4
0 − 3b1b

3
0b1 +

9
2b1b

2
0b1b0 − 1

2b1b
2
0b

2
1 − 11

2 b1b0b1b
2
0

+ 2b1b0b1b0b1 +
9
2b1b0b

2
1b0 − 4b1b0b

3
1 + 2b21b

3
0 − 1

2b
2
1b

2
0b1 − 11

2 b21b0b1b0

+ 6b21b0b
2
1 + 2b31b

2
0 − 4b31b0b1 + b41b0 +

1
5b

5
1.



LIE ALGEBRAS FOR MULTIPLE EISENSTEIN SERIES 21

ξ13 =
(
X3

1Y1 +X1Y
3
1 , −X3

1 + 3
2X

2
1X2 − 3

2X1X
2
2 +X3

2 +X2
1Y1 −X2

1Y2 − 2X1X2Y1

+X1X2Y2 − 2X2
2Y2 − 2X1Y

2
1 −X1Y1Y2 −X1Y

2
2 +X2Y

2
1 +X2Y1Y2 + 2X2Y

2
2 − 3

2Y
2
1 Y2

− 3
2Y1Y

2
2 − Y 3

2 , −X2
1 + 1

2X1X2 +
3
2X1X3 +

3
2X

2
2 − 2X2X3 − 1

2X
2
3 + 4

3X1Y1 − 2X1Y3

− 5
3X2Y2 + 2X2Y3 −X3Y1 + 3X3Y2 +

4
3X3Y3 +

3
2Y1Y2 + Y 2

2 − 3
2Y2Y3 − Y 2

3 , − 1
3X1

+ 1
3X4 − 1

3Y2 − 1
3Y3 − 1

3Y4, 0, . . .
)
,

f1
3 = −b0b4 + b1b4 − 3

2b2b3 +
3
2b3b2 + b4b0 − b4b1 + 2b0b

2
2 − b0b3b1 + 2b1b0b3

− 1
2b

2
1b3 − 2b1b

2
2 − 2b1b3b0 +

3
2b1b3b1 − 3b2b0b2 +

3
2b2b1b2 + b22b0 +

1
2b

2
2b1

+ 2b3b0b1 − b3b1b0 − b3b
2
1 − b30b2 + b20b1b2 + 3b20b2b0 − 2b20b2b1 − b0b1b0b2

+ b0b
2
1b2 − b0b1b2b0 − 3b0b2b

2
0 + 3b0b2b0b1 + b0b2b1b0 − 4

3b0b2b
2
1 + 2b1b

2
0b2

− 4b1b0b1b2 − 3b1b0b2b0 +
5
3b1b0b2b1 +

5
3b

2
1b0b2 +

1
3b

3
1b2 +

4
3b

2
1b2b0

+ 2b1b2b
2
0 − 11

3 b1b2b0b1 + 2b1b2b1b0 + b2b
3
0 − 2b2b

2
0b1 + b2b0b1b0 +

4
3b2b0b

2
1

− b2b1b
2
0 + 2b2b1b0b1 − 2b2b

2
1b0 − 1

3b2b
3
1 +

3
2b

2
0b1b0b1 − 3

2b
2
0b

2
1b0

− 3
2b0b1b

2
0b1 +

3
2b0b1b0b

2
1 +

3
2b0b

2
1b

2
0 − 3

2b0b
2
1b0b1 + b1b

3
0b1

− 3
2b1b

2
0b1b0 − 1

2b1b
2
0b

2
1 +

3
2b1b0b1b

2
0 − 2b1b0b1b0b1 +

3
2b1b0b

2
1b0

+ 1
3b1b0b

3
1 − b21b

3
0 +

3
2b

2
1b

2
0b1 +

1
2b

2
1b0b1b0 − b31b

2
0 − 1

3b
4
1b0.

ξ21 =
(
X2

1Y
2
1 , − 3

2X
2
1Y1 +X1X2Y1 −X1X2Y2 +

3
2X

2
2Y2 +

1
2X1Y

2
1 −X1Y1Y2 −X2Y

2
1

−X2Y1Y2 − 3
2X2Y

2
2 ,

1
2X

2
1 +X1X2 − 2X1X3 −X2

2 +X2X3 +
1
2X

2
3 − 3

4X1Y1 +
1
2X1Y2

+ 3
4X1Y3 +

5
4X2Y1 + 2X2Y2 − 1

4X2Y3 − 1
4X3Y1 − 2X3Y2 − 5

4X3Y3 +
1
2Y

2
2 + 2Y2Y3

+ 1
2Y

2
3 ,

1
4X1 − 1

4X2 − 1
4X3 +

1
4X4 − 1

4Y2 +
1
4Y4, 0, . . .

)
,

f2
1 = b20b3 − b0b

2
2 − 2b0b3b0 +

3
2b0b3b1 −

3
2b1b0b3 +

1
2b

2
1b3 + b1b

2
2 +

3
2b1b3b0

− b1b3b1 + 2b2b0b2 − 2b2b1b2 − b22b0 + b22b1 + b3b
2
0 − 3

2b3b0b1 +
1
2b3b

2
1

− b20b1b2 +
1
2b

2
0b2b1 + b0b1b0b2 +

1
4b0b

2
1b2 + b0b1b2b0 − 5

4b0b1b2b1

− 2b0b2b0b1 + b0b2b1b0 +
3
4b0b2b

2
1 − 3

2b1b
2
0b2 +

7
4b1b0b1b2 + 2b1b0b2b0

− 3
4b1b0b2b1 −

3
4b

2
1b0b2 +

1
4b

3
1b2 − 5

4b
2
1b2b0 − 1

4b
2
1b2b1 − 3

2b1b2b
2
0

+ 9
4b1b2b0b1 −

1
4b1b2b1b0 −

1
4b1b2b

2
1 +

3
2b2b

2
0b1 − b2b0b1b0 − 5

4b2b0b
2
1

− 1
4b2b1b0b1 +

3
4b2b

2
1b0 +

1
4b2b

3
1 +

1
2b1b

2
0b

2
1 + b1b0b1b0b1 − 2b1b0b

2
1b0

+ 1
4b1b0b

3
1 − b21b

2
0b1 + b21b0b1b0 − 1

4b
2
1b0b

2
1 +

1
2b

3
1b

2
0 − 1

4b
3
1b0b1

+ 1
4b

4
1b0.

Use of AI tools. ChatGPT and Claude were used for exploratory computations, language
editing, and the development of the fixed-point approach to swap invariance in Section 7. The
authors verified all statements and proofs and take full responsibility for the article.
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