
ZAGIER’S 2-3-2 FORMULA FOR MULTIPLE EISENSTEIN SERIES

HENRIK BACHMANN

Abstract. We prove a multiple Eisenstein series analogue of Zagier’s formula for the multiple
zeta values ζ(2, . . . , 2, 3, 2, . . . , 2). The multiple Eisenstein series identity contains correction
terms given by derivatives of odd Eisenstein series. We use a description of multiple Eisenstein
series in terms of the Goncharov coproduct due to the author and Tasaka to reduce the theorem
to an identity among q-analogues of multiple zeta values occurring in the Fourier expansion.
The proof of this q-series identity follows Zagier’s original method.

1. Introduction

The purpose of this paper is to prove a multiple Eisenstein series analogue of Zagier’s formula
for the multiple zeta values ζ(2, . . . , 2, 3, 2, . . . , 2) [Z], where

ζ(k1, . . . , kr) =
∑

m1>···>mr>0

1

mk1
1 · · ·mkr

r

(k1 ≥ 2, k2, . . . , kr ≥ 1).

We write {2}m for a string of m copies of 2, with {2}0 the empty string and ζ({2}0) = 1.
Zagier’s evaluation expresses ζ({2}a, 3, {2}b) as a rational linear combination of products of an
odd zeta value and ζ(2, . . . , 2), see (1.1) below. This formula was important for Brown’s proof
of Hoffman’s conjecture that every multiple zeta value is a Q-linear combination of those whose
entries are two or three [Br]. Let τ ∈ H = {z ∈ C | Im(z) > 0} and ZM = {m ∈ Z | |m| < M}.
For k1, . . . , kr ≥ 2, the multiple Eisenstein series introduced by Gangl, Kaneko and Zagier
[GKZ] are

G(k1, . . . , kr; τ) = lim
M→∞

lim
N→∞

∑
λ1,...,λr∈ZM τ+ZN

λ1≻···≻λr≻0

1

λk11 · · ·λkrr
.

Here λ1 ≻ λ2 means λ1−λ2 ∈ H∪R>0. This limit is absolutely convergent if k1 ≥ 3. Multiple
Eisenstein series can be viewed as hybrids of multiple zeta values and modular forms. Their
Fourier expansions have multiple zeta values as constant terms, and a general question is
which relations among multiple zeta values lift to multiple Eisenstein series. Some relations lift
without correction, but not all. Derivatives are not visible at the constant term, and in [BKM]
the author, Kanno and Maesaka proved that the Q-algebra of multiple Eisenstein series is
closed under derivatives. Relations involving cusp forms give another source, since cusp forms
have vanishing constant term. The same work gives a family of relations and conjectures that
these relations together with their derivatives generate all linear relations among multiple
Eisenstein series. Here we show that Zagier’s relation lifts after adding correction terms
given by derivatives of odd Eisenstein series multiplied by the quasimodular forms G(2, . . . , 2)
studied in [Ba2].
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Put q = e2πiτ . For k1, . . . , kr ≥ 1, define the q-series

g(k1, . . . , kr; τ) =
1

(k1 − 1)! · · · (kr − 1)!

∑
m1>···>mr>0
n1,...,nr>0

nk1−1
1 · · ·nkr−1

r qm1n1+···+mrnr .

We usually leave out the variable and writeG(k1, . . . , kr) = G(k1, . . . , kr; τ) and g(k1, . . . , kr) =
g(k1, . . . , kr; τ), and we also write g̃(k1, . . . , kr) = (−2πi)k1+···+krg(k1, . . . , kr). The rational
series g(k1, . . . , kr) are q-analogues of multiple zeta values. For k1 ≥ 2,

lim
q→1−

(1− q)k1+···+krg(k1, . . . , kr) = ζ(k1, . . . , kr).

The Fourier expansions of multiple Eisenstein series were first calculated in the author’s mas-
ter’s thesis [Ba1]. The author and Tasaka later gave a representation of these expansions in
terms of the Goncharov coproduct in [BT], which we use in Section 2. We also set G({2}0) = 1.
Put

D = 2πi
d

dτ
= (2πi)2q

d

dq
.

This derivative raises the weight by two. Let E be the Q-linear space spanned by 1 and the
multiple Eisenstein series G(k1, . . . , kr) with r ≥ 1 and k1, . . . , kr ≥ 2. The harmonic product
makes E a Q-algebra, and [BKM, Main Theorem D] shows that it is closed under D. In [BK],
the author and Kanno show that E is graded by weight and that the weight operator, D, and
a lowering operator give it an sl2-algebra structure. The formula below is an identity in E .

For a, b ≥ 0 and j ≥ 1, put

cj,0a,b = 2(−1)j
((

2j

2b+ 2

)
−
(
1− 4−j

)( 2j

2a+ 1

))
.

These are the coefficients in Zagier’s formula [Z],

(1.1) ζ({2}a, 3, {2}b) =
a+b+1∑
j=1

cj,0a,bζ({2}
a+b+1−j)ζ(2j + 1) .

Set cj,ma,b = 0 when a < 0, and for m ≥ 0 define recursively

(1.2) cj,m+1
a,b =

cj,ma,b − cj,ma−1,b

2(m+ 1)(2j +m+ 1)
.

Main Theorem. For a, b ≥ 0, we have

(1.3) G({2}a, 3, {2}b) =
∑

j≥1, m≥0
j+m≤a+b+1

cj,ma,b G({2}
a+b+1−j−m)DmG(2j + 1).

We first explain the idea of the proof in one example. For a = b = 1, (1.3) gives

(1.4) G(2, 3, 2) = −11

2
G(2)G(5) +

75

8
G(7)− 1

2
G(2)DG(3)− 1

16
D2G(3) .

The Fourier expansion, first calculated in the author’s master’s thesis [Ba1] and later repre-
sented systematically in terms of the Goncharov coproduct in [BT], is

G(2, 3, 2) = ζ(2, 3, 2) + g̃(2, 3, 2) +
(
ζ(3, 2)− 3ζ(2)ζ(3)

)
g̃(2)

+ 2ζ(2)2g̃(3) + ζ(2)
(
2g̃(2, 3) + g̃(3, 2)

)
.
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Since G(k) = ζ(k) + g̃(k) in depth one and D kills constants, the Fourier expansion of the
right side of (1.4) is

−11

2

(
ζ(2) + g̃(2)

)(
ζ(5) + g̃(5)

)
+

75

8

(
ζ(7) + g̃(7)

)
− 1

2

(
ζ(2) + g̃(2)

)
D g̃(3)− 1

16
D2g̃(3).

The two cases of Zagier’s formula needed here are

ζ(3, 2) = 3ζ(2)ζ(3)− 11

2
ζ(5), ζ(2, 3, 2) = −11

2
ζ(2)ζ(5) +

75

8
ζ(7).

These identities cancel all multiple zeta value terms of odd weight. We also use the following
weight-five consequence of the partition relation and the harmonic product (see [Ba3, Corol-
lary 6.43 and Example 6.50]):

2g̃(2, 3) + g̃(3, 2) = −5ζ(2)g̃(3)− g̃(2)g̃(3) +
7

2
g̃(5)− 1

2
D g̃(3) .

Finally, ζ(2) = −(−2πi)2/24 converts the remaining powers of ζ(2) into powers of (−2πi)2.
After subtracting the two Fourier expansions, (1.4) is equivalent to

0 = (−2πi)−7

(
G(2, 3, 2) +

11

2
G(2)G(5)− 75

8
G(7) +

1

2
G(2)DG(3) +

1

16
D2G(3)

)
= g(2, 3, 2)− 1

192
g(3) +

1

24
g(2)g(3)− 3

8
g(5) +

11

2
g(2)g(5)− 75

8
g(7)

+
1

2
g(2)q

d

dq
g(3) +

1

16
(q
d

dq
)2g(3).

No multiple zeta value remains. The last two lines give the rational q-series identity (3.3)
displayed after Theorem 3.1. This calculation shows the two main steps of our proof. In
Section 2, the Goncharov coproduct reduces the main theorem to a single identity between
the rational q-series g. We prove this identity in Section 3 by adapting Zagier’s proof from
[Z]. For fixed q, Zagier’s evaluations at integers are replaced by evaluations at the zeros of a
q-product, and an analogous growth argument determines the identity from these values and
the diagonal.
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2. From the coproduct to a q-series identity

In this section, we use the result of the author and Tasaka in [BT], which expresses multiple
Eisenstein series in terms of the Goncharov coproduct. This allows us to separate the multiple
zeta value information from the q-series g information. We then combine it with a result of
Brown [Br], which determines which motivic multiple zeta values are rational multiples of ζ(n).
Brown’s motivic coaction reduces the main theorem to the identity among the q-analogues
of multiple zeta values stated in Theorem 3.1. We first recall the necessary results. Using
the same notation as in [BT], we now view the family of multiple Eisenstein series as a map
G on the formal iterated-integral algebra. By [BT, Theorem 4.10], this map is the algebra
homomorphism given by

(2.1) G = m ◦
(
g̃ ⊗ ζ

)
◦∆G .
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Here m is multiplication, ∆G is the Goncharov coproduct, and g̃ and ζ denote the correspond-
ing character extensions on the formal iterated-integral algebra of [BT].1 By Lemma 2.3, every
nonzero term involves only the q-series g̃ defined above.

Let Hm denote the weight-graded Q-algebra of motivic multiple zeta values of [Br], with
period map per : Hm → C, and write ζm for the motivic character. Write Hq for the Q-algebra
generated by the q-series g̃(k) with entries at least two, which is closed under D by [BKM].
Replacing ζ in (2.1) by ζm gives

(2.2) G̃ =
(
g̃ ⊗ ζm

)
◦∆G ,

which takes values in Hq ⊗Q Hm and satisfies m ◦ (id⊗ per) ◦ G̃ = G. For a, b ≥ 0, put

(2.3)
Ξa,b = G̃({2}a, 3, {2}b)−

∑
j≥1, m≥0

j+m≤a+b+1

cj,ma,b G̃({2}
a+b+1−j−m)

· (Dm g̃(2j + 1)⊗ 1 + 1m=0 1⊗ ζm(2j + 1)) ∈ Hq ⊗Q Hm.

Since D kills constants and G(2j + 1) = ζ(2j + 1) + g̃(2j + 1), applying m ◦ (id⊗ per) to Ξa,b

gives the difference of the two sides of (1.3). Thus the main theorem at (a, b) is equivalent to
m ◦ (id⊗ per) Ξa,b = 0.

The infinitesimal coaction operators of [Br] act on the second factor. Let L =
⊕
N

LN be

Brown’s graded Lie coalgebra of indecomposables modulo ζm(2), and write pr : Hm
>0 → L for

the quotient map. For odd N ≥ 3, the derivation DN : Hm → LN ⊗Hm of [Br, Definition 3.1]
is given by

DNI
m(a0; a1, . . . , aM ; aM+1) =

M−N∑
p=0

pr
(
Im(ap; ap+1, . . . , ap+N ; ap+N+1)

)
⊗ Im(a0; a1, . . . , ap, ap+N+1, . . . , aM ; aM+1) .

Brown’s kernel theorem [Br, Theorem 3.3], Euler’s relation and [Br, Lemma 3.2] give⋂
r≥1

kerD2r+1 = Q[ζm(2)], D2r+1ζ
m(2j + 1) = 1r=j pr

(
ζm(2r + 1)

)
⊗ 1.

On Hq ⊗Hm, we write DN = id⊗DN , with the LN -factor moved to the front.
For the cut calculation, we associate to an index (k1, . . . , kr) with all entries at least two and

weight K the word ŵ(k1, . . . , kr) = 10kr−110kr−1−1 · · · 10k1−1, placed between the base points
of I(0; ŵ; 1), so that ζm(k1, . . . , kr) = Im(0; ŵ(k1, . . . , kr); 1). In particular

ŵ({2}u) = (10)u, ŵ({2}a, 3, {2}b) = (10)b100(10)a .

We write â1 · · · âK for the letters of ŵ and extend by the base points â0 = 0 and âK+1 = 1. The
extended word of ({2}a, 3, {2}b) is alternating except for the central pair â2b+2 = â2b+3 = 0.
For these words the Goncharov coproduct [G] is

(2.4) ∆G ŵ =
∑

0=i0<i1<···<ik<ik+1=K+1

(âi1 · · · âik)⊗
k∏

p=0

I(âip ; âip+1, . . . , âip+1−1; âip+1) .

1Notice that our convention for the order of the indices is opposite to the one in [BT]. Therefore, the
iterated-integral words and the two tensor factors in (2.1) appear here in reversed order.
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Each choice i1 < · · · < ik in (2.4) is a cut. The selected letters âi1 · · · âik form its kept word
in the first tensor factor, while the iterated integrals between consecutive selected points are
the pieces in the second factor.

0

1

0
1 0 0

1

0

1

The cut of ŵ(2, 3, 2) = 1010010 shown here contributes one summand to (2.4). Its filled inner
vertices give the kept word 100, and the arcs between consecutive filled vertices represent the pieces.

In (2.2), a kept word 10lr−1 · · · 10l1−1 is evaluated as g̃(l1, . . . , lr) and the pieces as motivic
iterated integrals, where a nonempty piece with the same boundary points vanishes (see [G]).
We call a cut surviving if its summand is nonzero.

Lemma 2.1. For every index k with entries at least two and word ŵ(k) = â1 · · · âK, and
every odd N ≥ 3, one has

(2.5) DN G̃(k) =
K−N∑
p=0

pr
(
Im(âp; âp+1, . . . , âp+N ; âp+N+1)

)
⊗ G̃

(
â1 · · · âp âp+N+1 · · · âK

)
,

where G̃ of a word is defined by applying (2.2) to (2.4).

Proof. Apply DN to (2.2). Since DN is a derivation, each term consists of a cut and a block of
weight N contained in one of its pieces. For a fixed block (âp; âp+1, . . . , âp+N ; âp+N+1), deleting
its interior identifies these cuts with the cuts of the shortened word â1 · · · âpâp+N+1 · · · âK .
Summing over p gives (2.5). □

Theorem 2.2. For all a, b ≥ 0 and all r ≥ 1, one has D2r+1Ξa,b = 0. In particular,

Ξa,b ∈ Hq ⊗Q Q[ζm(2)] .

Proof. Put n = a+ b. Since the extended word 0(10)u1 is alternating, every odd block in (2.5)
has equal boundary letters. Hence

DNG̃({2}u) = 0.

Let 1 ≤ r ≤ n+ 1 and N = 2r + 1. For ({2}a, 3, {2}b), only the blocks crossing the central
pair 00 survive, and deleting their interiors gives 0(10)n+1−r1. Thus

D2r+1G̃({2}a, 3, {2}b) = pr

 ∑
p≤2b+2

p+N+1≥2b+3

Im(âp; âp+1, . . . , âp+N ; âp+N+1)

⊗ G̃({2}n+1−r).

The sum in its first factor is the first factor of D2r+1ζ
m({2}a, 3, {2}b). Brown’s motivic Zagier

formula [Br, Theorem 4.3], applied with its two parameters interchanged, therefore identifies
it with cr,0a,b pr(ζ

m(2r + 1)).
After applying D2r+1 to (2.3), the factors G̃({2}u) give zero, while

D2r+1 (D
m g̃(2j + 1)⊗ 1 + 1m=0 1⊗ ζm(2j + 1)) = 1m=01r=j pr

(
ζm(2r + 1)

)
⊗ 1.

The coaction of the first term in (2.3) therefore gives exactly Zagier’s coefficient cr,0a,b, while
the correction terms with m > 0 have motivic second factor 1 and are killed. This explains
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why the new terms in (1.3) involve derivatives. The terms with m = 0 cancel, and the case
r > n+ 1 follows from weights.

Finally, write Ξa,b =
∑
i

ei ⊗ hi with the ei linearly independent. Every hi is killed by all

D2r+1, so the kernel statement above gives hi ∈ Q[ζm(2)]. □

It remains to evaluate the Q[ζm(2)]-part of the two convolutions. Path reversal, which has
no sign here, together with [Br, Lemma 3.4] and Hoffman’s evaluation gives

(2.6) Im(1; (01)k; 0) = Im(0; (10)k; 1) = ζm({2}k) = 6k

(2k + 1)!
ζm(2)k .

Since ζ(2) = (−2πi)2(−1/24), taking periods in (2.6) gives

(2.7)
∑
k≥0

(−2πi)−2kζ({2}k)t2k =
2 sin

(
t
2

)
t

.

Lemma 2.3. Let ŵ = (10)u or ŵ = (10)b100(10)a.
(i) If ŵ = (10)u, every surviving cut has kept word (10)k, while for ŵ = (10)b100(10)a every

surviving cut has kept word (10)k or (10)d100(10)c with c ≤ a and d ≤ b.
(ii) If ŵ = (10)u or if the central pair 00 is kept, every nontrivial piece is Im(0; (10)ki ; 1) or

Im(1; (01)ki ; 0). Hence the coefficient lies in Q[ζm(2)].
(iii) For the remaining cuts of (10)b100(10)a, the coefficient of (10)k has odd weight and no

component in Q[ζm(2)].

Proof. A nonempty piece with equal boundary points vanishes. Applied to the first and last
pieces and to the gaps between consecutive kept letters, this shows that a nonempty kept
word starts with 1, ends with 0, and has no 11 and no 00 except for the central pair. Hence
the surviving kept words are exactly those listed in (i). Inside an alternating part, distinct
boundary letters force every piece to have even length, as required in (ii). For any remaining
cut of (10)b100(10)a with kept word (10)k, the motivic weight is 2a + 2b + 3 − 2k, which is
odd. Its coefficient therefore has no component in Q[ζm(2)], as claimed in (iii). □

Set g({2}0) = 1 and put

A(X) = 1 +
∑
r≥1

g({2}r)Xr, F (X,Y ) =
∑
a,b≥0

g({2}a, 3, {2}b)XaY b .

For ŵ = (10)u, a cut with kept word (10)k has 2k + 1 pieces whose half-lengths sum
to u − k, and every such tuple occurs once. By (2.7), its generating-series contribution is
g({2}k)(2 sin(x/2))2k+1. Summing over k gives

(2.8)
∑
u≥0

(−2πi)−2uG({2}u) x2u+1 = 2 sin
(x
2

)
A
(
4 sin2

(x
2

))
.

This also follows from [Ba2, Equation (4.2)].
For ŵ = (10)b100(10)a, the even motivic-weight terms are the surviving cuts which keep

the central pair 00. If the kept word is (10)d100(10)c, the half-lengths of the pieces to the left
and right sum to b− d and a− c, respectively. Hence (2.7) gives

g({2}c, 3, {2}d)
(
2 sin

(x
2

))2c+1 (
2 sin

(y
2

))2d+2
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for its contribution. After summing over c, d ≥ 0, the even motivic-weight terms in the
convolution for G({2}a, 3, {2}b) contribute

(2.9) 8 sin
(x
2

)
sin2

(y
2

)
F
(
4 sin2

(x
2

)
, 4 sin2

(y
2

))
.

By Theorem 2.2, Ξa,b has only Q[ζm(2)]-components. The odd motivic-weight terms in the
explicit cuts therefore cancel, and (2.9) is the contribution of its first term. In a product term
of (2.3), the zeta term has odd motivic weight, while the pure q-series term contributes

(2.10) (−2πi)−2(a+b+1−j−m)G({2}a+b+1−j−m)

(
q
d

dq

)m

g(2j + 1) .

Here we applied the period map and divided by (−2πi)2a+2b+3. We also used D = (−2πi)2q
d

dq
.

Iterating (1.2) gives, on the range j +m ≤ a+ b+ 1,

(2.11) cj,ma,b =
2(−1)j (2j)!

2mm! (2j +m)!

(
1m=0

(
2j

2b+ 2

)
−
(
1− 4−j

)
[u2a+1](1− u2)m(1 + u)2j

)
.

For the first binomial, nonvanishing implies j ≥ b + 1 and hence m ≤ a, so its backward
difference vanishes for m > 0.

To sum the normalized period identities for Ξa,b against x2a+1y2b+2, we use

(x+ y)2j + (x− y)2j − 2x2j = 2

j−1∑
b=0

(
2j

2b+ 2

)
x2j−2b−2y2b+2,∑

a≥0

[u2a+1](1− u2)m(1 + u)2jx2a+1y2j+2m−2a−1

=
1

2
(y2 − x2)m

(
(x+ y)2j − (x− y)2j

)
.

The second identity extracts the odd part of (1 − u2)m(1 + u)2j, with the factor 2−m giving
the second argument (y2 − x2)/2 in β and 1− 4−j producing β[2]. Inserting (2.11) into (2.10)
and using (2.8), we obtain, in the notation of Section 3,∑

a,b≥0

x2a+1y2b+2
∑

j≥1, m≥0
j+m≤a+b+1

cj,ma,b (−2πi)−2(a+b+1−j−m)G({2}a+b+1−j−m)

(
q
d

dq

)m

g(2j + 1)

= 2 sin
(x
2

)
A(X)

(
β(x+ y, 0) + β(x− y, 0)− 2β(x, 0)

)
− 2 sin

(y
2

)
A(Y )

(
β[2](x+ y, z)− β[2](x− y, z)

)
.

Comparing this with the contribution (2.9) of the first term of Ξa,b shows that the vanishing of
m ◦ (id⊗ per) Ξa,b for all a, b ≥ 0 is exactly (3.2). Thus the main theorem is equivalent to the
identity among the q-analogues of multiple zeta values in Theorem 3.1. After this reduction,
neither multiple zeta values nor powers of 2πi occur. What remains is an identity of q-series
over Q.
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3. Proof of the q-series identity

In this section, we prove the q-series analogue of the two-variable identity behind Zagier’s
evaluation (1.1). Zagier determines his function from its values at the integers. For fixed q,
we determine ours from its values at the negative zeros of A, together with its value on the
diagonal. This replacement is the reason why his method also works for the q-deformation.
Put

X = 4 sin2
(x
2

)
, Y = 4 sin2

(y
2

)
, z =

y2 − x2

2
,

and define

(3.1)

β(T, Z) =
∑
j≥1
m≥0

(−1)jT 2jZm

m!

(2j)!

(2j +m)!

(
q
d

dq

)m

g(2j + 1),

β[2](T, Z) = β(T, Z)− β

(
T

2
, Z

)
.

Theorem 3.1. In Q[[q, x, y]], one has

2 sin
(x
2

)
Y F (X, Y ) = 2 sin

(x
2

)
A(X)

(
β(x+ y, 0) + β(x− y, 0)− 2β(x, 0)

)
− 2 sin

(y
2

)
A(Y )

(
β[2](x+ y, z)− β[2](x− y, z)

)
.(3.2)

For example, combining the coefficient of x3y4 in (3.2) with the weight-five identity in the
introduction gives
(3.3)

g(2, 3, 2) =
1

192
g(3)− 1

24
g(2)g(3)+

3

8
g(5)−11

2
g(2)g(5)+

75

8
g(7)−1

2
g(2)q

d

dq
g(3)− 1

16
(q
d

dq
)2g(3) .

This is the rational q-series identity used in the introductory example.
For the level description used in the proof, put tn = (1− qn)2/qn. Then

A(X) =
∏
n≥1

(
1 +

X

tn

)
,

F (X, Y ) =
∑
n≥1

qn(1 + qn)

2(1− qn)3

∏
ℓ>n

(
1 +

X

tℓ

) ∏
0<ℓ<n

(
1 +

Y

tℓ

)
.(3.4)

Here the entry 3 marks the level n. The entries equal to 2 on its left give levels larger than n,
while those on its right give levels smaller than n.

Fix q ∈ (0, 1). We regard both sides of (3.2) as functions of Y and follow Zagier’s argument.
For this, we write

L = log
1

q
, e(w) =

w

1− w
, ξ = eix, η = eiy, µ = e

ix
2 , λ = e

iy
2 ,

so that ξ = µ2, η = λ2, X = 2− ξ − ξ−1 and Y = 2− η − η−1. The two elementary identities

(3.5) 1 +
Y

tn
=

(1− ηqn)
(
1− qn

η

)
(1− qn)2

, e(w) + e

(
1

w

)
= −1

will be used below.
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3.1. The function b. The function b below is the q-analogue of the elementary function in
Zagier’s proof. After the substitution w = eiT , it gives a meromorphic continuation of the
depth-one series β(T, 0). Its simple poles lie at the nonzero integral powers of q, and their
residues are easy to calculate. For w ∈ C×, put

(3.6) b(w) =
1

2

∑
n≥1

(
e(wqn) + e

(
qn

w

)
− 2e(qn)

)
.

Proposition 3.2. Fix q ∈ (0, 1). Then the following hold.
(i) The sum (3.6) converges locally uniformly on C×\qZ and defines a meromorphic function

on C× with simple poles exactly at w = qm for m ∈ Z \ {0}, with residues

Res
w=qm

b =
sgn(m)

2
qm .

It satisfies b(1/w) = b(w) and b(1) = 0.

(ii) One has b(qw)− b(w) =
1

2

(
e(1/w)− e(qw)

)
.

(iii) For N ≥ 1,
(3.7)

b(qNw) + b(q−Nw)− 2b(w) =
1

2
−N −

N−1∑
j=1

(
e(qjw) + e

(
qj

w

))
− 1

2

(
e(qNw) + e

(
qN

w

))
.

Proof. On every compact subset of C× \ qZ, the tail of (3.6) is O(qn), locally uniformly in w.

Thus all poles are simple. At w = qm, only
1

2
e(qm/w) for m > 0 or

1

2
e(wq−m) for m < 0

is singular, which gives the stated residues. The symmetry and the value at w = 1 hold
termwise. Shifting the summation index gives (ii), and summing (ii) along qjw and q−jw and
using e(w) + e(1/w) = −1 gives (3.7). □

Lemma 3.3. For |T | < L, one has b(eiT ) =
∑
j≥1

(−1)jT 2jg(2j + 1) = β(T, 0).

Proof. For real T with |T | < L, absolute convergence gives

b(eiT ) =
∑
n,d≥1

qnd
(
cos(Td)− 1

)
=
∑
j≥1

(−1)jT 2j
∑
n,d≥1

d2j

(2j)!
qnd = β(T, 0).

Here the exchange of sums is valid since
∑
n,d

qnde|T |d < ∞. Both sides are holomorphic for

|T | < L by Lemma 3.4 and the pole description of b, so the identity holds throughout this
disc. □

Lemma 3.4. For fixed q ∈ (0, 1), the double series (3.1) converges absolutely and locally
uniformly on {|T | < L} × C and defines a holomorphic function of (T, Z) there.

Proof. The N -th q-coefficient of (2j)!g(2j + 1) is at most N2j+1. Since the summand of∑
N≥1

NkqN is unimodal in N , this sum is bounded by
∫ ∞

0

tke−Lt dt+max
t≥0

tke−Lt ≤ (1+L)
k!

Lk+1
,

where we used kke−k ≤ k!. Taking k = 2j +m+ 1 gives

(2j)!

∣∣∣∣(q ddq )mg(2j + 1)

∣∣∣∣ ≤ (1 + L)(2j +m+ 1)!

L2j+m+2
.
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The (j,m)-term of β(T, Z) is therefore bounded by

1 + L

L2
(2j +m+ 1)

(
|T |
L

)2j

(
|Z|
L

)m
m!

,

which is locally summable for |T | < L and all Z ∈ C. □

3.2. The function K. Put

K(u, v) =
∑
j≥1
m≥0

(−1)ju2jvm

m! (2j +m)!
.

Since (q
d

dq
)mg(2j + 1) =

∑
n,d≥1

(nd)md2j

(2j)!
qnd, substituting into (3.1) and collecting the (n, d)

term gives

(3.8) β(T, Z) =
∑
n,d≥1

qndK(Td, Znd) .

Termwise, (2j +m)! ≥ (2j)!m! gives the elementary bound

|K(u, v)| ≤ (cosh |u| − 1)
∑
m≥0

|v|m

(m!)2
(u, v ∈ C) ,

which justifies the changes in the order of summation below. In particular, qnd|K(Td, Znd)| ≪
exp
(
−Lnd+|T |d+2

√
|Z|nd

)
, so the double series (3.8) converges absolutely whenever |T | < L,

uniformly on compacta. The same holds for
∑
n,d

qndK(Tn/2, Znd). We also need the following

identity.

Lemma 3.5. As an identity of holomorphic functions on C× ×C, equivalently coefficientwise
in v and u±1,

(3.9) K(u, v) +K
(v
u
, v
)
= cos

(
u− v

u

)
−
∑
m≥0

vm

(m!)2
.

Proof. Expand cos(u − v/u) as a Laurent series in u. Choosing m factors −v/u in the term
of degree 2(j +m) shows that the coefficient of u2jvm is

(−1)j

m! (2j +m)!

whenever m ≥ 0 and 2j+m ≥ 0. The positive powers of u therefore give K(u, v), the negative
powers give K(v/u, v), and the constant term is

∑
m≥0

vm/(m!)2. This proves (3.9) coefficientwise

and hence on C× × C. □

We now write the second difference on the right side of (3.2) as a double sum.

Proposition 3.6. (i) As formal power series in (x, y) over Q[[q]],
(3.10)
β[2](x+ y, z)− β[2](x− y, z) = C(x, y) := −2

∑
n≥1 odd

d≥1

qnd sin
((
d+

n

2

)
x
)
sin
((
d− n

2

)
y
)
.
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(ii) For fixed q ∈ (0, 1), both sides converge absolutely and locally uniformly on{
(x, y) ∈ C2 | |x|+ |y| < L, |Im(x)|+ |Im(y)| < L

3

}
,

and (3.10) holds there as an identity of holomorphic functions.

Proof. Apply (3.9) in (3.8) with Z = z. For T = x+ y and T = x− y, the second arguments
of K become

n

2
(y − x) and −n

2
(x + y), respectively. After subtracting and interchanging n

and d in the remaining kernel sums, we obtain

β(x+ y, z)− β(x− y, z) =
∑
n,d≥1

qnd cos
(
d(x+ y) +

n

2
(x− y)

)
−
∑
n,d≥1

qnd cos
(
d(x− y) +

n

2
(x+ y)

)
− β

(
x− y

2
, z

)
+ β

(
x+ y

2
, z

)
.

Passing to β[2] cancels the half-argument terms. The cosine difference gives the sum in (3.10)
over all n ≥ 1. Its even part vanishes under the involution (n/2, d) 7→ (d, n/2), so only odd n
remain. This is exactly where the factor 1− 4−j in Zagier’s coefficient comes from.

All formal rearrangements are coefficientwise finite since qnd bounds the possible pairs (n, d)
for each q-coefficient, and the quotients in the identity for K simplify to polynomials in (x, y).
On compact subsets of the stated domain, the series defining β and K converge absolutely,
while the (n, d)-term of C is

≪ qnd exp
((
d+

n

2

)
(|Im(x)|+ |Im(y)|)

)
≪ e−cnd

for some c > 0. This also proves the analytic statement. □

3.3. Meromorphic continuation. For the rest of the proof, fix q ∈ (0, 1) and a real x with

0 < x < x0(q) :=
1

2
min(π, L) .

Write λ = eiy/2 for real y, so that η = λ2. Expanding the sines and summing over d gives

Cx(λ) :=
1

2

(
c1 + c2 − c3 − c4

)
,

c1(λ) =
∑

n≥1 odd

(µ
λ

)n
e(qnξη), c2(λ) =

∑
n≥1 odd

(λ
µ

)n
e
(qn
ξη

)
,

c3(λ) = c1

(
1

λ

)
=

∑
n≥1 odd

(µλ)ne

(
qnξ

η

)
, c4(λ) = c2

(
1

λ

)
=

∑
n≥1 odd

(µλ)−ne

(
qnη

ξ

)
.

Thus C(x, y) = Cx(eiy/2) for real y. This follows from −2 sin a sin b = cos(a + b) − cos(a − b)

and
∑
d≥1

qndwd = e(qnw). Summing first over odd n gives

(3.11) c1(λ) =
∑
d≥1

(ξη)d
qdµλ

λ2 − q2dµ2
, c2(λ) =

∑
d≥1

(ξη)−d qdλµ

µ2 − q2dλ2
.
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Put
Px =

{
ξ±1qm | m ∈ Z \ {0}

}
.

Proposition 3.7. The following hold.
(i) Away from their poles, the n-sums for c1 and c2 converge locally uniformly on |λ| > q

resp. |λ| < q−1, and their d-sums in (3.11) on |λ| < q−1/2 resp. |λ| > q1/2, with both
representations agreeing on the overlaps. Together with c3(λ) = c1(1/λ) and c4(λ) =
c2(1/λ), they extend Cx to a meromorphic function on C×.

(ii) The poles of Cx are simple and lie exactly above Px. In particular, there are no poles
above qZ or above ξ±1.

(iii) One has Cx(−λ) = −Cx(λ) and Cx(1/λ) = −Cx(λ).
(iv) For m ∈ Z \ {0} and ε ∈ {±1}, the residues in η, taken on the sheet fixed by the square

root λ0 = µεqm/2 of ξεqm, are

Res
η=ξqm

Cx =
sgn(m)

2
(−1)m ξm+1q

m(m+2)
2 ,(3.12)

Res
η=ξ−1qm

Cx = −sgn(m)

2
(−1)m ξ−(m+1)q

m(m+2)
2 .(3.13)

Replacing λ0 by −λ0 changes their signs by (iii).

Proof. For c1, the tails of the n- and d-expansions are locally

O

(
|λ|2

(
q

|λ|

)n)
and O

(
(q|λ|2)d

|λ|

)
,

respectively. Thus they converge for |λ| > q and |λ| < q−1/2, and on the overlap they are
the two orders of summation of the same absolutely convergent double series. The proof for
c2 is identical with the powers of λ reversed, and c3, c4 follow by λ 7→ 1/λ. Together, these
continuations give (i).

To prove (ii), observe that the n- and d-expansions of c1 have poles at η = ξ−1q−n for
positive odd n and at η = ξq2d for d ≥ 1. Those of c2 have poles at η = ξ−1qn for positive odd
n and at η = ξq−2d for d ≥ 1. The expansions of c3 and c4 give the inverse sets. These sets
are disjoint since ξ2 /∈ qZ, and every pole comes from one simple pole in a locally uniformly
convergent sum.

Since the map λ 7→ −λ is y 7→ y+2π and λ 7→ 1/λ is y 7→ −y for real y, both identities follow
termwise from (3.10) because n is odd. They extend to C× by meromorphic continuation,
proving (iii).

It remains to prove (iv). Suppose first that m > 0. If m is odd, the pole at η = ξqm comes
from c3. Its e-factor has residue ξqm, while its prefactor at λ0 = µqm/2 is ξmqm

2/2. If m is even,
the pole comes from the d-expansion of c1, where the singular fraction has the same residue

and the remaining factor is ξmqm
2/2. Since the coefficients of these two sums are −1

2
and

1

2
,

this gives (3.12). The same calculation with c2 and c4 gives (3.13). Finally, the formulas for
m < 0 follow from (iii) and the change of variable η 7→ 1/η. □

3.4. Cancellation of poles. The expressions to be compared are invariant under η 7→ 1/η
and can therefore be written in terms of Y . We use the two-to-one map

π(η) = 2− η − η−1,
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where π(η) = π(η′) exactly for η′ ∈ {η, 1/η}. Its branch points are η = ±1, with π(1) = 0 and
π(−1) = 4.

Lemma 3.8. Let U ⊆ C× be open and invariant under inversion, and let h be meromorphic
on U with h(1/η) = h(η).

(i) There is a unique meromorphic function H on π(U) with H(π(η)) = h(η).
(ii) The function H is holomorphic at π(η0) whenever h is holomorphic at η0, and its poles

are exactly the π-images of the poles of h.

Proof. Away from η = ±1, the result follows from a local inverse of π. Near η = 1, write
η = et. Then h(et) is even in t and hence meromorphic in t2, while

π(et) = −t2
(
1 +

t2

12
+ · · ·

)
.

The argument at η = −1 is the same. This also proves the assertions about holomorphic
points and poles, and uniqueness follows from the identity theorem. □

For the first term, put

ax(η) = b(ξη) + b

(
ξ

η

)
− 2b(ξ) ,

which is meromorphic on C×, invariant under η 7→ 1/η by Proposition 3.2, and has simple poles
exactly on Px. By Lemma 3.8 there is a meromorphic function ãx on C with ãx(π(η)) = ax(η).
Since |ξ±1qm| = qm ̸= 1 for m ̸= 0, the set Px avoids the unit circle and the branch points,
and since ξ /∈ qZ it also avoids qZ. So ãx is holomorphic at Y = 0, at every π(qN), and at
X = π(ξ), and for |y| small Lemma 3.3 gives

(3.14) ãx

(
4 sin2

(y
2

))
= β(x+ y, 0) + β(x− y, 0)− 2β(x, 0) .

This identity is valid as soon as |x| + |y| < L. Its right side is the depth-one combination in
(3.2).

Proposition 3.9. The following hold.
(i) The function −i(λ − λ−1)Cx(λ) is invariant under λ 7→ −λ and λ 7→ 1/λ. It defines a

meromorphic function hx on C with simple poles contained in π(Px).
(ii) For sufficiently small |y|,

hx

(
4 sin2

(y
2

))
= 2 sin

(y
2

) (
β[2](x+ y, z)− β[2](x− y, z)

)
.

Proof. Under both λ 7→ −λ and λ 7→ 1/λ, the two factors −i(λ−λ−1) and Cx(λ) change sign.
Their product therefore factors first through η = λ2 and then through π by Lemma 3.8. The
poles remain simple since Px avoids the branch points and the prefactor does not vanish there,
and the identity near Y = 0 follows from Proposition 3.6. □

To compare the residues, we use a Jacobi theta function. Write

(a; q)∞ =
∏
m≥0

(1− aqm).

Put

Θ(λ) =
i(λ2; q)∞

(
q
λ2 ; q

)
∞

λ(q; q)2∞
.
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Lemma 3.10. When λ = eiy/2, one has 2 sin(y/2)A(Y ) = Θ(λ). For all m ∈ Z,

Θ
(
q

m
2 λ
)
= (−1)mq−

m2

2 η−mΘ(λ),

and Θ(µ−1) = −Θ(µ), so that Θ(µε) = ε 2 sin(x/2)A(X) for ε ∈ {±1}.

Proof. Multiplying (3.5) over n ≥ 1 gives

A(Y ) =
(η; q)∞

(
q
η
; q
)
∞

(1− η)(q; q)2∞
,

and 2 sin(y/2) = iλ−1(1−η) proves the first identity. Shifting the two q-Pochhammer products
gives the quasi-periodicity. Replacing η by η−1 gives Θ(µ−1) = −Θ(µ), and the remaining
assertion follows by setting y = x. □

Proposition 3.11. The function

2 sin
(x
2

)
A(X) ãx(Y )− A(Y ) hx(Y )

is entire.

Proof. Both terms have only simple poles in π(Px), so it is enough to compare the residues

at η = ξεqm. The residue formula for b gives Res
η=ξεqm

ax =
sgn(m)

2
ξεqm. Put λ0 = µεqm/2. By

Lemma 3.10 and (3.12)–(3.13), Θ(λ0) Res
η=ξεqm

Cx = 2 sin(x/2)A(X)
sgn(m)

2
ξεqm. Surprisingly,

the residues agree at every pole even though one term comes from the resolvent b and the
other from the theta quasi-periodicity. Their difference is therefore entire. □

3.5. A finite q-identity. We need one finite q-identity at the zeros of A. It plays the role of

a q-analogue of a partial fraction expansion. Let w(N)
k = 1 for k < N and w

(N)
N =

1

2
be the

weights of (3.7). For r ≥ 0, write

(a; q)r =
r−1∏
m=0

(1− aqm).

Proposition 3.12. For N ≥ 1 and 1 ≤ k ≤ N , one has

(3.15)
N∑

n=k

(−1)k−1q(
k
2)(1− qk)

qn(1 + qn)

2(1− qn)

(qN+1; q)n−1(q
1−N ; q)n−1

(q; q)n−k(q; q)n+k

=
w

(N)
k

tN
.

We use two finite identities. Set

Mn,k =
1

(q; q)n−k (q; q)n+k

, Bn,k = (−1)n−kq(
n−k
2 ) (1− q2n)

(q; q)n+k−1

(q; q)n−k

(n ≥ k ≥ 1) ,

with the convention 1/(q; q)−m = 0 for m > 0, so both matrices are triangular.

Lemma 3.13. For all n ≥ m ≥ 1, one has
n∑

k=m

Bn,kMk,m = δn,m.
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Proof. For n = m the single term is (1 − q2n)(q; q)2n−1/(q; q)2n = 1. Let j = n −m > 0 and
substitute ℓ = n − k. After multiplying by the nonzero constant (q; q)j/(1 − q2n) and using
(q; q)n+k−1/(q; q)m+k = (qn+m−ℓ+1; q)j−1, the claim becomes

j∑
ℓ=0

(−1)ℓq(
ℓ
2) (q; q)j
(q; q)ℓ(q; q)j−ℓ

(qn+m−ℓ+1; q)j−1 = 0.

The Pochhammer symbol (qn+m−ℓ+1; q)j−1 =

j−1∏
t=1

(
1− qn+m+tq−ℓ

)
is a polynomial of degree at

most j − 1 in q−ℓ with coefficients independent of ℓ. By the finite q-binomial theorem
j∑

ℓ=0

(−1)ℓq(
ℓ
2) (q; q)j
(q; q)ℓ(q; q)j−ℓ

zℓ = (z; q)j,

each value z = q−r with 0 ≤ r ≤ j − 1 is annihilated, since (q−r; q)j contains the factor
1− qr−r = 0. This proves the claim. □

Lemma 3.14. For n ≥ 1, set Uk,n = (1+ qk) q−kn (q; q)k+n−1

(q; q)k−n

for k ≥ n. Then for all N ≥ n,

(3.16)
N∑

k=n

w
(N)
k Uk,n =

q−nN(1 + qn)(1− qN) (q; q)N+n−1

2 (1− qn) (q; q)N−n

.

Proof. Fix n and induct on N . For N = n, both sides equal
1

2
Un,n. In the step from N to

N + 1, the weight at k = N rises from
1

2
to 1 and the term k = N + 1 enters with weight

1

2
.

It therefore suffices to show that the difference of the right sides of (3.16) for N + 1 and N

equals
1

2
(UN,n + UN+1,n). Substitution and cancellation of the common factors reduce this to

(1 + qn)
(
(1− qN+1)(1− qN+n)− (1− qN)(qn − qN+1)

)
= (1− qn)

(
(1 + qN)(qn − qN+1) + (1 + qN+1)(1− qN+n)

)
.

The two expressions in the large parentheses are respectively (1 − qn)(1 − q2N+1) and (1 +
qn)(1− q2N+1), which proves the induction step. □

Proof of Proposition 3.12. Write the summand on the left side of (3.15) as Ckd
(N)
n Mn,k with

Ck = (−1)k−1q(
k
2)(1− qk), d(N)

n =
qn(1 + qn)

2(1− qn)
(qN+1; q)n−1(q

1−N ; q)n−1 .

By the triangularity ofM and B and Lemma 3.13, the claim (3.15) is equivalent to the inverted
statement

(3.17) d(N)
n =

N∑
k=n

Bk,n
w

(N)
k

tNCk

(1 ≤ n ≤ N) ,

because both index ranges are finite. Moreover, d(N)
n = 0 for n > N because the factor

(q1−N ; q)n−1 contains 1 − q0 = 0. Now (−1)k−n(−1)k−1 = (−1)n−1 and
(
k − n

2

)
−
(
k

2

)
=
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n+ 1

2

)
− kn give

Bk,n

Ck

= (−1)n−1q(
n+1
2 ) (1 + qk) q−kn (q; q)k+n−1

(q; q)k−n

= (−1)n−1q(
n+1
2 ) Uk,n ,

so Lemma 3.14 evaluates the right side of (3.17) as

(−1)n−1q(
n+1
2 ) 1

tN
· q

−nN(1 + qn)(1− qN) (q; q)N+n−1

2 (1− qn) (q; q)N−n

.

On the other hand, applying 1− q−a = −q−a(1− qa) to each factor gives

(q1−N ; q)n−1 = (−1)n−1q(
n
2)−(n−1)N (q; q)N−1

(q; q)N−n

,

and together with (qN+1; q)n−1 = (q; q)N+n−1/(q; q)N , (1 − qN)/tN = qN(q; q)N−1/(q; q)N and

n +

(
n

2

)
=

(
n+ 1

2

)
, a direct comparison of the two displays shows that they agree. This

proves (3.17), and multiplying by Ck and summing with Lemma 3.13 gives (3.15). □

Put
YN = −tN (N ≥ 1) .

By (3.5) with η = qn, these are exactly the zeros of A, and they are simple because tn+1/tn =
1

q

(1− qn+1

1− qn
)2 ≥ 1

q
> 1 makes the tn strictly increasing.

Proposition 3.15. For every N ≥ 1, one has

(3.18) F (X,YN) = −A(X)

tN

(
b(qNξ) + b(q−Nξ)− 2b(ξ)

)
.

Proof. At Y = YN the sum over the level n ends at n = N , and (3.5) gives

(3.19)
F (X, YN)

A(X)
=

N∑
n=1

qn(1 + qn)

2(1− qn)

(qN+1; q)n−1(q
1−N ; q)n−1

(ξq; q)n

(
q
ξ
; q
)
n

.

This is invariant under ξ 7→ 1/ξ and has simple poles only at ξ = q±k for 1 ≤ k ≤ N . Taking
the residue at ξ = q−k and using Proposition 3.12 gives −q−kw

(N)
k /tN . Hence (3.19) equals

1

tN

(
N − 1

2
+

N∑
k=1

w
(N)
k

(
e(qkξ) + e

(
qk

ξ

)))
.

The two rational functions have the same poles and residues, are regular at zero, and vanish
at infinity. Formula (3.7) now gives (3.18). □

The diagonal value follows from

(3.20)
1

2

(
e(ξqn) + e

(
qn

ξ

)
− 2e(qn)

)
= − Xqn(1 + qn)

2(1− qn)3
(
1 + X

tn

) ,
which follows by putting both sides over the common denominator (1− qn)(1− ξqn)(1− qn/ξ)
and using ξ + ξ−1 = 2−X.

Proposition 3.16. One has X F (X,X) = −A(X) b(ξ).
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Proof. Summing (3.20) over n ≥ 1 gives

b(ξ) = −X
∑
n≥1

qn(1 + qn)

2(1− qn)3
(
1 + X

tn

) .
On the other hand, (3.4) gives

F (X,X) = A(X)
∑
n≥1

qn(1 + qn)

2(1− qn)3
(
1 + X

tn

) ,
which proves the claim. □

3.6. The growth argument. The function fx introduced below will be entire and vanish
at every zero YN of A, so fx/A will also be entire. We use the following estimates only to
force this quotient to be linear. This linearity argument replaces the classical growth theorem
in Zagier’s proof. Since

∑
n

t−1
n < ∞, the product A(Y ) =

∏
n

(1 + Y/tn) is entire. For the

estimates below, put

ψ(r) =
(log r)2

2L
− log r

2
.

Put
rN =

√
tN tN+1.

Lemma 3.17. There is a constant B(q) such that

log max
|Y |=r

|A(Y )| ≤ ψ(r) +B(q) (r > 0),

and
log |A(Y )| ≥ ψ(rN)−B(q) (|Y | = rN , N ≥ 1).

Proof. Because A has nonnegative Taylor coefficients, the maximum on |Y | = r is A(r). Let
N∗ = #{n ≥ 1 | tn ≤ r}. If N∗ ≥ 1, then

logA(r) ≤ N∗ log r −
∑
n≤N∗

log tn +
∑
n≤N∗

tn
r
+
∑
n>N∗

r

tn
.

The identity log tn = nL + 2 log(1 − qn) and the ratio bound tn/tm ≤ qm−n for n ≤ m show
that the last two sums and the contribution of the factors 1 − qn are bounded in terms of q.
Hence

logA(r) ≤ max
ν∈R

(
ν log r − L

2
ν(ν + 1)

)
+Oq(1) = ψ(r) +Oq(1).

If N∗ = 0, then logA(r) = Oq(1), while ψ is bounded below, so the same estimate holds.
For the lower bound, |1 + Y/tn| ≥ |rN/tn − 1| on |Y | = rN gives

log |A(Y )| ≥
∑
n≤N

(
log

rN
tn

+ log
(
1− tn

rN

))
+
∑
n>N

log
(
1− rN

tn

)
.

The ratio bound gives tn/rN ≤ qN−n+1/2 for n ≤ N and rN/tn ≤ qn−N−1/2 for n > N , so the
two correction sums are bounded below in terms of q. For the main term,∑

n≤N

log
rN
tn

≥ N log rN − L

2
N(N + 1).
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Since log rN = (N +
1

2
)L + log((1 − qN)(1 − qN+1)), the distance from N to the maximum

point of ν log rN − L

2
ν(ν + 1) is | log((1 − qN)(1 − qN+1))|/L = Oq(1). Hence the right side

of the last display is at least ψ(rN)−Oq(1), which proves the second estimate after enlarging
B(q). □

We also need the following estimate for b.

Lemma 3.18. For every w ∈ C× with dist(log |w|, LZ) ≥ L

4
, one has

|b(w)| ≪q 1 +
| log |w||

L
.

Proof. By inversion we may assume |w| ≥ 1 and write log |w| = νL. The sums of e(qn/w) and
e(qn) are bounded. For n ≤ ⌊ν⌋, the separation from LZ gives |wqn| ≥ q−1/4, so each term
e(wqn) is bounded and there are O(1 + ν) such terms, while for n > ⌊ν⌋ one has |wqn| ≤ q1/4

and the tail is geometrically bounded. □

We now estimate ãx and hx on |Y | = rN . For a point |Y | = rN , let η be the preimage with
ρ = |η| ≥ 1, so Y = 2− η− η−1 gives ρ ∈ [rN − 3, rN +3]. Since log((1− qN)(1− qN+1)) → 0,
the values of log ρ approach the midpoints of the lattice LZ. Thus, for all sufficiently large N ,

dist
(
log ρ, LZ

)
≥ L

3
.

Lemma 3.19. For all sufficiently large N , one has

max
|Y |=rN

|ãx(Y )| ≪x,q log rN and max
|Y |=rN

|hx(Y )| ≪q 1 ,

where the second bound is uniform in x.

Proof. The three arguments ξη, ξ/η, ξ of ax(η) have moduli ρ, ρ−1, 1, respectively. Applying
Lemma 3.18 to the first two gives the bound Oq(1 + log ρ/L) = Oq(log rN), while |b(ξ)| is a
constant depending on (x, q).

For hx, take |λ| = ρ1/2 with ρ = |η| ≥ 1. The separation above keeps every denominator
in the four sums away from zero and bounds every factor e(·), so the n-expansion of c1 gives
termwise, uniformly in x,

|c1| ≪q

∑
n≥1 odd

ρ−
n
2 ≪q ρ

− 1
2 ,

and the same bound holds for the n-expansion of c4. In the d-expansions of c2 and c3, the d-th
term is ≪q ρ

1
2
−dqd for q2dρ < 1 and ≪q ρ

− 1
2
−dq−d for q2dρ > 1, and in both cases the separation

makes this ≪q ρ
−d, so |c2| + |c3| ≪q ρ

−1. Thus Cx(λ) ≪q ρ
−1/2. Since |λ − λ−1| ≪ ρ1/2, the

second bound follows. □

Proposition 3.20. Let f be entire with f(YN) = 0 for all N ≥ 1, and suppose there are

constants C <
3

2
and B and an integer N0 with

log max
|Y |=rN

|f(Y )| ≤ (log rN)
2

2L
+ C log rN +B (N ≥ N0) .

Then f = (αY + γ)A for constants α, γ.
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Proof. Since the zeros of A are exactly the YN and are simple, f/A extends to an entire
function. On |Y | = rN with N ≥ N0, the hypothesis and Lemma 3.17 give |f(Y )/A(Y )| ≤
Kr

C+1/2
N for a constant K. The Cauchy estimates on these circles give∣∣∣∣ 1k! dk

dY k

f(Y )

A(Y )

∣∣∣∣
Y=0

∣∣∣∣ ≤ K r
C+ 1

2
−k

N

N→∞−−−→ 0 (k ≥ 2) ,

since C +
1

2
< 2. Hence f/A is a polynomial of degree at most one. □

Fix q ∈ (0, 1) and x ∈ (0, x0(q)) as before, and define

(3.21) fx(Y ) = 2 sin
(x
2

)
Y F (X, Y )− 2 sin

(x
2

)
A(X) ãx(Y ) + A(Y ) hx(Y ).

For small real y, (3.14) and Proposition 3.9 show that fx(4 sin2(y/2)) is the difference of the
two sides of (3.2). Thus it is enough to prove that fx vanishes near Y = 0.

Lemma 3.21. The function fx is entire, vanishes at Y = 0, at Y = X, and at every YN , and
there is c1(x, q) such that, for all sufficiently large N ,

log max
|Y |=rN

|fx(Y )| ≤ (log rN)
2

2L
+

1

2
log rN + c1(x, q) .

Proof. For |Y | ≤ r, the level n term of F (X, Y ) is bounded by

qn(1 + qn)

2(1− qn)3
A(X)A(r)

in modulus. These coefficients are summable, so F (X, ·) is entire. The remaining two terms
of (3.21) form an entire function by Proposition 3.11. On |Y | = rN , the three terms in (3.21)
are bounded by

exp
(
ψ(rN) + log rN +Ox,q(1)

)
, Ox,q(log rN), exp

(
ψ(rN) +Oq(1)

)
,

respectively. This is the claimed estimate.
It remains to check the zeros. At Y = YN , use YN/tN = −1 and Proposition 3.15 to get

2 sin
(x
2

)
YNF (X, YN) = 2 sin

(x
2

)
A(X)

(
b(qNξ) + b(q−Nξ)− 2b(ξ)

)
= 2 sin

(x
2

)
A(X)ax(q

N) .

On the other side, ãx(YN) = ax(q
N) because YN = π(qN), while A(YN) = 0 and hx is holomor-

phic at YN : a pole there would require π(ξ±1qm) = π(qN), i.e. ξ±1qm ∈ {q±N}, forcing ξ ∈ qZ,
which is impossible for |ξ| = 1, ξ ̸= 1. Thus the three terms in (3.21) cancel at YN .

At Y = 0, the first term vanishes because of the explicit factor Y , and ãx(0) = ax(1) = 0,
while hx is holomorphic at 0 = π(1) with hx(0) = 0 by Proposition 3.9. So fx(0) = 0.

At Y = X, we use analytic continuation in Proposition 3.9 along the segment y ∈ [0, x]. On
this segment |x± y| ≤ 2x < L, so y 7→ 2 sin(y/2)

(
β[2](x+ y, z)− β[2](x− y, z)

)
is holomorphic

in a complex neighborhood of it by Lemma 3.4, and y 7→ hx(π(e
iy)) is holomorphic there as

well, since eiy stays on the unit circle, which avoids Px. The two agree near y = 0, hence at
y = x, where z = 0, β[2](0, 0) = 0 and Lemma 3.3 with 2x < L gives

hx(X) = 2 sin
(x
2

)
β[2](2x, 0) = 2 sin

(x
2

) (
b(ξ2)− b(ξ)

)
.
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Together with ãx(X) = ax(ξ) = b(ξ2) − 2b(ξ), this shows that the last two terms of (3.21)
equal −2 sin(x/2)XF (X,X) by Proposition 3.16. Hence fx(X) = 0. □

Proof of Theorem 3.1. Fix q ∈ (0, 1) and x ∈ (0, x0(q)). By Lemma 3.21, the function fx is

entire, satisfies the growth hypothesis of Proposition 3.20 with C =
1

2
<

3

2
, and vanishes at all

YN . Therefore fx = (αY + γ)A with constants α, γ depending on (x, q). The value at Y = 0
gives γ = 0, since A(0) = 1. Growth alone cannot determine the remaining linear term. This
is exactly where the diagonal value enters. Since all zeros YN of A are negative, the point
X = 4 sin2(x/2) lies in (0, 4) and satisfies A(X) ̸= 0. The identity fx(X) = 0 therefore forces
α = 0, so fx ≡ 0 on C.

For fixed q, both sides of (3.2) are holomorphic for |x|, |y| < x0(q). The identity theorem,
first in y and then in x, therefore extends the equality just proved to this neighborhood. By
the defining q-series, each coefficient in (x, y) is holomorphic for |q| < 1 and vanishes for every
q ∈ (0, 1). The identity theorem in q proves (3.2) in Q[[q, x, y]]. □

AI & computational resource disclosure: ChatGPT 5.6 and Claude Fable 5 were used
as research assistants to work out and check intermediate steps and to correct the language.
Computations were carried out and checked in SageMath. The main results, their formulation,
and the idea of proof are the author’s own, and all statements, proofs, and references were
verified by the author, who takes sole responsibility for them.
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