A ¢-RECURRENCE FOR A FINITE APERY LIMIT
HENRIK BACHMANN

ABSTRACT. The Kaneko—Zagier conjecture predicts a correspondence between finite and sym-
metric multiple zeta values. Under this correspondence, the element Z(3) is the analogue of
¢(3). We prove a conjecture of Tasaka stating that the quotient of two solutions of a recurrence
represents 27(3)/21. A two-index g-recurrence connects this quotient to a finite harmonic ¢-
series. At ¢ = 1 we recover the two original solutions, while evaluating it at roots of unity
yields a finite harmonic sum. Using a method of the author, Takeyama, and Tasaka, we find
that the algebraic limit of this resulting sum is 2Z(3)/21 and its analytic limit is 2¢(3)/21.

1. INTRODUCTION

The Kaneko—Zagier conjecture predicts an isomorphism between the (Q-algebra of finite
multiple zeta values and the Q-algebra of symmetric multiple zeta values [KZ|. The latter
may be viewed as multiple zeta values modulo ((2). It contains the class of ((3). On the finite
side, the usual depth-one sum of weight three vanishes. Kaneko and Zagier instead propose

B,
Z(3) = ( ps modp) e A
3
p
as the corresponding element, where B, denotes the k-th Bernoulli number. In this sense,
Z(3) is the finite analogue of ((3) predicted by their conjecture. Finite multiple zeta values
live in the ring of “poor man’s adéles”

a= 202 @y g

p prime
p prime

where two prime-indexed families are equal if their entries agree for all but finitely many
primes. It is conjectured that Z(3) is nonzero in A. This is equivalent to the existence of
infinitely many non-Wolstenholme primes and is the case £ = 3 of a more general conjecture
(cf. [S, Conjecture 3|). This problem is currently out of reach.

In |[BTT], the author, Takeyama, and Tasaka study finite and symmetric multiple zeta
values by means of finite g-sums at roots of unity. Reduction at roots of prime order gives the
algebraic limit, and letting the order tend to infinity gives the analytic limit. We follow this
idea here: we seek one g-construction which gives both Z(3) and ((3).

The other ingredient comes from Apéry’s proof [Ap|. There, ((3) is the limit of the quotient
of two solutions of a second-order recurrence. Such a limit is called an Apéry limit. Inspired
by this proof and Panzer’s results [P|, we prove a conjecture of Tasaka |T]. It states that a
quotient of two recursively defined sequences represents 27(3)/21.
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We consider the Apéry sequences A = (A, )n>0 and C' = (C,,),>o defined by the recurrence’
(1.1) 4n*(16n° — 1)u,_1 — (65n* +130n> + 1050 +40n+6)u, + (n+ D*upy =0 (n > 1).
Their initial values are
(1.2) (Ao, A1) = (1,6),  (Co, C1) = (0,1).

Panzer showed the Apéry limit [P]
(1.3) lim 1=

n

In Section 3, we construct recursively defined pairs of g-series Uk )(q) € Q[q]? for k,m > 0.
Their initial row (meaning k = 0) contains the sums

O )l AR B
En(@) =) ~—fm— U= )
and the other rows are obtained by an explicit recurrence in k. For an odd integer N > 5, let
gy = e*™/N and put
8
En = @E(Nq)/Q(C]N)-

Our main result explains how this sum arises from the U )(q).

Main Theorem A. Let U (q) be the recursively defined family of q-series in Section 3.
(i) At ¢ =1, its diagonal is
N7 /21
vy = W (B Y

(ii) Let p > 11 be prime and put v = |(p + 1)/4]. The second coordinate of Uy)(qp) is
nonzero, and

(U ()1
(U (gp))2

As an application of Main Theorem A, we calculate, in the spirit of [BTT], the algebraic
and analytic limits. They give Z(3) and ((3), respectively, with the same factor.

= Ep-1)/2(qp)-

Main Corollary B. (i) The algebraic limit is given as follows. For every prime p > 11,

2p

(1.4) Apo1=-3p (mod p?), Cp = 51

B, 3 (mod p?).

In particular,

o 2 Cp—l/p o 2 Cp—l . 2
5p = @Bp,3 (mod 1-— qp), m = 6_3 p—3 (mod p), Apil , = 52(3)

(i) The analytic limit is

IThis recurrence is entry no. 28 in the tables of Calabi—Yau differential equations compiled by Almkvist,
van Enckevort, van Straten, and Zudilin [AESZ]. The binomial formula for A,, used in the proof is given in
the same entry. Panzer and Yeats identify A with a normalized Martin sequence of the complete graph Kj.
See [PY, Lemma 6.33]. This recurrence is also studied from a different point of view by Sato and Tasaka [ST].
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The root-of-unity part of the construction is not special to weight three. In Section 4, we
show that for every odd w > 3 a normalized version of the sum with [j].* has algebraic limit
2Z(w)/21 and analytic limit 2¢(w)/21. The identification with the Apéry recurrence (1.1)
remains special to weight three.

The quotient identity in part (i) of Main Corollary B was conjectured by Tasaka [T]. Sun
has independently communicated a proof of the same identity [Su]. Panzer observed the limit
(1.3) in work on combinatorial Feynman rules and records it in the lecture slides [P]. That
limit motivates the present result but is not used in its proof.

The analytic value in Main Corollary B is 2¢(3) /21, whereas Panzer’s Apéry limit is ((3) /7 =
3¢(3)/21. The factor 2/3 comes from the finite recurrence: the normalized quotient C},_1 /A, 4
is congruent to (2/3)C, /A, modulo p, where r = |(p + 1)/4]. Thus the algebraic limit is not
obtained by simply replacing ¢(3) with Z(3) in Panzer’s limit.

ACKNOWLEDGMENTS
The author thanks Koji Tasaka for helpful discussions and for proposing the conjecture.
This project was partially supported by JSPS KAKENHI Grant 26K22254.
2. THE ALGEBRAIC LIMIT

We use the convention

text tn
of — 1 :ZBn(x)aa Bn:Bn(O)v

for the Bernoulli polynomials and numbers.
We begin by defining the two-index array used in the proof. Let

L (—1p! (m!)*(2m)!

2.1 E,, = h, = —2 """ U =h, (E,..1 2
( ) Z j3 ) 8m ) m ( ) )E@v

j=1
where Ey = 0. For k,m > 0 put
(k) (2k +1)(2m + 1)(3m* +3m + 1)

(2:2) Fmt1 = 4 ’
mS(4m?2 — (2k + 1)2
23) i, - Utk F )
(2.4) oy (m =2k = 2)(2m + 2k + 1)(m? — 2(k + L)ym + 4(k + 1)?)
. *) — : |
p
2. TR - 2
(25) m 2m — 2k —1

Starting from (2.1), define successive rows by

(2.6) U =0 (U5, + oUW

m m m+1~m
The factor T\ is chosen so that the diagonal U™ has the simple form given below.
Lemma 2.1. For every fixed k > 0, both coordinates of Uk satisfy
(2.7) U9, = ol U0 + 85,0, (m>1).
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Proof. For k = 0, the second coordinate amounts to A, = am +1h + ﬁ,ﬁ)ﬂhm 1. Dividing
by h,, and using
hp1  (m+1)°(2m+ 1) By mP(2m — 1)

hom 4 ’ o1 4 ’

this becomes (m+1)34(2m+1) = (2m+1)(3T2+3m+1) + m3(23171+1), which is the expansion of (m + 1)3.

Granting this, the first coordinate reduces to the vanishing of the inhomogeneous part.
Indeed, subtracting F,, times the second coordinate from the first, the assertion becomes

hm+1 (Em+1 - Em) = 67(72_)5_1hm71(Em71 - Em)
By E, — Ep_1 = (=1)™1/m3 both sides carry the sign (—1)™, so this is the identity
hm+1 _ 57(721hm—1
(m+1)3 m?

which holds because both sides equal m?(4m? — 1)h,,_/16.
We now check directly that the recurrence passes from row k£ to row k£ + 1. To keep the
elimination formulas short, write

Y

k k
R7(7k]) — 047(7,1) 1 p7(7’1) 19
k
Agrl:j) - pq(qk1 ) Rq(,,k]) - /BT(TL) 1-

Direct factorization gives

(m + 2k +2)(2m — 2k — 1)(m? + 2(k + 1)m + 4(k + 1)?)

(2.8) Ry = . ,
(2.9) AW = —4(k + 1)%(4m® — (2k +1)%).

Abbreviate X,, = Ur(fﬂ)/T,sf). Inserting (2.7) into (2.6) and writing (2.6) once more with m
replaced by m — 1, we obtain the pair

(2.10) X, = ROU® 4+ g*) y®

m—1

Xon- =U£f>+p£,’?Uff11

e 1, its determinant is precisely A%)
By (2.9) this determinant never vanishes: 2m is even and 2k + 1 is odd, so 4m? # (2k + 1)%
Hence (2.10) determines the row-k entries. In particular,

pg’i)Xm - B?S]f?i-lefl

Read as a linear system in the unknowns Um and U

(k) —
U, = NG
On the other hand, eliminating UT(: 1 between the two equations of (2.10) taken at m+1 gives
X1 = Rfﬁll — A HUTf ), Combining the last two displays and multiplying by Tfnll
yields

) AR Pm

(k) (k)

U?Sfill) _ T (joll Am+1 (k ) U(k+1
(k) Ak)

Tm+1 Am+1 B(k_)HU I<:+11).

k) A,(fi) molmm

m—1
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Substitution of (2.2)-(2.9) shows that the two coefficients on the right are

k+1 k+1
a£n+1)7 Br(nJrl)'

These are identities of rational functions in m, k (and hence also after clearing denominators).
This proves the induction. (]

For the diagonal calculation, abbreviate D,, = UM,

Proposition 2.2. For every n > 0,

(n))" /21
2.11 D,=——|(—C,A,|.

Proof. We first record two relations. The first equation of (2.10) at (m, k) = (n,n — 1) reads

D, n— n— (n—1)
W - R; 1)Ur(z Dy Bps1 Dn-1,
and T\ " = 2, while (2.8) and (2.3) give RY" = 21n3/4 and 8" = nf(4n—1)/16. Hence
213 6(4n — 1
(2.12) D, = T”U,g”—” + %Dn_l (n>1).

Next, eliminating U,(Li_ll) between the two equations of (2.10) taken at (m,k) = (n+1,n—1)
gives, as in the proof of Lemma 2.1,

U(Z-)l (n-1)_D (n—1)
n . n n_ n (n—1)
Here T7Y = 2/3, and (2.8) and (2.9) give R""Y = 3(3n 4 1)(7n2 + 4n + 1) and AU'Y =

n

—12n%(4n + 1), so that
(3n+1)(Tn® +4n + 1)

(2.13) U = . Dy +8n(4n + HUMD (0> 1).
Now take (2.12) with n replaced by n + 1, that is
21(n+1)3 (n+1)%(4n + 3)

Dn+1 = 2 U'r(ﬁ,-)l ‘l‘ 8 Dn7
and use it together with (2.12) and (2.13) to eliminate U,gﬁr)l and U\, This gives, coordi-
natewise,
2

WDW+1 — (65n* 4 130n° 4+ 105n% + 40n + 6)D,, + 2n°(16n* — 1)D,,_; = 0.

n
Moreover

Dy = (0,1), Dy = (21/8,3).
Since the successive scale factors (n!)7/2" have ratio (n+1)7/2, the normalized vector sequence
211
(ol

satisfies (1.1) coordinatewise. Its first two values are (0, 1) and (21/4,6), so (1.2) and unique-
ness give (2.11). O
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We now work modulo a prime. Write a,, = 4n*(16n? — 1) for the coefficient of u,,_; in (1.1).
Let p > 11 be prime and put

(2.14) :{(p_l)/47 p=1 (mod4), M—p_l

(p+1)/4, p=3 (mod 4), 2

In both cases r = |(p + 1)/4], which is the form used in Main Theorem A. Thus a, = 0
(mod p). We use M for this half-index, reserving N for the root-of-unity order. Throughout
this section, a congruence involving rational quantities is understood in the local ring at p.
Equivalently, all denominators being reduced are prime to p.

Denote the middle coefficient polynomial in (1.1) by

P(n) = 65n* + 130n* + 105n? + 40n + 6.
Before reducing anything modulo p we record that all the quantities involved are p-integral.
Note that the entries C,, are not integers, for example Cy = 173/8.
Lemma 2.3. Let u = A oru= C. Then u, is p-integral for 0 < n < p— 1. Moreover, both
coordinates of U™ are p-integral for all (m, k) in the set

T={(mk):0<k<r 0<m<2r—k}.
Proof. Solving (1.1) for u,; gives
P(n)u, — ayu, 1
(n+1)*

For n < p—2 the denominator (n+1)* is prime to p, so the first assertion follows by induction

from wug, u; € Z.
For the second, first let £ = 0. By (2.14) we have 2r < p, and the denominators occurring

Un4+1 =

in h,, and F,, for m < 2r are built from 8 and from the integers 1,...,m, so U,(,? ) is p-integral
for 0 <m <2r. Nowlet 0 <k <r—1land 0 <m <2r—Fk—1,sothat (mk+1) € T.
Both U,Si)rl and U then lie in 7, and by (2.4) the scalar p,(szrl is an integer divided by 4.
The only new denominator is therefore the one of T\ = 2 /(2(m — k) — 1) in (2.5). Since
—k<m-—Fk<2r—2k—1, we get

1< [2(m —k) — 1] < max(2k + 1,4r — 4k — 3) < 4r —3 < p,

the last inequality because 4r — 3 equals p — 4 or p — 2 according as p =4r+ 1 or p = 4r — 1.

The claim follows by induction on k. [
Proposition 2.4. With r, M as in (2.14),
21C,
2.1 ——=F
(215) LSS =By (mod p),

T

and A, Z 0 (mod p).

Proof. Every vector U,(f ) occurring below lies in the triangle 7 of Lemma 2.3 and is therefore
p-integral. This allows us to discard the terms divisible by p.
Suppose first that p = 4r + 1. For 0 < j <r — 1, apply (2.6) with

m=r+7, k=r—j—-1
The second factor of pfjjil is

2(m+1)+2k+1=4r+1=p,
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whereas the denominator of T} is 47 + 1, which is nonzero modulo p. Therefore every term
. (k) . . _ . . .
containing Uy, is zero modulo p. Since 2r = M, iteration gives

r—1
, 2
U = (H yrn 1) U](\g) (mod p).

J=0

Now suppose that p = 4r — 1. The row recurrence and the first step in (2.6) give

2173
_TU(T—l) (mod p),

U =
s 2 r

because _

ﬁ(r,l) _ 7"6(47’ — 1)
r+1 16

The scalar 217%/2 is nonzero modulo p because p > 11. This is the only place where the

hypothesis p > 11 is used in the present proof, and it cannot be dropped. Indeed, for p =7

one has 7 = 2 and Ay =126 =2-3*-7=0 (mod 7), so (2.15) fails. For 0 < j <r — 2, use

(2.6) with

=0 (mod p).

m=r-+7, k=r—7j5—2.

This time the second factor of pq(?’fll is 4r — 1 = p, and the denominator of 7; ) s 45 + 3. Since
2r — 1 = M, it follows that

L2t (2
vy T<H4j+3>Uﬂ(2) (mod p).

J=0

Thus U and U ](\2) differ by a nonzero scalar modulo p. By (2.1) and (2.11), these vectors
are :
! 21
% (ZCT,AT> and hM(EM,]_),
respectively. Both displayed scalar factors are nonzero modulo p. The second coordinate on
the right is therefore nonzero, so A, # 0 (mod p). Taking coordinate ratios proves (2.15). O

Remark 2.5. Proposition 2.4 is the shadow at ¢ = 1 of Proposition 3.1 below, whose proof
organizes the same cancellation as an expansion of U (q) into row-zero vectors. We have
kept the two arguments separate because Proposition 2.4 is needed already in Section 2, and
because the proof of Proposition 3.1 quotes the displayed formula above in the case p = 4r —1.

Lemma 2.6. For every prime p>7 and M = (p—1)/2,

1
(2.16) Ey = 153 (mod p).

Proof. Write HYY = > % and S = Z?;i(—l)jflj*‘.
The first step is the congruence S = 2E);. It comes from pairing the term of index j with
the term of index p — j: since p is odd, (—=1)?P=7"Y(p— )3 = (=1)7715=3 (mod p), so the two

halves of S agree modulo p.

The second step is the congruence S = —}lH](\j). It comes from separating the even terms,

M
_ L 3 1.3
S=HY -2 ;Ij iy = i - 1
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together with H 1 =0 (mod p), which holds because j 3 =P tandp—1{p—4forp>T.

Combining the two steps gives Ey; = —H / 8.

Since j % = j#~* (mod p), the Seki-Bernoulli formula "~ 0 7= (Biy1(n) = Bepa) /(k+1)
with k =p—4and n = M + 1 gives
B, 3(M+1)—B,_;

p—3

By von Staudt-Clausen, B; is p-integral for 0 < ¢ < p — 3, since p — 1 divides no such ¢ apart
from ¢ = 0. The polynomial B,_3(x) therefore has p-integral coefficients and may be evaluated
modulo p. Now M +1=1/2 (mod p) and

B, 3(1/2) = (2*? - 1)B, 3 =7B, 3 (mod p).

HY

(mod p).

Thus the numerator in the Seki-Bernoulli formula is 65,_3 and its denominator is p—3 = —3,
S0 H](\j) = —2B, 3 (mod p). This proves (2.16). O]
By Proposition 2.4 and Lemma 2.6,
C, 1
(2.17) A= T = ﬁBp_g, (mod p).

It remains to pass from the index r to p — 1. We first record two facts needed at the index
p—1.

Lemma 2.7. The solution A has the integral binomial representation

o w2000

4,7=0
In particular A,, € Z for every n > 0, and, for every prime p > 5,
(2.19) Ap,_1 =-3p (mod p?).

Proof. The binomial representation (2.18) is given in [AESZ, entry no. 28|. Integrality of
every A, is immediate from it. At n = p — 1, the terms w1th 1+ 7 < p — 1 vanish because

(;_”1) = 0. A term with i +j > p—1 contains p? through (Zﬂ) : writing i +j = p— 1+t with

1 <t <p-—1, the base-p digits of p — 1 + ¢ are (1,¢ — 1) and those of ¢ are (0,t), so Lucas’

theorem gives (p;irt) = (") =())(") =0 (mod p). Therefore
p

1

A=E07Y) mart

Writing H; = 22:1 1/, we have

Hence L
—
Ay =p—4Ap) H; (modp’)
i=0
Finally
p—1 p—1 .
H, = uzl (mod p),
J
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which proves (2.19). O]

Panzer and Yeats also obtain (2.19) from their factorial formula for the Martin sequence
[PY, Lemma 6.33]. The argument above instead derives it directly from (2.18).

Lemma 2.8. For the two solutions A and C, let
Wn = Ancn—i-l - An—i—lcn-
Then

(40 + 1) (32) (%)
CET

(2.20) W, =

For every prime p > 5,
(2.21) p’W, 1 =-3 (mod p).
Proof. Write (1.1) as (n + 1)*u,41 = P(n)u, — apu,_1 and apply it to both A and C:
(n+1)*W, = A, (P(n)C’n - anCn_l) — (P(n)An — anAn_l)C’n
=a, (An,lCn - AnCn,l) = a,Wp_1.
Thus the Casoratian satisfies the first-order recurrence
p

Wn - mwn_l, W() - A()Cl - Alco - 1

The right-hand side of (2.20) also equals 1 at n = 0, and the quotient of two consecutive
values of that right-hand side is

dn+1 4dn(dn—1)(dn—-2)(4n—3) (@2n)(2n-1) n'  4n’(l6n*-1)  a,
4n — 3 ((2n)(2n —1))° n2 (n+1)* (n+1)* (n+1)F

Hence the two sides of (2.20) agree for all n.
We use the following two congruences, obtained after dividing out one factor of p:

1 2p—2) 1(4p—4)
2.22 — =—1 (mod p), — =—1 (mod p).
(2.22) (s modp). (7 (mod p)
For the first, use

2p — 2 P 2p—1 2p—1
= =1 d p).
(p—1> 219—1(19—1)’ (p—1> mod p)

For the second, use the product form of the binomial coefficient. Its numerator runs from
2p — 1 to 4p — 4, and its denominator from 1 to 2p — 2. Remove the numerator factors 2p, 3p
and the denominator factor p, and then cancel the remaining factor p. This gives

1/4p—4 —D(p—Dlp—4)!
_(p )56(1? Jp—Dlp—4)! _ | (mod p).
p\2p—2 (r =D - 2)!
Substituting (2.22) into (2.20) at n = p — 1 proves (2.21). O

Denote the second vanishing index by s = p—r. Since a,, = 4n*(4n —1)(4n+1), the indices
nwith 1 <n <p-1anda, =0 (mod p) are exactly those with 4n = +1, that is, n = r and
n = s. Note that r < s < p — 2, because 2r < p and r > 3 for p > 11.
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Lemma 2.9. Modulo p, one has

A, =C,=0 (s<n<p-1),
and
(2.23) Ch = M, (r<m<p-1),
where A is defined in (2.17).

Proof. By Proposition 2.4 we have A, Z 0 (mod p), so A is defined and C' — AA is a solution
of (1.1) vanishing at  modulo p. Let u be any solution with u, = 0. At n = r the coefficient
a, vanishes modulo p, so (1.1) reduces to (r + 1)*u,,1 =0, and r + 1 # 0 gives u,,1; = 0. For
r < n < p— 2 the coefficient (n + 1)* is again nonzero modulo p, so u,_; = u, = 0 forces
Uni1 = 0. It follows successively that u vanishes through p — 1. Applying this to C' — \A
proves (2.23).

On the other hand, Lemma 2.7 gives A, 1 =0 (mod p). For s <n < p —1 the coefficient
a, is nonzero modulo p, so (1.1) may be solved for u,,_; and run backwards. At n = p—1 the
last term of (1.1) is p*A,, which vanishes modulo p because A, € Z. Since a, 1 = a; = 60 # 0
(mod p), this first gives A, 5 = 0. Running the recurrence backwards from n = p — 2 down
ton =s+ 1 now gives A, =0 for s <n < p—1. Asr < s, equation (2.23) gives the same
for C'. [

For u = A or u = C, the quantities u,_;/p and p?u, are p-integral. Indeed, ug,...,u, 1
are p-integral by Lemma 2.3, while Lemma 2.9 gives p | u,—2 and p | u,—1. The recurrence at
n = p — 1 reads

pu, = P(p— Dy 1 — ap 1ty o
Its right-hand side is divisible by p, so pu, is p-integral. Notice that w, itself need not be
p-integral.

To reverse the recurrence without carrying a new coefficient at every step, define

k

(2.24) Go=1, G=[]["% @=G""" 0<k<n).
i=1 P

Lemma 2.10. For 0 <k <r,

(2.25) U, = (%) Ay, — p*u,Cy  (mod p).

Proof. For k < r, G}, is nonzero modulo p, and u,_;_j is divisible by p by Lemma 2.9. The
product G, contains the factor a4 exactly once. Since one of 4s—1 and 4s+1 is 3p, the number
G, is divisible by p but not by p?. Thus every quantity in (2.24) can be reduced modulo p,
and G, /p is nonzero modulo p.
Take (1.1) at n = p — 1 — k and multiply by G} /p. Since
Gt Ap—k—1

G DT ap—r = ar (mod p), P(—=1—k) = P(k),

we obtain
arlp_1 — P(k)ug + (k+ 1)*Upy; =0 (mod p)
for 1 < k < r, which is (1.1) at n = k. The original recurrence at n = p — 1, divided by p,
gives
Uy — 6ty + p*u, =0 (mod p).



A ¢-RECURRENCE FOR A FINITE APERY LIMIT 11

Since uy = u,-1/p, the sequence

Up—1
< P > Ak - psupck
p
has the same first two values and satisfies the same recurrence. This proves (2.25). 0J

By Lemma 2.7,
A

el =3, p’A, =0 (mod p).
p

The second congruence uses A, € Z. At n = p — 1, the definition of W,_; gives
Wy =A4,.C, — A,C,_;.

Multiplying by p? and reducing modulo p gives

A, C,_
—3=pWp == - p°C, — p*A, . L= _3,3C, (mod p),

where we used Lemma 2.8. Hence p3C, =1 (mod p), and Lemma 2.10 gives

Cpr

A\k = —3Ak, ék = ( ) Ak — Ck (mod p)

At k =r, we have p—1 —k = s— 1, which lies in the range of (2.23). Since G,./p is nonzero
modulo p,

C, = A4, (mod p).
Using the two displayed reflection formulas, C,. = AA, (mod p), and A, Z 0 (mod p), we get

(Cp_l - )\) A, = —-3)A, (mod p).
p

Thus Cp_1/p = —2X (mod p), which is equivalent to

2
25,y (mod )
by (2.17). Finally, the same equation gives

Cp_1/p _ 20 2 2

A, /p =3 37 63

Cp—l = —

This proves the two congruences in (1.4) and parts of (i) in Main Corollary B.

3. THE ¢-RECURRENCE AND THE ANALYTIC LIMIT

For a € Z, define the signed g-integer
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Thus (a), becomes a at ¢ = 1. For m > 1, set [m],! = [[}_,[j],, and set [0],! = 1. For m >0,
put

AUEDY (_151; g
) =

For example,

U@ = 0.0, U0 = () = (=20 80— 12043 ),
For k,m > 0, define
31 100 = G
32 i) = PRI I ()t - 2k 2, + (28 4 2) .
Starting with the vectors above, delfine the remaining rows by
(3.3) US(q) = T (@) (UL (0) + ol (U (@)

The vectors are rational functions of ¢g. Every denominator in these formulas has a nonzero
constant term, so in fact U (¢) € Q(¢q)2 N Qlq]*

At ¢ = 1, the quantities in (3.1) and (3.2) are T.%) and p’. Also U (1) = UL, Thus the
notation is compatible with the classical array in Section 2: throughout the paper, U™ means
U )(1). It follows from Proposition 2.2 that

mqy _ ()7 (21
(1) =25 (S0 A ).

This proves part (i) of Main Theorem A.
We stress that no g-analogue of the row recurrence Lemma 2.1 is claimed here. The g-array
is defined by (3.3) alone, and the proof below uses only that definition.

Proposition 3.1. Let p > 11 be prime, let q, = €2™/P, and put r = [(p + 1)/4]. Then the
second coordinate of Uy)(qp) is nonzero and

(U (g,)h
(U (g))2

Proof. Equation (3.3) lowers the row index by one. Starting with Ut (q), we have
U (a) = T () (U5 (@) + 70" (U (@)

Both vectors on the right lie in row  — 1. Applying (3.3) to each of them, now with k = r — 2,
produces four terms before collecting like terms. Their vector factors are

U2 @), USSP, USSP (9), U2 (g).

= Ep-1)/2(q)-
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Their scalar coefficients are the corresponding products of the T- and p-factors. Thus the first
round produces two terms, the second produces four, and continuing in this way eventually
expresses Uy)(q) as a sum of scalar multiples of vectors in row zero. At each application, the
first summand replaces m by m + 1, whereas the second leaves m unchanged and contributes
a factor pgﬂl(q).

Fix a term obtained after ¢ rounds of this expansion, and suppose that the second summand
has been chosen ¢ times. This term is a scalar multiple of

r—/¢
U:—l—@—)t(Q)‘

For the next substitution we have m =r+/¢—t and k = r —{—1. The denominator of T,%k)(q)
is therefore

(2m —2k—1), = (4l -2t +1),.
Since 0 <t < ¢ <r —1, its index lies between 1 and 4r — 3 < p, so none of the denominators
of the T-factors vanishes at ¢ = ¢,. The other denominators are powers of [2], and the factors
[7]4 in the terminal sums E,,(q), where m < 2r < p. Hence the whole expansion is regular
at ¢ = g,. We may therefore specialize it term by term at ¢ = ¢,. If the second summand is

chosen in the next substitution, the second factor in ,ogfll(q) is

(3.4) Cm+1)+2k+1), = (4r+1-—2t),.

After all r substitutions, a term for which the second summand was chosen ¢ times contains
the vector UQ(O) (gp)-

r—t
Suppose first that p = 4r + 1. The first occurrence of the second summand contributes the

factor [p]y, = 0 by (3.4). Hence only the term obtained by always choosing the first summand

survives, and it contains Uég)(qp) = U((;))_l) /2(@p)-

Now suppose that p = 4r — 1. The term obtained by always choosing the first summand
contains Uég) (¢p), which is zero because ha,(g,) contains [p],, and Ea,(g,) has no pole. A term
for which the second summand is chosen at least twice is also zero: at the second such choice,
t =11n (3.4), so the coefficient contains the vanishing factor [p,,. The only possibly nonzero
terms are therefore those for which the second summand is chosen exactly once, and all of

them contain UQ(S)_I(qp) = U((I?zl)/z(qp). Thus, in both cases,

(3.5) Uvgr) () = 'VPU((;)_l)/Q(Qp)

for some ,.
It remains to prove that v, # 0. Put

O, = Z[%](l—qp)‘

Its maximal ideal is generated by 1 — ¢,, and O, /(1 — ¢g,) ~ [F,. The denominator calculation
above shows that every denominator reduces to a nonzero integer modulo p. Hence these
denominators are units in O,, and all coefficients may be reduced modulo 1 — g,. The special-
ization of (a), at g, reduces to a modulo p. Thus the coefficients in the g-expansion reduce
to their values at ¢ = 1. The element h(,_1y/2(gp) is a unit in O, as well, because all factors
in its ¢-factorials have indices between 1 and p — 1. If p = 4r + 1, there is only one surviving
term, and its coefficient is

r—1

Y = H [2]% ?é 0
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Let p = 4r — 1. Here the coefficients of the terms in which the second summand is chosen
exactly once could a priori cancel. To rule this out, reduce their sum modulo 1 — ¢,. Under
this reduction (3.5) becomes a congruence between the corresponding vectors at ¢ = 1, and
the case p = 4r — 1 of Proposition 2.4 evaluates the left-hand side:

o218 (2 ©)
U™ . <H T 3) Ui 1y (mod p).

Jj=0

Comparing second coordinates in (3.5) after reduction, and using that h,_1y/2(gp) is a unit,
therefore gives

213 2 9
= 0 dl-— .
= J[[O Gra7 0 (medl-g)

Indeed, p 1 21r because p > 11 and 0 < r < p, while 45 + 3 < 4r — 5 = p — 4 throughout
the product. Hence 7, # 0 in both cases. Finally, U((g()))—l)/Q(qP) = hp-1),2(@) (Ep-1)/2(qp), 1).
Since both +, and h(,_1)/2(g,) are nonzero, the second coordinate in (3.5) is nonzero. Taking
the ratio of the two coordinates in (3.5) gives the result. O

The proposition proves part (ii) of Main Theorem A. We now prove the two statements in
Main Corollary B. Since ¢, = 1 and [j],, = j modulo 1 — g,,

1
Ep-1)2(¢p) = Ep-1)/2 = 1003 (mod 1 — gp)

by Lemma 2.6. Therefore
8 2
Ep = @E(p—l)ﬂ(q}o) = @Bpf?» (mod 1 —g,).
Together with the calculation in Section 2, this completes the proof of part (i) of Main Corol-
lary B.

For the analytic limit, we use the same sine estimate as in [BTT]. Recall from the intro-
duction that N denotes the odd order of the root of unity ¢y = e*™/~. We now let this order
tend to infinity. If 1 < j < (N —1)/2, then

_ sin(mj/N) _ 2j
Vol = ——77 2 —
sin(m/N) ™

For each fixed 7, q?\f / [j]:;N tends to 1/53. Dominated convergence now gives
. B (=177t 3
]\}1_1& Env-1)2(qy) = Z B ZC(g)
N odd j>1

Multiplication by 8/63 proves part (ii) of Main Corollary B.

Remark 3.2. The author, Takeyama, and Tasaka define another root-of-unity sum in [BTT].
In the present notation, put

M@= 3

N>a>b>0
The limit formula in [BTT]| gives

H,(q,) =3Z(3), (mod1—g,), z\}l_rgo Hn(gn) = 3¢(3) — mi(2).
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Thus the sum itself has a limit, but this limit is not real. Since Hy(qy') = Hn(qy), the

normalization !
- 1
Avlan) = Hnlay) _ Lpogro

Z =
N 6 3

removes the imaginary term and gives
Z,=2(3), (modl-—g,), A}l_r}n()o Zy =((3).

Thus €y and 22y /21 have the same algebraic and analytic limits. They are not in general
equal for a fixed V.

4. GENERAL ODD WEIGHT CASE

The root-of-unity construction above extends to every odd weight, although its connection
with the Apéry recurrence is special to weight three. Let w > 3 be odd and put

w < (_1)j_1q2j w w

(4.1) B (q) :ZT’ EW = B (1).

j=1 a
For odd N > 5, define

211)
(w) _ (w)
(4:2) e = 21(2w-1 — 1)E<N71>/2<‘1N)'
Thus Eﬁg)(q) = En(q) and 5](\?) =E&n.
For primes p > w, let

Z(w), = B};w mod p € F,, Z(w) = (Z(w),), € A,

where the finitely many components with p < w may be chosen arbitrarily. We also extend
the g-array by setting

U (q) = hin(a) (BS(9): 1)
and

(4.3) U () = TH(a) (U (@) + i (@US (@)

For w = 3, this is the array from Section 3.
Proposition 4.1. Let w > 3 be odd.

(i) If p > 11 is prime and r = |(p+1)/4], then the second coordinate of Uﬁr’w)(qp) is nonzero
and

(Ur(r,w)(qp)h _ E((w) y
W —-1)/2

O (@) "

(ii) If p > max{w, 7} is prime and p{2°~' — 1, then

(4.4) (4p)-

w 2
(4.5) 5; ) = ﬁZ(w)p (mod 1 —g,).
The finitely many exceptional components are immaterial, so the algebraic limit in A is
27 (w)/21.
(iii) The analytic limit is
2
: (w) _ 2

N odd
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Proof. The expansion used in the proof of Proposition 3.1 depends only on the factors 7, {k )(q)

and p,(ff)(q). These factors are unchanged in (4.3). The same cancellation therefore gives

W o 0,’1,U
U (g,) = U0 15(a0)

with the same scalar 7, as in (3.5). The second coordinates of the arrays for weights w and
3 agree, so the nonvanishing argument in Proposition 3.1 applies without change. Taking
coordinate ratios proves (4.4).

We next calculate the reduction of the sum in (4.1). Let p > w be prime, put M = (p—1)/2,

and write
n p—1

I T =

= j

.

Pairing the terms of indices j and p — j gives S, = 2E](\20) (mod p), since w is odd. Separating

the even indices and using Hl(f_u)l =0 (mod p) gives
S, = Hz(f_u)l — 21_“’H](\2U) = —21_wH](\1;) (mod p).

The vanishing used here follows from ;7% = 771" (modp) and 1 < p—1—w < p — 2.
Consequently,

(4.7) EW =—27"H" (mod p).
The Bernoulli polynomial summation formula gives

B, W(M+1)- B,
p—w

H](\ﬁ[”) = (mod p).

All Bernoulli numbers involved are p-integral because p — w < p — 3. Here M + 1 = 1/2
(mod p), and

By_w(1/2) = (2" —1) B, , = (2 —1)B,_,, (mod p).
It follows that

w 2v =2
Hz(w) = — B, (mod p).
w
Combining this with (4.7), we obtain
w_1-2"" -
(4.8) By = TBp,w =(1-2"")Z(w), (mod p).

Since ¢, = 1 and [j],, = j modulo 1 — ¢, (4.8) also gives
B (gp) = (1-27") Z(w), (mod 1—g,).

If pt2¥~! — 1, multiplication by the factor in (4.2) proves (4.5). The excluded primes divide
the fixed integer 2¢~! — 1. There are only finitely many of them, so they do not affect the
resulting element of A.

Finally, the estimate used in the proof of Main Corollary B gives

27 w
In s(l) (1§j§N_1).
il 2j 2
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Dominated convergence therefore yields

i B () = Y0 T = (12 ()

N—oo - qv
N odd j>1
The normalization in (4.2) now gives (4.6). O

Remark 4.2. Only the root-of-unity and limit arguments generalize in this way. At ¢ = 1,
making the first coordinate of U ’w)(l) satisfy the row recurrence (2.7) would require

hm—i—l _ ﬁr(r?zrlhm—l
(m+1)w mw

The quotient of the left-hand side by the right-hand side is ((m + 1)/m)3~%, so the identity

holds for all m only when w = 3. Thus Lemma 2.1 and Proposition 2.2 and the subsequent

reflection argument do not follow from this odd-weight construction.

AT & computational resource disclosure: The main results, their formulation, and the
underlying idea of proof are the author’s own. ChatGPT 5.6 (via Codex) and Claude Fable 5
(via Claude Code) were used throughout as research assistants: they carried out and checked
computations, and a number of intermediate steps in the proofs were worked out in dialogue
with these systems. Symbolic computations were performed in SageMath. All statements,
proofs, and references were verified by the author, who takes sole responsibility for them.
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