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Algebraic Number Theory e Introduction & Basics of algebra

1 Introduction & Basics of algebra

We will start by giving a short answer to the question ”What is Algebraic number theory?”.
There are several possible answers to this question. As the name suggests, it is number theory with
the help of algebraic methods. Algebraic number theory is the study of algebraic number fields [{{
#{#&], which are field extensions K/Q of finite degree. In these number fields, we will be in particular
interested in the ring of integers of K [E#I3], denoted by Ok. This ring of integers takes the same
place in K as the usual integers do in the rational numbers, i.e., in particular Og = Z. The integers
Z satisfy a lot of nice properties. For example, Z is a unique factorization domain (UFD) [—& 77 fi#
¥], i.e., any element can be written uniquely (up to units) as a product of irreducible elements, which
are given by the prime numbers. As we will see, not every ring of integers Ok will be a UFD. This
problem will be solved by considering ideals in Og. We will see that on the level of ideals, we will
again have a kind of unique factorization property.

Q—— K

I ]

Z‘—)OK

Examples 1.1. Example of number fields K and their ring of integers O.

(i) The field extension K = Q(i) = {a + bi | a,b € C} has degree [K : Q] = dimg K = 2 and is
therefore a number field. Its ring of integers is O = Z[i] = {a + bi | a,b € C}. These are the
so-called Gaussian integers and we will study their properties in the first section.

(ii) We will see that for the number field K = Q(v/5) the ring of integers is given by Ox = Z [@} .

(iii) The ring of integers for K = Q(v/—5) is Ox = Z[v/—5]. This ring is not a UDF, since for example
in this ring we can write 6 in two different ways

6=2-3=(1++v=5)-(1+v=b)
and 2,3, (14 +/—5) and (1 4 +/—5) are all irreducible elements in this ring.

The next question one might ask is, why one should care about algebraic number field, and one could
therefore ask ”Why is Algebraic number theory?”. Algebraic number fields appear naturally
when studying Diophantine equations. These are polynomial equations where one is interested in
integer solutions.

Examples 1.2. Here are some examples of Diophantine equations. For a more detailed overview see
[[R, Chapter 17] and [KKS, Chapter 1].

i) Linear Diophantine equation: Given a,b,c € Z find all z,y € Z with
ar+by=c.

It is an easy exercise to show that a solution for given a,b, ¢ exists if and only if ¢ divides the
greatest common divisor of a and b, which we denote by ged(a, b).
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ii) Pell’s equation: Given a non-square integer n we consider

r? —ny® = 1. (1.1)

It was then shown by Lagrange (1768): For any non-saure n the equation (I-T) has infinitely many
distincts solutions z,y € Z.

iii) Sum of four squares: For any positive integer n € N one can ask if this integer can be written as
a sum of four squares, i.e. if one can find a, b, ¢,d € Z such that

A+ +E+d>=n. (1.2)

Again Lagrange (1770) showed: (I2) has a solution for any n. For example, we have
2021 = 0% + 1 + 16 + 42> = 17 + 18% + 20° + 36° .

In particular we see that there can be several different solutions for some n. The question of how
many solutions there are for a given n was answered by Jacobi (1893): If r4(n) = #{a,b,c,d €
Z | (I2)} then

ra(n) =8 Z m.

m|n
4#|m

This result can be proven by using modular forms for the congruence subgroup I'g(4) (See Todo:
add reference).

iv) Sum of two squares: Instead of the sum of four squares one can also consider the sum of two
squares. Clearly not every number can be written as a sum of two squares, since 3 is already
the first counter-example. We will discuss in detail how to determine if a prime is a sum of two
squares in Section [, by using methods of algebraic number theory.

v) Fermat’s last theorem: For a given n > 1 consider the equation

oyt =2". (1.3)

For n = 1 this equation is trivial to solve and for n = 2 one can find infinitely many integer
solutions, the so-called Pythagorean triples. A few examples are given by 32 + 42 = 52 or
52 + 122 = 132, In 1637 Pierre de Fermat claimed that (IZ3) has no non-trivial integer solutions
(meaning z -y - z # 0) if n > 3. Tt took more than 300 years until Andrew Wiles gave a proof of
this claim in 1994 (Todo: add reference).

Todo: Include timetable of events around FLT and add more history.

1.1 Primes as a sum of two squares and some ring theory

In this section we will answer the question when a prime is a sum of two squares. The first few
examples are

2=12+12, 5=12+4+22 13=23432 17=1%2+4% ...
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For some primes, such as 3,7 or 11, this is not possible. This follows from the following simple
observation: Any square is congruent to 0 or 1 modulo 4. Therefore if a prime is a sum of two squares,
it can just be congruent to 0,1 or 2 modulo 4. But since it is prime, it can never be congruent to 0
modulo 4 and 2 is the only prime that can be congruent to 2 modulo 4. Therefore any prime p > 3,
which is the sum for two squares, has to be congruent to 1 modulo 4. It was first shown by Fermat
that also the converse is true:

Theorem 1.3. A prime p > 3 can be written as a sum of two squares if and only if p=1 mod 4.

To prove this theorem, we will leave the ring of integers and work in a larger ring. Before doing this,
we will recall some basic notations from algebra.

Definition 1.4. (i) A ring [¥g] is a triple (R, +,-) of a set R together with two binary operations
+ (addition) and - (multiplication), such that

e (R,+) is an abelian group |7 —~JLHE].

e (R,-) is a semigroup [-#f].

e Addition and multiplication satisfy the distributive law [77HCfE]
a-(b+c)=a-b+a-c
(a+b)-c=a-c+b-c

for all a,b,c € R. If - is commutative, we call R a commutative ring [AJ#:Eg]. Instead of
(R, +, ) we will usually just write R.

(i) A ring R is unitary [BE{iIR] if there existsa 1 € R withl-a=a-1=aforala € R. In
other words (R, -) is a monoid [/ £ F].

(iii) Let R, S be rings. A ring homomorphism [(RZ[EZ!] is a map ¢ : R — S, such that for all

a,be R

pla+b) = p(a) +¢(b), ¢(a-b)=yp(a)- p(b). (1.4)
If R, S are unitary one usually considers unitary ring homomorphisms which in addition satisfy
e(1) =1.

(iv) A (non-zero) commutative ring R is called an (integral) domain [E3] if for all a,b € R the
equation a - b =0 implies a = 0 or b = 0.

Usually, all rings we consider in this course will be commutative and unitary if not stated otherwise.
Examples 1.5. (i) Z,R[X], C[X] are integral domains

(ii) Z/6Z is not an integral domain since 2-3 =6 = 0.

(iii) The ring of Gaussian integers Z[i] = {a + bi | a,b,€ Z} C C is a domain.

In the ring Z[i] the equation p = 22 + y? can be written as
p=(x+iy)(z—1y). (1.5)

_4-
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Definition 1.6. (i) An element a € R in an (unital) ring R is called a unit [FIi#7T] if there exists
be Rwitha-b=1.

(ii) R* denotes the set of all units of R and (R*,-) is a group, the unit group [HETE].
(iii) If R is commutative, 1 # 0 and R* = R\{0} then R is called a field [{&].
Examples 1.7. (i) Z ={1,—-1}.

(ii) If R is a domain then R[X]* = R*. If R is not a domain there are also non-constant polynomials
which can be units. For example, in the case R = Z/4Z we have (1 +2X)? = 1 in R[X] and
therefore 142X € R[X]*.

(iii) One can show (Exercise B) that the units of the Gaussian integers are Z[i|* = {1, —1,4, —i}.

Definition 1.8. (i) An element a € R with a € R* is called irreducible [BX#J7T] if from a =b- ¢
we obtain b € R* or c € R*.

(i) An element p € R\{0} with p & R* is called prime [3&7T] if whenever p | a-b then p|a or p|b.

Notice that 0 in particular is not irreducible since 0 = 00 but 0 ¢ R*. Since we will deal with prime
elements in a ring and with prime numbers at the same time (which are the prime elements in Z), we
will refer to prime numbers often as rational primes.

In an (integral) domain, every prime element is irreducible (Exercise M). However, the converse is not
always true. For example, in the domain R = Z[y/—=5], 2 is irreducible, and

6=2-3=(1—v=5)(1+vV=5).

but 2 f(1—+/—5) and 2 f(1++/—5), so 2 is not prime.

Until here in lecture 1 (8th October, 2021)

Definition 1.9. A domain R is called a unique factorization domain (UFD) [—E%##%], (often
also just called factorial ring), if the following two conditions are satisfied:

(i) Any non-zero element a € R\{0} can be written as

a=upi...pn, (1.6)
where p1,...,p, € R are irreducible and u € R* is a unit.

(ii) The representation ([CH) is unique in the sente that whenever a = u/p} ...p}, with irreducible
pi € Rand v € R*, then n' = n and there exists a permutation o : {1,...,n} — {1,...,n} with
pi = eip;(i) for some ¢; € R* and i =1,...,n.

We will show that Z[i] is factorial, by showing that it is euclidean.

Definition 1.10. A domain R is called an Euclidean domain/ring [1—% J ' FIF] if there exists
a function N : R\{0} — Zx¢, such that for any a,b € R with b # 0 there exist p,r € R such that

a=b-qg+r, (1.7)

with either N(r) < N(b) or r = 0.
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Proposition 1.11. Fuclidean rings are factorial.
Proof. This is Exercise [ O
Examples 1.12. (i) The standard example is R = Z with N(z) = |z|.

(ii) If K is a field then one can show that R = K[X] is an Euclidean ring by taking N(f) = deg(f).
Proposition 1.13. The ring Z[i] is factorial.

Proof. We define the norm on Z[i] by N(a) = |a|?. For a,b,€ Z[i] with b # 0 we want to find
q,r € Z[i] with |r|?> < |b|?, such that a = ¢ - b+ r. Therefore, we want to find a q € Z[i] with

'%fq’<1, (1.8)

since then r = a — ¢ - b satisfies |r| < |b|.

. .9} .
. e i . We can visualize Z[i] as a lattice in C. It is
easy to see that the maximal distance any
complex number, such as §, can have to a
—2 -1 1 2 3 s
el ; ; lattice point is 72 < 1. Therefore we can
/" 12 also find a ¢ € Z[i] which satisfies (IR),
o0 Di oee by choosing the nearest point to # on the
lattice.
Z[i] as a lattice in C
O
Lemma 1.14 (Wilson’s theorem). For any prime number p we have
(p—1)!'=-1 modp.
Proof. This is Exercise B. O

Proof. of Theorem I3 We need to show that any prime p with p =1 mod 4 can be written as a sum
of two squares. Suppose that p = 4n + 1 and set = (2n)!. In this case we obtain by Lemma [I4:

—-l=(p-1H)=1-2...2n-(p—2n)-(p—2n—-1)...(p—2)- (p—1)
= (2n)!(—1)?"(2n)!

=22 modp.

Therefore p | 2241 = (x+i)(z—i), but p J(z+i) and p f(x—1) since %:I:% ¢ 7Z[i]. This shows that p is
not prime in the factorial ring Z[i] and therefore also not irreducible. This means that we can find two
non-units «, 8 € Z[i] with p = o+ 3. This implies the equation p?> = N(p) = N(a-8) = N(a)N(B) in Z.
Since a, 8 € Z[i]* we have N(a), N(B) # 1, which leaves the only possibility that N(«) = N(3) = p.
But if o = a + bi this implies

N(a)=d>+b*=p,

which is exactly what we wanted to show. O
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Definition 1.15. Two elements a,b € R of a ring R are called associated [[Eff], if there exists a
unit € € R* with a = €b. In this case we write a ~ b.

Lemma 1.16. Ifa € R is prime (resp. irreducible) then all elements b € R with a ~ b are also prime
(resp. irreducible).

Theorem 1.17. The prime elements m of Z[i| are, up to accociated elements, given by
(i) m=1+1,
(ii) © = a + bi, where a® + b* = p is a rational prime, a > |b| >0 and p=1 mod 4,
(#ii) ™ = p, where p is a rational prime and p =3 mod 4.

Proof. The elements in (i) and (ii) are prime since if 7 = « - 8 for some «, 5 € R we get p = N(7) =
N(a)N(B) for a prime p (p = 2 in (i)). Therefore N(a) = 1 or N(8) = 1, i.e. by Exercise B . or 8
has to be a unit which implies that 7 is irreducible. Since Z[i] is factorial 7 is therefore also prime. If
7 = p for some rational prime p with p =3 mod 4 then p = « - with non-units «, 8 would imply that
N(a) = p. But if a = a + bi this would give p = a? + b* which is not possible as we saw in Theorem
3. Therefore either o or 5 need to be a unit and therefore 7 is irreducible. It remains to show that
nay prime element is associated to one of the ones in (i),(ii) or (iii). Let m = a 4 bi be prime, then in
Z we have N(m) =7 -7 =p1 -+ p,, where T = a — bi is the complex conjugate of = and the p1,...,p,
are rational primes. Since 7 is prime we get that 7 divides one of these rational primes, i.e. we can
assume 7|p for some rational prime p. This implies N (7)|N(p) = p?. From this we get N(w) = p or
N(m) = p% If N(w) = p we have p = a? + b?, i.e. 7 is associated to (i) or (ii). In the case N(m) = p?
we obtain 7 ~ p. But then we need to have p =3 mod 4 and therefore 7 is of the form (iii). O

Proposition 1.18. The elements in Z[i] are exactly those in Q(i), which are a solution of

X +aX+b=0 (1.9)
for some a,b € Z.

Proof. We factor the polynomial as X2 +aX +b= (X — (c+di))(X — (¢ — di)) for some ¢,d € Q. We
want to show that if a,b € Z then ¢, d € Z and vice versa. Since a = —2¢,b = c? + d? clearly a,b € Z
if ¢,d € Z. Conversely assume that a,b € Z. Then 2¢ € Z and if we write d = g with ged(p,¢) = 1

2
then 4b = (2¢)% + (%’) implies 45—2 € Z. Therefore ¢%|4, which is just possible if ¢ = 1,2, which gives

2d € Z. But 4b = (2¢)? + (2d)? =0 mod 4 can just have a solution if 2c and 2d are even, which gives
¢, de€Z. O

In this section, we answered the general questions for the number field Q(7) and its ringer of integers
Z[i]). Since Z[i] was factorial, it behaved quite similar to Z. We will see that this in general will
not be true for arbitrary number fields and their ring of integers. The problem of not having unique
factorization in the ring of integers will be solved by going over to ideals instead of numbers.

Number field Q Q(2) K
Ring of integers Z Z]1] Ok
Units +1 +1, 44 Dirichlet’s unit theorem (later)
Prime elements | Prime numbers | Theorem T4 ?
UFD? Yes Yes In general: No. ~~ Ideals
-7
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Until here in lecture 2 (15th October, 2021)

1.2 Ideals

We already saw that the ring Z[v/—5] is not a UFD, since 6 can be factored into the product of two
irreducible elements in two different ways

6=_2 - 3 =
< =~

a-b c-d

(14++v/=5)-(1 —v=5). (1.10)
a-c b-d

Kummer proposed the idea of ”ideal numbers” to solve this problem by breaking the above equations
into smaller pieces. Assume there exist ideal numbers a, b, ¢, d which divide the factors of 6 in the way
as indicated in (). Then the representation of 6 = a - b- ¢ - d into ideal numbers would become
unique. Whatever these ”ideal numbers” are, if p is an ideal number and pla and p|b then we should
also have pla+b. Also if p|a then plaz for any z. To deal with these type of object, Dedekind suggested
representing an ”ideal number” by the set of all numbers which are divisible by it. This leads to the
following notion of ideals.

Definition 1.19. Let R be a commutative unitary ring. A non-empty subset I C R is called an ideal
[17 7] of R, if

(i) for any a,b €I we have a+b€e T,
(ii) for any @ € I and any € R we have a -z € I.
Remark 1.20. Let I C R be an ideal of a commutative and unitary ring R.

(i) If 1 € I then we immediately obtain from the second condition that I = R.
(ii) (I,+,-) is a subring of R, which is non-unitary in the case I # R.
(iii) If ¢ : R — S is a ring homomorphism then the kernel of ¢
ker(p) = {z € R | p(z) =0}
is an ideal in [.

(iv) We can define the quotient ring [EIRIR]

B ={alac R}
given by the set of all equivalence classes [[ElfEE] of a € R defined by
a={beR|a—-bel}.

If b € @ we also write a = b mod I and @ is sometimes also just denoted ¢ mod I. R/I is a ring
with addition @ +b = a + b and multiplication @ - b = a-b. The canonical projection [{Z#

SR7]
p:R— T
ar——a
is a surjective ring homomorphism with ker(p) = I. In particular any ideal is the kernel of some
ring homomorphism.
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(v) We have the isomorphism theorem [[EZEE]: Any ring homomorphism ¢ : R — S induces
an isormophism

Q: R/ker(go) = im(p) .

If not stated otherwise, then R will always be a commutative unitary ring in the following.

Definition 1.21. (i) For a € R we define

(a) = Ra={ca|ceR}.
This is an ideal in R and it is called the principal ideal [BIE- 7 7 JL] generated by a.

(ii) Let R be a domain. If every ideal in R is a principal ideal then R is called a principal ideal
domain (PID) [HEIE- 777 )L ).

Proposition 1.22. Every Fuclidean domain is a principal ideal domain.

Proof. We just give a sketch of the proof. Let N be the Eucledian function in an FEucledian domain
R. For an ideal I C R choose an a € I such that N(a) = min,e;{N(x)}. Using division by a with
remainder one then sees immediately that I = (a), i.e. I is a principal ideal. O

Lemma 1.23. Let R be a commutative and unitary ring.
(i) For all a,b € R we have alb < (b) C (a) and a ~ b < (a) = (b).
(i1) If a,b are ideals of R, then aNb and

a+b={a+b|lacabeb}
are ideals in R.
(i) A v € R is a multiple of a € R and b € R if and only if (v) C (a) N (b).
(iv) A de€ R is a divisor of a and b if and only if (a) + (b) C (d).
Proof. Todo: Give reference O

Definition 1.24. Let aq,...,a, € R elements in some commutative and unitary ring R. We define a
greatest common divisor (gcd) [RALKIE] (resp. a least common multiple (lem) [&/NAE
#)) of ay,...,a, by the following properties:

(i) ged(ay,...,an) | a; (vesp. a; | lem(aq, ... a,)) foralli=1,... n.

(ii) For all t € R with ¢ | a; (resp. a; | t) for all ¢ = 1,...,n we obtain ¢ | ged(aq,...,a,) (resp.
lem(aq,...,a,) | t.

A greatest common divisor and/or least common multiple do not always exist. But if they exist, then
they are unique up to units.

Examples 1.25. In R = Z[v/—3| the elements a; = 4 =2-2 = (1 4+ v/-3)(1 — v/-3) and ay =
2 - (1 4+ +/—3) have no greatest common divisor. Both 2 and 1 + v/—3 are common divisors of a; and
as but they are not associated and they also do not divide another common divisor of a; and as.

9.
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Proposition 1.26. Let R be a principal ideal domain.
(i) For any a,b € R the ged and lem exist and we have

(ii) For ai,...,a, € R there exist x1,...,x, € R with
ged(ag, ..., an) = 2101 + -+ - + Tpay, .
Proof. Todo: Can be shown by using Lemma [Z3. O

Proposition 1.27. Principal ideal domains are factorial.

Proof. Todo: Part of any algebra course (include reference or write out the proof). O

Todo: Include an overview of UFD, PID, and Eucledian domains.
Definition 1.28. Let a,b ideals in R.

(i) a and b are called coprime [EWCZE] if a+b=R.

(ii) We define the product of a and b by

a~b={Zaibi|r21,aiea,bi€b} .

i=1
This is again an ideal of R and we have a-b C anb.

Since 2-3 —5 =1 we have 1 € (3) + (5) = R, i.e. (3) and (5) are coprime ideals of Z. In this case
(3) - (5) = (15) = (3) N (5). The ideals (2) and (4) are not coprime since (2) + (4) = (2). In this case
we have (2)- (4) =(8) C (2)N(4) = (4).

Lemma 1.29. (i) If a and b are coprime ideals then a-b=aNb.
(i1) If b is coprime to ai,...,a, then b is coprime to aj---ay,.

Proof. If a and b are coprime then there exist a € a and b € b with a + b = 1. Therefore if c € anNb
then ¢ = ca + ¢b € ab, which shows i). For ii) we again can find a; € a and b; € b for i = 1,...,n with
a; +b; = 1. There we have

1:H(ai+bi):bl"'bn+"'+a1~-~anEb+a1"'an
—_—

i=1 €b €ay--ap
and therefore R=5b+ay---4a,. O
Theorem 1.30 (Chinese remainder theorem [F[EDFIFREM]). Let ay,...,a, be coprime ideals of R.
Then the map
R/a1~-~an ‘)R/Cll X "'XR/Cln
x moda;---a,+— (r modag,...,z mod a,)
8 a Ting isomorphism.

; - 10 -
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Proof. Due to Lemma ii) it suffices to show the n = 2 case, since the general case then follows
inductively by using the n = 2 case to obtain the isomorphism

R/al.a2...an HR/al XR/QQ"‘CI”'
To prove the n = 2 case we first show that for coprime a, b the ring homomorphism

¢:R— B x By
x+— (x mod a,z mod b)

is surjective. Since a and b are coprime there exist a € a and b € b with a+b = 1. For given 1,25 € R
we set x = xoa + x1b and then obtain

x=xsa+x1(l—a)=21 moda,
r=x9(1—-0)+2x1b=22 modb,

ie. p(x) = (x1 mod a,z2 mod b) which shows that ¢ is surjective. Now by Lemma i) the kernel
is given by ker ¢ = aN b = ab and therefore we obtain an isomorphism

7 %o — Vax
x mod ab— (z mod a,z mod b)

which proves the n = 2 case of the theorem. O

Definition 1.31. (i) An ideal p C R with p # R is called prime ideal [&-A 7 7JL]if z -y € p for
some z,y € R always implies z € p or y € p.

(i) Anideal m C R with m # R is called maximal ideal [{®A- 7 77JL] if for any ideal a C R with
m Cawehavem=aora=R.

Proposition 1.32. (i) An ideal p is prime if and only if R/p is a domain.

(ii) An ideal m is mazimal if and only if R/m is a field.

(iti) Every mazimal ideal is prime.

(iv) An element p € R\{0} is prime if and only if (p) # (0) is prime.
Proof. Todo: include reference or give the proof. O

Notice that the converse of (iii) is not true, i.e., not every prime ideal is maximal. For example, if R
is a domain that is not a field (e.g., R = Z), then the zero ideal (0) is prime but not maximal.

Until here in lecture 3 (22nd October, 2021)
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1.3 Modules

Definition 1.33. Let R be a commutative unitary ring. A R-module [fE#] consists of an abelian
group (M, +) and a scalar multiplication

RxM-—M
(a,2) — ax,

such that for all z,y € M and «, 8 € R we have

e (af)z = a(fz),

o (a+ Pz =oax+fpr,

e a(z+y) =ax+ay,

o lr ==
Remark 1.34. (i) If R is a field then R-modules are R-vector spaces.

(ii) We can define R-module homomorphism, submodules, quotient modules similar as linear maps,
subspaces, and quotient spaces.

(iii) Every commutative unitary ring R is a R-module over itself by defining the scalar multiplication
as the usual multiplication in the ring. Its submodules are exactly the ideals of R.

Definition 1.35. (i) Let A C M be a subset of an R-module M. Then

(A) = {Zriai|n2 1,7, € R,a; EA}

i=1
denotes the submodule of M generated by A. By convention we set (#) = {0}.

(i) If (A) = M then A is called a generating set of M [£FZF]. If there exists a finite A with
(A) = M then M is called finitely generated [BFR4RY].

(iii) A family (my)aea of elements my € M is called linearly independent [#REYJHI7] if
Z ry=20
A€EA
with 7y € R (ry = 0 for all but finitely many A) implies 7y = 0 for all A € A.
(iv) A linearly independent generating set is called a basis [E[E].
(v) If a R-module M has a basis then M is called a free module [EH/NEE].
Remark 1.36. (i) If R is a field then every R-module is free.

(ii) The Z-module M = Z/QZ, where the scalar multiplication is defined by rm = 7m, is not free.
The set A = {0} does not generate M and the sets A = {1} and A = {0,1} are not linearly
independent, since 2-1 = 0.
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Algebraic Number Theory e Integrality

Proposition 1.37. Let R be a commutative unitary ring and M a R-module. Then the following two
statements are equivalent

(i) All submodules of M are finitely generated.

(i) Any sequence My C My C M3 C ... of submodules of M eventually stabilizes, i.e. there exists
some n such that M,, = Myp41 = Mpj2=....

Definition 1.38. (i) A R-module which satisfies one of the conditions in Proposition 37 is calles
a noetherian module [#—%&—/N&%]

(ii) A ring is called noetherian if it is a noetherian module over itself.
Examples 1.39. (i) Fields and in general principal ideal domains are noetherian.

(ii) The following ring is not noetherian

R={f(x) € Qlz] | f(0) € Z} = {f(x) = m+zg(z) | m € Z, g(x) € Qlz]} .

Since we can define for n > 1 the following ideals of R

M, = {ax+ hz) | a= %vm €Z,h(z) € szM}’

which give a non-stabilizing sequences of ideals/submodules M; C My C ... .

(iii) The ring R = Q[z1, 22, ...] is finitely generated as a R-module but it is not notherian since the
(x1,x9,...) is not finitely generated.

Proposition 1.40. Let R be a noetherian ring and M a R-module. Then M is a noetherian module
if and only if M is finitely generated.

Proof. This is Exercise B (ii). O
Corollary 1.41. Finitely generated modules over principal ideal domains are noetherian.

Proof. This is a direct consequence of Proposition 40 since principal ideal domains are noetherian
rings. O

2 Integrality

We start by defining one of the main objects of this course.

Definition 2.1. (i) An algebraic number field [{{#{f] K is a finite field extension of Q, i.e.
Q C K and dimg K < co. The elements of K are called algebraic numbers [{LEHI%].

(i) A number z € K of an algebraic number field is called an algebraic integer [{UEIRVEEZY] if it
is the zero of a monic polynomial with integer coefficients, i.e. there exist some a1,...,a, € Z
with

a4 4a, =0.
We denote the set of all algebraic integers of a number field K by
Ok = {z € K | x algebraic integer}

This is called the ring of integers of K [E#HIR].
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By definition it is not clear that Ok is actually a ring. To prove this we will consider integrality in
more generality in the following.

Definition 2.2. Let A C B be an extension of rings. An element b € B is called integral over A [A
LEETH 3], if it satisfies a monic equation

V' a b 4 a, =0

for some n > 1 and ay,...,a, € A. The ring B is called integral over A if all elements of B are
integral over A.

Proposition 2.3. Finitely many elements by,...,b, € B are all integral over A if and only if the ring
Alby,...,by,] viewed as an A-module is finitely generated.

Proposition 2.4 (Laplace expansion/Row-Column expansion [FRKT[EH]). Let M = (m;;) be an
(7 X 7)-matriz with entries in a ring R, and let M* = (m};) be the adjoint matriz, i.e.

mi; = (=1)"7 det(Myy),

)

where M;; is obtained from M by deleting the i-th column and the j-th row. Then we have
MM* = M*M =det(M)E,

where E denotes the unit matriz. In particular, for x € R" we get
Mz =0 = det(M)z=0.

Proof of Proposition ZZ3. Let b be integral over A, i.e. f(b) = 0 for some monic polynomial f(x) € Ax]
of degree m > 1. Since f is monic we can write any g(z) € A[z] as

9(x) = q(x) f(z) + r(z)

for some q(x),r(z) € Alz] with deg(r) < m. Since f(0) = 0 we obtain g(b) = r(b) = ag +a1b+ - +
Ap—1b™ 1 for some a; € A. This shows that A[b] is finitely generated by 1,b,...,6™ ! as a A-module.

If by,...,b, are integral over A we then see by induction on n that A[by,...,b,] is finitely generated.
This shows one direction of the proposition.

For the other direction assume that A[by,...,b,] is finitely generated by ws,...,w,. Then for any
be Alby,...,by,] we can write

T
bwi: E aijwj
j=1

for some a;; € A and i =1,...,r. This we can also write in terms of matrices as
a1 - are\ [wi buwy
Qpr1 - Qrp Wy : bwr
S:=
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In particular, setting M = bE — S, which is a r X r-matrix with entries in A, we can use Proposition
24 to obtain det(M)w; = 0. Moreover since 1 € Afby, ..., b,] we can write 1 = cijwy + - - - + ¢pw,. with
¢; € A, which gives 0 = >°!_, ¢;det(M)w; = det(M). The determinant of M = bE — S is a monic
polynomial in b, i.e. for some a; € A we obtain

det(M) =b"+a;b" '+ +a, =0,

which shows that b is integral over A. And therefore all by,...,b, are integral over A since b was an
arbitrary element in Afby,...,by]. O

As a direct consequence from the proof of Proposition EZ3 we obtain the following.
Corollary 2.5. If by and by are integral over A, then by + by and by - by are also integral over A.

Proof. By the proof of Proposition 23 we see that by + by € A[by,bo] and b1bs € Alby, bs] are integral
over A if by and by are integral. O

Definition 2.6. Let A C B be an extensions of rings.
(i) The ring
A= {be B|b integral over A}
is called the integral closure of A in B.

(ii) If A= A then A is called integrally closed in B.

Until here in lecture 4 (29th October, 2021)

Proposition 2.7. Let A C B C C be extension of rings. If B is integral over A and C' is integral
over B, then C is integral over A.

Proof. Let c € C with ¢” +b;c® ! +---4+b, =0 for some by,...,b, € B. Since by,...,b, are integral
over A, we have by Proposition P23 that R = A[by, ..., b,] is a finitely generated A-module. But R[] is
a finitely generated R-module and therefore also a finitely generated A-module. Again by Proposition
223 we get that c is integral over A. O

Corollary 2.8. If A C B is an extension of rings, then the integral closure A of A in B is integrally
closed in B.

Proof. Let A be the integral closure of A. Then A C AC AcC B. Since 4 is integral over A and Ais
integral over A we get by Proposition 277 that A is integral over A. This implies A C A and therefore
A=A O

Definition 2.9. Let R be a commutative unitary ring and let S C R be a multiplicative set, i.e.
1 € S and whenever z,y € S then z-y € S. On R x S we define the following equivalence relation

(r,s) ~(r',s") =3t eS:trs —r's)=0.

The localization of R by S 38 R DE7ES S ICK B/EFAML] is defined as the set of equivalences
classes
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STIR:=RxS, .

We write the class of (r,s) in S™'R as a fraction £. S~ R is a commutative unitary ring with addition
and multiplication defined by
/

ror rs’ +1's

r’ rr’

7.

r
S

s s ss a

V)

ss
The neutral elements with respect to these operations are given by 0 = % and 1 = %

Remark 2.10. (i) The map

vg:R— S7IR

r
r— -
1

is an ring homomorphism, which is injective if and only if S does not contain any zero divisors.

(ii) We have ¢5(S) C (STIR)* since (%)71 = 1. But in general there are more units than just the

elements coming from S, e.g. if § ={1,4,4%,...} then 2 ¢ S but 2 € (S~1Z)*.

(iii) If R is a domain then S = R\{0} is a multiplicative set. In this case S™!R is a field, called the
field of fractions of R [fE{&] and denoted by Frac(R) := S™1R. In particular ¢g is injective
in this case and we can view R as a subring of Frac(R). For example we have Frac(Z) = Q.

(iv) If p C R is a prime ideal, then S, := R\p is multiplicative, since 1 ¢ p and the condition
xy €p = wE€pory € pimpliesx ¢ pandy ¢ p = xzy ¢ p. The localization is then
denoted by R, = S, 'R. This is a so-called local ring [[FFF#g], which means hat it has exaclty
one maximal ideal given by m = {g | s¢p,re p}.

Definition 2.11. Let A be a domain with field of fractions K = Frac(A).
(i) The integral closure A of A in K is called the normalization of A.
(ii) A is called integrally closed if A = A.
Proposition 2.12. FEvery factorial ring is integrally closed.
Proof. Let A be a factorial ring and K = Frac(A). If § € K is integral over A, then

(o ()" e

for ay,...,a, € A. Therefore multiplying with 5™ gives
a” +aba™ 4+ a, b =0.

If 7 € A is prime and 7|b then since A is factorial the above equations implies that 7|a. Assuming
that 7 is reduced we therefore obtain b € A* and ¢ € A. O
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3 Trace, Norm, and Discriminant

We recall some basic notions and facts about fields and their extensions.

Remark 3.1. (i) Let R be a ring and K C R a field. An element x € R is called algebraic over
K if it is the zero of a polynomial in K[X]. Otherwise, it is called transcendental. R is called
algebraic over K if all elements in R are algebraic over K.

(ii) Let K C L be a field extension, which we will denote L/K, read "L over K” in the following.
The field L is a K-vector space and we call [L : K] := dimg L the degree of the extension L/K.
If the degree is finite, then L/K is called finite, and it is easy to see that L/K is algebraic in this
case. Given two finite field extensions L/K and M/L, the extension M/K is also finite, and we
have

[M:K|]=[M:L][L:K].
(iii) Let R again be a ring and K C R a field. For any o € R we have the ring homomorphism

Yo K[X] — R
fr—= fla).

An element o € R is algebraic if and only if ker(¢,) # (0). Since K[X] is a principal ideal
domain we can find for any algebraic & € R a monic polynomial, the minimal polynomial of
a [&/NZBIER], min(a) € K[X] with ker(1)) = (min(a)). We get

K min(ay) = K ().

(iv) A field K is called algebraically closed [fU#EIEA{E], if any non-constant f(X) € K[X] splits

into linear factors

fX) = k(X —ar) - (X —an)

for some k,a1,...,a, € K. An algebraic closure K of a field K is an algebraic extension
K /K which is algebraically closed. An algebraic closure always exists and is unique up to K-
isomorphisms.

Proposition 3.2. Let K be a field with char(K) =0 or | K| < co.

(i) If f € K[X] is irreducible and f(X) =[], (X — a;) with o; € L in some extension L/K then
the «a; are pairwise distinct.

(i) If L/K is a finite extension with [L : K] = n then there exist exactly n different homomorphisms
o:L— K, with o(x) = x for all x € K. These type of homomorphisms between extensions of
K are called K-homomorphisms.

(#ii) If [L : K] = n then there exists an element « € L with L = K(«). This « is called a primitive
element.

Examples 3.3. (i) For K = Q and L = Q(i) = @[X]/(Xg 1) e have [L : K] = 2. In this case
the two different embeddings o; : L — K are given by oy (a +bi) = a+bi and o3 (a+ bi) = a — bi.
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(ii) In general if L = Q(«) for some algebraic number « with [L : K] = n any element in L can be
written as a sum Z?:_Ol cjad for some ¢; € K. If the minimal polynomial of « is ming () =

H?Zl(X — a;) with a; € K then the n embeddings of L into K are given for i = 1,...,n by

g; . L — R
n—1 n—1 )
Z cjad — chag .
3=0 §=0
(iii) For L = Q(v/2,V/3) a primitive element is given by a = v/2 + /3 since clearly Q(a) C L and due

to V3 = % and V2 = —w we also have L C Q(«), i.e. L =Q(«).

Definition 3.4. Let L/K be a finite field extension with [L : K] = n. For « € L define the K-linear
map on the n-dimensional K-vector space L by

T,:L—1L
a+— T Q.

Then we define the trace [#f] and norm [/ JL L] of = by
TI'L/K(SC) :TI'(TQC), NL/K(I) :det(Tx)
These are coefficients in the characteristic polynomial [E&ZIE] of T,
fe(A) = det(Nid —T,) = A" —ay A"+ (=1)"a, € K[\
since we have a; = Try /g (z) and a, = Nz k().

By definition we have for xz,y € L

TrL/K(x—l—y)=TrL/K(x)+TrL/K(y)7 and NL/K(xy):NL/K(-T)NL/K(y)a
and therefore the trace and norm can also be seen as group homomorphisms
TrL/K : (L,+) — (K7+),
NL/K : (LX7'> — (KX7+)

Examples 3.5. For K = Q and L = Q(¢) we have n = 2 and B = {1, i} is a basis of L as a K-vector
space. For ¢ = a + bi € L the matrix of T, with respect to this basis is given by

T.]s = (Z ;”) .

Therefore we obtain Try,x (2) = 2a and Ny /g (z) = a® + b%.

Until here in lecture 5 (5th November, 2021)
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Proposition 3.6. Let L/K be a finite field extension with [L : K] =n and char(K) =0 or |K| < cc.
If 0, : L — K fori=1,...,n denotes the n embeddings of L in K, then for x € L we have

n

L) =IO - outa)).

i=1

Trp k(z) = Z oi(z),

Np/k(r) = Ho'i(x) .

Proof. Let p,(t) = t™ +cit™ " + - + ¢ = [[I2,(t — x;) € K[t] be the minimal polynomial of z,
ie. [K(x): K] =m. Here the 2; € K denote the, pairwise different, zeros of p,, which are called the
conjugates of . Then 1,z,...,2™ ! is a basis of K(x)/K and if ay, ..., aq is a basis of L/K(x), then

m—1 m—1
B=(a1,0121,...,12™ 7 ag, gy ., 0qr )

is a basis of L/K. The matrix of the k-linear map T, with respect to the basis B is given by the
diagonal block matrix

M ... 0
[TI}B =
0 M
which has d copies of the the m X m-matrix
0 0 —Cm
M = 1 —Cm-—1
P - .
0 1 —C1

on the diagonal. Since det(tE — M) = p,(t) we get that the characteristic polynomial of T, is given
by fo(t) = det(tE — [T]B) = p.(t)¢. We have n embeddings o0 € Homg (L, K), which can be divide
into m classes of size d by the equivalence relation o ~ 7 :< o(z) = 7(x). Let 71,..., 7, be a system
of representatives. Since for each embedding the image of z needs to be one of its conjugates, we get
px(t) = [[;2, (t — 7;(2)) and therefore

n

t=n @) =] T[]t —ot@)=[J¢ -,

=1

fw(t) = px(t)d =

—

1

J

which is the first statement we wanted to show. The second and third follow immediately by multiplying
the product out and then use that the trace and norm are given by the first and last coefficients of
fa- O
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Corollary 3.7. Let K C L C M be finite field extensions with char(K) = 0 or |K| < co. Then we
have

TrL/K OTI‘M/L = TI‘M/K

Nr/xoNyp/p =Ny

Proof. This is Exercise B. O

Definition 3.8. Let L/K be a finite field extension with [L : K| = n, char(K) = 0 or |K| < co and
let o; : L — K for i = 1,...,n denote the n embeddings of L in K. Then the discriminant [#]5|={]
of a basis ay,...,q, of L is defined by

d(aa, ..., ap) = det(oi(a;))?

Remark 3.9. (i) Since Trp, (a;a;) = > =, 0u(i)oi(ay) the matrix (Trp, (c))1<i j<n is given by
the product of the transposed matrix (o;(c;))? and (07(c;)). Therefore we get

d(ai, ..., o) =det(Trr, (a05)). (3.1)
In particular this shows that d(aq,...,a,) € K.

(ii) If 6 is a primitive element of L/K, then {1,0,...,60" 1} is a basis of L/K. Setting 6; := 0;(0)
we get the Vandermonde matrix

oo, 63 ... oyt

. n—1
IR ”
1 6, .. on—t

which gives the discriminant d(1,0,...,0""1) = [Tic; (05 — 0,)°.

Proposition 3.10. Let char(K) = 0 or |[K| < oo and let L/K be a finite field extensions with basis
Q1,...,0n. Then

dlog,...,0n) #0
and (z,y) = Trpk (xy) is a nondegenerate bilinear form on the K-vector space L.
Proof. Todo: See handwritten lecture notes. O

Situation 3.11. From now on we will consider the situation, where A is an integrally closed ring (e.g.
Z) with field of fractions K = Frac A (e.g. Q). L/K will be a finite field extension (e.g. algebraic
number field) and B is the integral closure of A in L (e.g. Op).

K —— L

I 1

— B
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Proposition 3.12. With the notation as in Situation BT we have the following.
(i) Every element 8 € L has the form

B =-, with b € B,a € A.

In particular L = Frac B.
(ii) B € L is integral over A if and only if ming (5) € A[X].
(iii) If b € B then Trp x(b), Nk (b) € A.
(iv) We have b € B> if and only if Ny (b) € A*.
Proof. Todo: See handwritten lecture notes for (i) and Homework 3 for (ii)-(iv). O

Lemma 3.13. With the notation as in Situation @ID. Let o, ...,ap be a basis of L/K which is
contained in B of discriminant d = d(aq,...,a,). Then

dB C Aoy + -+ -+ Aay, .
Proof. Todo: See handwritten lecture notes. O

Definition 3.14. An integral basis [EIJK| of B over A (A-basis of B) is a system of elements
w1, ...,w, € B, such that each b € B can be written uniquely as a linear combination

b=aiwi + -+ anwn,
with a1,...,a, € A.

Remark 3.15. (i) An integral basis of B over A is automatically also a basis of L/K as a K-vector
space, i.e. n = [L : K|. This follows from Proposition B12 i). In this case we say that L/K as
an integral basis.

(ii) If B has an integral basis over A then B is a free A-module of rank [L : K].

Proposition 3.16. Let A be a principal ideal domain and consider again the Situation BId. Then
every finitely generated B-submodule M # 0 of L is a free A-module of rank [L : K|. In particular, B
admits an integral basis over A.

Proof. [N, Proposition 2.10]. O

Corollary 3.17. Let K be a number field. Then every finitely generated O -module a in K has a
Z-basis aq, ..., Qp, i.c.

a=7Zay+ -+ Zo,

with n = [K : Q]. The discriminant d(aq, ..., apn) is independent of the choice of the basis.

Proof. Todo: See handwritten lecture notes. O
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Definition 3.18. With the same notation as in Corollary BT we call d(a) = d(aq,...,ay) the
discriminant of the Ox-module a. In particular,

dK = d((’)K) = d(wl, e ,wn),

where w1, ...,w, is an integral basis of K/Q ,is called the discriminant of the number field K.

Until here in lecture 6 (12th November, 2021)

Proposition 3.19. If a C a’ are two nonzero finitely generated Ok -submodules of K, then the index
[a' : a] is finite and we have

d(a) = [a' : a]?d(a). (3.2)
Proof. See [N, Proposition 2.12]. O

4 Dedekind domains

Proposition 4.1. Let K be a number field. In Ok every non-unit a # 0 can be factored into a product
of irreducible elements.

Proof. If « is not irreducible, then @ = v with non-units 8,7 € Ok. By the multiplicativity of the
norm, Ny x(B)Np/k(v) = Nk (o) € Z. Since 3,7 ¢ O, Nk (8), Nk (7) ¢ {£1}. This implies
L<|Np/x(B)s INL k (V)| < [Np/x ()| O

Definition 4.2. A domain R is called a Dedekind domain [77 ¥~ Fg] if
(1) R is noetherian,
(ii) R is integrally closed,
(i) every non-zero prime ideal in R is maximal.
Proposition 4.3. The ring of integers Ok of an algebraic number field K is a Dedekind domain.
Proof. (i) Ok is Noetherian since it is a finitely generated Z-module, where Z is Noetherian.
(ii) Ok is integrally closed since it is the integral closure of Z in K which is integrally closed.

(iii) Let p # (0) be a prime ideal in Og. Then pNZ is a prime ideal in Z. This ideal is nonzero, since
for a nonzero y € p, we have:

yn+an_1yn71+...+aozo’aj c 7.

We see that ag # 0 and ag € pNZ # 0. Hence, there is a prime ideal p with pNZ = (p).
We want now to show that O = Ok /p is a field. o
Note that O has the subring K = Z/(p) and all z € O — {0} are algebraic over K. This means:

"+ B2 4+ B =0,8 € K

with 8o # 0, implies that = - (=)' (2" ' +--- 4 1)) = 1. Hence, z is invertible in O, and so
O is a field, and so p is also a maximal ideal.
O
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Theorem 4.4. Let O be a Dedekind domain. Every ideal a of O, which differs from (0) and (1),
admits a factorization

a=pir...pr
into nonzero prime ideals p; of O, which is unique up to the order of the factors.

Lemma 4.5. Let O be a Dedekind domain. For every ideal a # (0) of O there exist nonzero prime
ideals p1,...,p, such that

pr...prCa. (4.1)
Proof. Let M be the set of a # (0) such that there are no prime ideals py,- - ,p, with p;---p, C a.
O is Noetherian, so that M # () we can find a maximal element a € M with respect to inclusion C.

Certainly, a is not a prime ideal (otherwise, the prime ideal itself is the p;). By definition, there is
by, b ¢ a with b1by € a.

Setting a3 = (b1) + a and az = (by) + a. We have, a Ca; ¢ M, a Cag ¢ M, and ay02 C a.

Because aj,as ¢ M, then py ---p,. C ag, and p) - - - pl. C ag, for some prime ideals py,- -, pr, p, -+, Pl
Then, py -+ p-p} -+ pl. Cajay C a. Thus, a ¢ M. Contradiction.

Thus, M = 0. O

Lemma 4.6. Let O be a Dedekind domain with field of fractions K = FracO. Let p C O be a prime
ideal and set

pt={recK|xpCO}.
Then we have ap~' # a for any nonzero ideal a.

Proof. Let p # (0) and a € p with a # 0, then p;---p, C (a) C p, for some prime ideals py,--- ,p,
(with r as small as possible).

Then for some j, we have p; C p, say p1 C p. We set p = p; since p; is maximal.
Since r is minimal, we get pa -+ p, ¢ (a), so that we can choose b € py---p, — (a), so a=tb ¢ O.
On the other hand, bp C (a), then a='bp C O, then a~'b € p~!, then O # p~ 1.

Now let @ C O be a nonzero ideal. Because O is Noetherian, then a is generated by the elements
A, 5 Qp.

Suppose now that ap~! = a, then for all z € p~!, we have:

_\n
ro; = ijlaijaj, aij € o
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Then Ay, -+, a,)T =0 with A =2E — (a;).
Hence, 0 = det(A) = 2™ + a,— 12"~ + -+ + ag, then z is integral over O.

But because O is integrally closed, then z € O, then p~! = O, contradiction. In conclusion, ap~! #

a.

O

Proof of Theorem 4. (1) (Existence)

Let M be the set of ideals not either (0) or (1) which do not admit a prime ideal decompositon.

If M # (), then there is a maximal element under inclusion (C), which we denote a C M (because
O is Noetherian).

Since a is not prime (otherwise, the ideal itself is the decomposition), there exists a maximal
ideal p with a C p.

The previous lemma implies a C ap=,p C pp~t C O.

Since p is maximal, pp~! = O, and with O C p~1. We get ap~! # O, otherwise, a = ap~*p = p
(which is a contradiction).

Since a is a maximal element in M, we see that ap=! ¢ M, so that ap=t = py -+ p,..

Then a = ap~'p = py - p,-p, then a ¢ M (again, a contradiction). Hence, M = (.

(Uniqueness)

Leta:pl...pT:ql...qS'
For a prime ideal p,ab C p — a C p or b C p if and only if plab — p|a or p|b.

Now we get that pq|q;, for some j, say p1[q:.

But because q is maximal, q; = p;. Then, po---p, = q2---qs. Repeating the steps inductively,
we can conclude that r = s (at one point we will end with p;---p; =1 or q;---q; = 1). Hence,
p; = q; after renaming.

O
By Theorem B2 any ideal a # (0) of a Dedekind domain O can be (uniquely up to reordering) written
as
A= Pl
with vq,...,v. > 1 and pairwise distinct prime ideals p;.

Examples 4.7. In Homework 2, we saw that in R = Z[v/—5] we have the non-unique factorization of
6 into irreducible elements as 6 =2-3 = (1 ++/—5) - (1 — v/—5). There are prime ideals p1,p2,p3 C R
such that the ideals generated by these elements can be written as

94 -
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(2) =p2, (3)=paps, (1+V=5)=pip2, (1 —+v=5)=pips

and thus, (6) = p?pops is the factorization in terms of prime ideals.

Until here in lecture 7 (19th November, 2021)

Definition 4.8. Let O be a Dedekind domain with field of fractions K = Frac O.
(i) A fractional ideal of K is a finitely generated O-submodule a # {0} of K.
(ii) Fractional ideals in O are called integral ideals of K.
(iii) For a € K* the module (a) := aO is a fractional ideal, called a fractional principal ideal.

Proposition 4.9. A O-submodule a # {0} of K is a fractional if and only if there exits a ¢ € O,
¢ # 0 with ca C O.

Proof. Suppose an O-submodule a # (0) of K is a fractional ideal, then a is generate by a1, ag, -+ , . €
K, then we can choose ¢ to be the product of their denominators so that ca C O.

Suppose there is some ¢ € O, c # 0 such that ca C O. Then, ca is an ideal in O, but because O is
Noetherian, ca is finitely generated by 81,82, -, 8. Then §1/c,B2/c,- -, By/c generate a. O

Proposition 4.10. The fractional ideals form an abelian group, the ideal group Jx of K. The
identity is (1) = O, and the inverse of a fractional ideal a is

al={zecK|zacCO}.

Proof. The associativity, commutativity, and existence of identity (which is O) is clear. For prime

ideals p C O, we have pp~! = O. For an integral ideal a = pipo---p, the inverse is given by

b=p tpyt---pot. Since ab = 0,b C a~! and if x € a=! (so that za C O), we have zab C b (note

here: za € O and ab = O), thus, € b. Hence, b = a~!. If a is fractional, i.e. ca C O for some
c€0,c#0, then (ca)"! =cta™t = (ca)(c la™t) = 0. ]

Corollary 4.11. FEwvery fractional ideal a admits a unique representation as a product

a= H p”p(a)

pCcO
prime ideal

with vy(a) € Z and vy(a) = 0 for almost all p.

Proof. For some ¢ € O,c # 0,a is an integral ideal, which has a prime decomposition.
a = (ca)(c™1), since any fractional ideal is the quotient of integral ideals. O

Remark 4.12. The exponents v, satisfy the following properties for fractional ideals a,b C K and all
prime ideals p.

(i) v(ab) = vy (@) + 1 (b).

(ii) a C O < vy(a) > 0.
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(i) a C b < vy(a) > vy(b).
(iv) vp(a+b) = min(vy(a), vp(b)).

These properties are the data needed to define the so-called ’discrete valuation rings’ (DVR). See
section 11 of [N] for details. In fact, the Dedekind domains and DVRs are almost the same except that
DVRs are mostly defined for local rings.

Definition 4.13. (i) By Px we denote the subgroup of Jx generated by all fractional principal
ideals (a) = aO with a € K*.

(ii) The quotient

Clic = 7K/,

is called the (ideal) class group [ 7 77 JLEEE#] of K.
Remark 4.14. (i) A Dedekind domain O is a PID if and only if Clk is trivial.
(ii) One can show that a Dedekind domain is a UFD if and only if it is a PID.

(iii) We have the exact sequence

1 — 0 —K* —Jgx —Clg —1.

5 Lattices

Definition 5.1. Let V be an n-dimensional R-vector space.

(i) A lattice in V is a subgroup of the form

I'=2%Zvi+ -+ Zv,

with linearly independent v, ..., v, € V. The (v1,...,v,,) is called a basis of I" and the set

O ={zv1 4+ -+ xpvm |z, €RO< 2z, <1}
a fundamental mesh of the lattice T".
(ii) T is called complete if m = n.

Definition 5.2. A subgroup G C V is called discrete subgroup if all v € G are isolated points in
V (with respect to the topology V obtains from an isomorphism V' = R™).

Proposition 5.3. A subgroup I' C V is a lattice if and only if it is discrete.
Proof. [N, Proposition 4.2]. O

Lemma 5.4. A lattice ' C V is complete if and only if there exist a bounded subset M C V whose
translates cover V, i.e.

V={JWM+7).
yel’
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Proof. Todo: See handwritten lecture notes. O

Definition 5.5. (i) A euclidean vector space is a finite dimensional R-vector space V' equipped
with a symmetric, positive definite bilinear form

(,):VxV—R.

(ii) On a euclidean vector space V' we have a notion of volume. Let eq, ..., e, be a orthonormal basis
of V. For linear independent vq,...,v, € V with v; = Z;—;l aije; we define the volume of the
parallelepiped

Q(v1,. .y vn) ={T1v1 + -+ Tpv, |7 €R0 <2y < 1}
by

vol(®(v1,...,v,)) = |det(a;;)| = |det(A4)].
Definition 5.6. A subset X C V is called
(i) centrally symmetric if for all x € X we also have —z € X.
(ii) convex if for all z,y € X the line segment {ty + (1 —t)x | 0 <t < 1} is contained in X.

Theorem 5.7. Let I' be a complete lattice in the n-dimensional euclidean vector space V and X a
centrally symmetric, convex subset of V. Suppose that

vol(X) > 2" vol(I).
Then X contains at least one nonzero lattice point v € I

Proof. Todo: See handwritten lecture notes. Would be nice to include also an example and a nice
picture with Tikz. O

Until here in lecture 8 (26th November, 2021)

6 Minkowski Theory

From now on K is again a number field. We will recall some facts on the embeddings of K. Let
[K : Q] = n and let 6 be a primitive element, i.e. K = Q[f], and denote the minimal polynomial of §
by pe(X) = [[;—,(X —0;), where 6; € K C C are the conjugates of §. Any a € K can then uniquely be
written as a = ag +a10 + - - - + a,_10" ! for some ay, ....a,—1 € Q. Each conjugate §; fori =1,...,n
gives an embedding of K by

: K—C

n—1

97 07
Zaﬂ — Zaﬁi .
=0 =0
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Some of the #; might be real and therefore 7,(K) C R. These embeddings 7; are called real embed-
dings. The other zeros of py come in pairs of complex conjugates 6; = 6;; € C\R with 1 <i < i’ < n.
The corresponding embeddings 7;, 7, are called complex embeddings. We will usually denote the
number of real embeddings by r and the number of pairs of complex embeddings by s, i.e. we have
n=r+2s.

We want to embed K into some euclidean vector space in order to use the results of the previous section.
For this we will first embed it into a complex vector space. Consider all embeddings 7; : K — C at
the same time and define the map

j:K—>K¢;::HC

a s j(a) = (r(@))r = (ar)r

Here and in the following we denote by []. (resp. D) alway the product (resp. the sum) over all
embeddings 7; : K — C.
The space K¢ can be equipped with the hermitian scalar product

(x,y) = Zx‘ryifa

ie. (-, y) is linear, (x,y) = (y,y) and (z,x) > 0 for z # 0. The complex conjugation F : z — Z
generates the Galois group G(C/R), which acts on C and also on Homg (K, C) by

F:7— (T:K—C)

x = T(z) =71(2).

This gives an involution F': K¢ — K¢ with (F(2)); = Z-. Then one checks that the hermitian scalar
product satisfies

(F(z),F(y) = F((z,y)) -
We see that the image of j in K¢ is invariant under the action of F', which leads to the following.

Definition 6.1. Let Ky denote the F-invariant subspace of K¢, i.e.

Kg={2€ K¢ mod z; =%} .

The restriction of (,) on Ky gives a scalar product (,) : Kg x Kg — R on the R-vector space Kg, since
for z,y € Kr we have F(z,y) = (F(z), F(y)) = (z,y) = (y,y) € R.

The euclidean vector space (Kg, (,)) is called Minkowski space. (,) is called the canonical metric
and the associated measure (Definition 63) is called canonical measure. We denote for X C Ky its
volume by vol(X).

Example 6.2. If K = Q[v/2] then with § = §; = /2 we have pg(X) = X? -2 = (X —6;)(X —
02)(X — 03), where 05 = —3%/1 + % and 03 = —3%/1 — %". In this case there is one real embedding 71
and one pair of complex embeddings 7, 73. If we indentify K¢ with C? such that that the first entry
corresponds to the real embedding, then the involution F' is given by
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21 z1
F 29 =|z3
z3 Z2

Therefore the Minkowski space in this case is given by

21
Kr = 29| |21 €ER 29 €C
=

Denote the real embeddings of K by p1,...,p, : K — R and the complex ones by ¢1,5771,...,05,05 :
K — C. Then the Minkowski space can be written as

Kr={(2:) € Kc |z, €R, 25 =%}

here we use the notation z, € R for z,, € R for all ¢ = 1,...,r and similarly zz = Z, means that
257 = Zo, for j =1,...,s. This space is isomorphic to R"*+25 = R™ by the following isomorphism

f:EKgp — [[R=R"">

2y X7,

where z, = z,, £, = Re(z,) and zz = Im(2,). This isomorphism transforms the canonical metric into
the scalar product

(il?, y) = Z ArTrYr
T

on R”, where a, = 1 if 7 is real and a, = 2 if 7 is complex (See [N, Proposition 5.1]).Therefore the
canonical measure and the Lebesgue measure on R™ differ by a factor of 2°, i.e. for X C Kr we have

VOI(X) =2° VOlLebcngC(f(X)) .

Proposition 6.3. Ifa # 0 is an ideal of Ok, then T = j(a) is a complete lattice in Kg. Its fundamental
mesh has volume

vol(I') = v/|dk|[Ok : q].
Proof. Todo: See handwritten lecture notes. (See also [N, Proposition 5.2]) O

Now we can use Minkowskis lattice point theorem (Theorem B7) to obtain the following:

Theorem 6.4. Let a # (0) be an ideal of Ok, and let ¢, > 0 be real numbers for each embedding
7 € Homg (K, C), such that ¢, = c= and

HcT> (i)s\/M[OK:a]. (6.1)

Then there exists an a € a, a # 0 with
|7(a)] < cr

for all T € Homg (K, C).
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Proof. Todo: See handwritten lecture notes.

Until here in lecture 9 (3rd December, 2021)

7 The class number

In this section, K will always denote a number field.
Definition 7.1. Let a # (0) be an ideal in Ok. Then
N(a) = [Ox : o] =[Ok

is called the absolute norm of a.
Remark 7.2. (i) By Proposition BT9 the absolute norm is always finite.

(ii) For principal ideals a = (a) with a € Og\{0} we have
N(a) = [Ng/g(a)l-
Proposition 7.3. If a = p7* ...pYr is the prime factorization of an ideal a # (0) then
N(a) = N(pa)™ .. NApr)™" .

Proof. Todo: See handwritten lecture notes.

Corollary 7.4. For ideals a,b C O with a,b # (0) we have

N(ab) = N(a)N(b).

Lemma 7.5. In every ideal a # (0) of Ok there exists an a € a, a # 0, with

2
Niala)] < (2) Vidan(a),

Proof. Todo: See handwritten lecture notes.

Theorem 7.6. The ideal class group Clg = JK/PK is finite. Its order

hy = | Cl |

is called the class number [$8#] of K.

Proof. Todo: See handwritten lecture notes.

Until here in lecture 10 (10th December, 2021)
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Example 7.7. Let K = Q(v/-5) then Ok = Z[v/—5| has integral basis {1,v/—5} and r = 0,s = 1,
T2 :a+byv—=5— a+by/-5.

di = det G *{7%)2 = (—2v/-5)* = —20,

2\? 2
() V]di| = 2v20 ~ 2.85.
T v

Every class of Clk therefore contains an ideal a with 9i(a) < 2. If 9(a) = 1 then a = Og. If 9(a) = 2,
then 2 € a, i.e. a|(2). The prime factorization of (2) is

(2) = 2,1+ V=5 = p?
and MN(p) = 2. This shows that (2,1++/—5) is the only ideal of norm 2. This shows hx < 2 and since
Z[v/—5] is not a PID we have hx > 1 from which we get hx = 2.
A better bound for the norm is given by the following:
Theorem 7.8 (Minkowski’s bound). FEwvery class of Clg contains an ideal a C Ok with

n! [4\?
)< 2 () Vi

Proof. This can be shown by proving a refinement of Theorem B4, Lemma [3 and the proof of
Theorem 3. O

Definition 7.9. The Dedekind zeta function of a number field K is defined for z € C with
Re(z) > 1 by

1
k()= > N(a)

(0)#aCOK

Remark 7.10. (i) The Dedekind zeta functions converges absolutely for z € C with Re(z) > 1 and
it has an analytic continuation to C with a simple pole only at z = 1.

(ii) Due to the unique prime ideal factorization in Ok we have the Euler product (Re(z) > 1)
1
Ck(2) = H W :
(0)#pCOx

p prime ideal

(iii) In the case K = Q we have for Re(z) > 1

k@) ==Y o= [

1—p=’
m>0 p prime p

Theorem 7.11 (Analytic class number formula). The residue of (i at z =1 is given by

97 (27)hi Ric

li (1= 2)ee(z) = =

b

where Ry is the requlator of K and wk is the number of roots of unity in K. (Both will appear in
Section @).
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8 Fermat’s Last Theorem
Recall that for n > 1 the Fermat equation is
"yt =" (8.1)
We are interest in non-trivial solutions (ryz # 0) for () with x,y, z € Z.
(i) The case n =1 is clear and for n = 2 there are infinitely many non-trivial solutions (Exercise ).

(ii) For n > 3 Fermat claimed (Fermat’s Last Theorem): There are no non-trivial solutions for (EI).

Theorem 8.1. There are no nonzero solutions x,y,z € Z for

Proof. This is Exercise [2 O
Definition 8.2. A prime p is called regular if p does not divide hq(c,)-

Theorem 8.3 (Kummer 1850). (i) If n = p > 3 is a regular prime then there are no non-trivial
solutions to ().

(ii) A prime p is reqular if and only if it does not divide the numerator of the Bernoulli numbers
By for k = 2,4,...,p — 3. Here the Bernoulli numbers By are defined by their exponential
generating series

By ox X
Zﬂx =
k>0

Remark 8.4. (i) Setting hy, := hg(,) we have h, = 1 for p < 19 and hoz = 3, hay = 37, hsg =
359233, hgy = 67 -12739. All primes < 100 are regular except for 37, 59 and 67.

(ii) Conjecturally there are infinitely many (~ 60% of all primes) regular primes. We just know that
there are infinitely irregular primes.

Lemma 8.5. Let K = Q({,) and let a C Ok be an idea. If p is regular and of is principal, then a is
also principal.

Proof. Todo: See handwritten lecture notes. O
Lemma 8.6. We write ( = (, for a fized prime p.

(i) In Z[C] the numbers 1 — ¢, 1 —(2,...,1— (P~ are all associated and 1 + C is a unit.

(i) p=u(l — )P~ for some unit u € Z[(]* and (1 — () is the only prime ideal in Z[(] dividing (p).
Proof. See [0]. O

Until here in lecture 11 (17th December, 2021)
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9 Dirichlet’s Unit Theorem

Denote by p(K) the set of roots of unities contained in a number field K and define v = (10 5)(Of) =
AMOk). Todo: See details in the handwritten lecture notes.

Proposition 9.1. The sequence

1—>u(K)—>OI§i>F—>0
18 exact.
Proof. Todo: See handwritten lecture notes. O

Lemma 9.2. For a given a € Z, there are, up to associates, only finitely many elements a € O with
NK/Q(Q) = aqa.

Proof. Todo: See handwritten lecture notes. U

Proposition 9.3. The group I' is a complete lattice in the (r + s — 1)-dimensional vector space H, i.e
| =] Zr—&-s—l.

Proof. Todo: See handwritten lecture notes. O

Theorem 9.4 (Dirichlet’s unit theorem). The unit group Oy is given by a direct product of the cyclic
group u(K) and a free abelian group of rank r + s —1, i.e.

O = u(K) @ 2"

Proof. Todo: See handwritten lecture notes. O

Until here in lecture 12 (14th January, 2022)
Remark 9.5. (i) By Theorem U4 there exist units €1, ...,€¢ (t =17+ s— 1) called the fundamental
units, such that any unit e € O can be written as

= e el

with ¢ € u(K) and vy,...,v; € Z.

(ii) Todo: See handwritten lecture notes for unit the unit groups of quadratic fields K = Q(v/d)

10 Extensions of Dedekind domains

In this section, we consider again the general case, where A is a Dedekind domain, K = Frac A its
field of fractions, L/K a finite extension and O the integral closure of A in L.

i

A—
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Proposition 10.1. (i) O is a Dedekind domain.
(ii) Every ideal of O is a finitely generated A-module.
Proof. Todo: See handwritten lecture notes. O
Proposition 10.2. Let p be a prime ideal of A (p # (0)) then pO # O.
Proof. Todo: See handwritten lecture notes. O

A prime ideal p # (0) of A decomposes in O in a unique way into a product of prime ideals,

PO =P (10.1)
Definition 10.3. (i) The exponent e; in () is called the ramification index of B; over p.
(ii) The degree of the field extension

_|O LA
fi= [ P /p]
is called the inertia degree of *J3; over p.

Theorem 10.4 (Fundamental identity). Let char(K) = 0 or |K| < oo, n = [L/K] and let p be a
prime ideal of A which has the factorization (). Then we have

r
Zeifi =n.
i=1

Proof. Todo: See handwritten lecture notes. O

Until here in lecture 13 (21th January, 2022)

Example 10.5. In the case A=7Z, K =Q, L = Q(i), O = O, = Z][i] we have the following different
situations for the factorization of prime ideals p C A in O:

e p=(2): Itis (2) =(1+1i)?% ie. r=1,e; =2and f; = [Z[Z]/(l i) Z/2Z] =1.

e p = (p) for prime p = 1 mod 4: In this case we saw that there exist a,b € Z with p = a? + b?
and (p) = (a + bi)(a — bi). Therefore, r =2,e1 =ex =1 and fi1 2 = [Z[Z]/(a +bi) Z/pZ] =1.

e p = (p) for prime p = 3 mod 4: In this case (p) is prime in Z[i] and » = 1,e; = 1 and
hi= [Z[Z]/(p) ) =2

Let 6 € L be a primitive element, i.e. L = K(6). We can choose 6 € O and write p(X) € A[X] for its
minimal polynomial.

Definition 10.6. The ideal
F={acO|aO0OC A0} CO

is called the conductor of the ring A[f)].
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Proposition 10.7. Let p C A be a prime ideal which is coprime to the conductor § of A[f] (i.e.
pO+F=0). Let
p(X) =Py (X)) -+ (X)*"

be the factorization of p(X) = p(x) mod p into irreducibles p;(X) = p;(x) mod p over A/p.
Then fori=1,...,r the
PBi = pO +pi(0)O

are the different prime ideals of O above p. The inertia degrees are f; = degp; and we have

pO =Py - Py (10.2)
Proof. Todo: See handwritten lecture notes. O

Example 10.8. Again we consider the the case A = Z, K = Q, L = Q(i), O = O, = Z][i]. Let
p = (p) for a prime p. We have the following factorization of the minimal polynomial p(X) = X2 + 1
modulo the ideal p:

ep=2 X?>+1=(X+1)? mod p.
ep=4dn+1forn>1: X?+1= (X —(2n)!)(X + (2n)!) mod p. (see proof of Theorem I=3)
e p=4n+3 for n > 1: X2+ 1 is irreducible modulo p.

Definition 10.9. Let p C A be a prime ideal with the following factorization in O

pO = P ...per (10.3)

(i) p is said to split completely (or totally split) in L, if r =n =[L: K], i.e. ; = f; =1 for all
1=1,...,7.

(ii) p is called nonsplit (or indecomposed) if r = 1, i.e. there is just one prime ideal in O over p.

(iii) 9P; is called unramified over A (or K) if e; = 1 and if the extension O/;I;i /A/P is separable.
Otherwise B; is called ramified. If e; > 1 and f; = 1 then B, is called totally ramified.

(iv) p is called unramified if all 3; over p are unramified. Otherwise, p is called ramified. In
particular, if p split completely then it is unramified.

(v) The extension L/K is called unramified if all prime ideals p C A are unramified.
Example 10.10. Again we consider the the case A =7, K = Q, L = Q(i), O = Or, = Z[i].
e (2) = (1 +14)? is ramified.

e p = (p) for prime p = 1 mod 4: In this case we saw that there exist a,b € Z with p = a? + b2
and (p) = (a + bi)(a — bi). Therefore p split completely and is unramified.

e p = (p) for prime p =3 mod 4: pis inert (it is also a prime ideal in O) and therefore unramified.
Proposition 10.11. There are just finitely many prime ideals of A which are ramified over L.

Definition 10.12. The discriminatn dy,4 of the ring extension O/A is the ideal generated by the
discriminants d(w1, . ..,wy) of all bases wy,...,w, of L/K contained in O

One can show that p is ramified in L if and only if p divides dp 4. In the example A = Z, K = Q,
L =Q(i), O = Or = Z[i] we have dp/4 = (4) and therefore (2) is the only ramified prime ideal.

Until here in lecture 14 (28th January, 2022)
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Exercises

The following gives the collection of all homework exercises.

Exercise 1. Recall some algebra. For this show the following basic facts for rings:
(i) In an integral domain, every prime element is irreducible.
(ii) In a unique factorization domain, every irreducible element is prime.

(iii) Any Euclidean ring is factorial.

Exercise 2. Wilson’s theorem, i.e. show that for any prime number p we have

(p—1)!'=-1 modp.

Exercise 3. Show the following facts for the Gaussian integers Z[i]:

(i) The group of units is Z[i]* = {1, —1,4, —i}. For this show that an element o € Z[i] is a unit if
and only if N(a) = 1, where N is the norm defined by N(a) = |a|?.

(ii) Show that, in the ring Z[i], the relation a8 = ey", for relatively prime® numbers «, 3 € Z[i] and

a unit e € Z[{]* implies o« = e;a™ and § = exd™ with a,b € Z[i] and units ey, eq € Z[i]*.

Exercise 4. Find all pythagorean triples, i.e. find all integers a, b, c € Z satisfying
a’+ b =c*.
For this proceed as follows:

(i) First focus on the case where a,b, ¢ > 0 and ged(a, b, ¢) = 1 and then explain afterwards how you
can obtain the remaining solutions from this.

(ii) Show that in this case, up to permutation, the solutions are all given by

a=u?—1? b = 2uwv, c=u?+0?,
where u,v € Z, u > v > 0, ged(u,v) = 1 and w,v are not both odd. To show that these are
indeed all solutions, factor a® + b2 in Z[i] and then use Exercise 3 (ii).

Exercise 5. We saw that in R = Z[/—5] we have the non-unique factorization of 6 into irreducible
elements as 6 = 2-3 = (1 +v/—5) - (1 — v/—5). Find prime ideals p1,p2,p3 C R such that the ideals
generated by these elements can be written as

IRelatively prime here means that there exists no irreducible element which divides both of them.
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2)=pi, (3)=pops, (L+V=5)=pip2, (1—V-5)=pips
and conclude (6) = p3paps.

Exercise 6.

(i) Let R be a commutative unitary ring and M a R-module. Show that the following two statements
are equivalent definitions for M being noetherian

(a) All submodules of M are finitely generated.

(b) Any sequence My C My C M3 C ... of submodules of M eventually stabilizes, i.e. there
exists some n such that M,, = M,4+1 = M40 =....

(ii) Let R be a noetherian ring and M a R-module. Show that M is a noetherian module if and only
if M is finitely generated.

Exercise 7. Let d # 1,0 be a square-free integer. Show that the ring of integers of K = Q(v/d) is

Op — {Z[\/&} d=1 mod4

Z[YE] 4=2,3 mod4’
i.e. show that the above set give exactly those elements in K which are integral over Z.
Exercise 8. Let K C L C M be finite field extensions with char(K) = 0 or |K| < co. Show that

TrL/KOTrM/L = TrM/K

Nk oNuy/n =Ny

Exercise 9. Let A be an integrally closed ring with field of fractions K = Frac(A). L/K a finite field
extension and B is the integral closure of A in L. Show the following:

(i) B € L is integral over A if and only if ming (8) € A[X].
(11) If b € B then TI'L/K(b),NL/K(b) € A.
(iii) We have b € BX if and only if Ny (b) € AX.

Exercise 10. Let di,ds be two coprime square-free integers and d; = 1 mod 4. Determine the
discriminant dx of the number field K = Q(v/d1, Vd2).

Exercise 11. Show that for any number field K the discriminant satisfies dg = 0,1 mod 4.
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Exercise 12. Show that there are no nonzero solutions z,y, z € Z for

(Hint: Use Exercise ).

Exercise 13. Let ¢ be a primitive n-th root of unity for n > 3. Show that the numbers € = % for
(k,n) = 1 are units in the ring of integers of the field Q(¢).

Exercise 14. Calculate the fundamental unit of K = Q(v/d) for the cases d = 2, 5, 10.

Exercise 15. In Z[v/2], show v = 1 + v/2 and v = 1 + /2 are units and they are multiplicatively
independent: if u®v® =1 for a,b € Z then a = 0 and b = 0.
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