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Proposition 9.1 The sequence
1 Mal Ok n o

is exact i e Kerl µ k In

Lemma 9.2 For a given a 2 there are
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Proposition 9.3 The group Pi complete

lattice in the Crest dimensional vectorspace

H i e TER



Theorem 9.4 Dirichlet's unit theorem

The unit group Of is given by a direct
product of the cyclic group µ k and a

free abelian group of rank rest i e

Of EMIN OZ

Remark9
siBy Thm 9.4 there exist units
Ein Et It res 1 called the

fundamental units such that any unite
can be written as Gx
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i The unit group Ok is finite iff rts 1 0
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In this case OK except for
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i For a real quadratic field K QR
we have v2 s 0 i e Of has do

rank res I I and My B

OK IR X Z
Therefore there exist a unite such that

any other unit can be written as IE

E E and E also satisfy this
n

property and among these four one usually
chooses the unique one which is positive and 1

This is called the fundamental unit of K

If d 2,3 modt we saw that 2
therefore Natal ä b'd

I



Pelltesuation

If X is a unit then a b'd I x

eig d 7 In this case considering small

values for b in Bd we see that b 3
gives the smallest solution to with a 8

E 8 37 is the fundamentalunit
of A

Since RT R the H can be

viewed as a subspace of euclidean space
We can ask for the volume of the
fundamental mesh voll of Ello CH

Let E Et with t rest be fundamental

units and set

Hta X TA Ill l e R

It has length I and is orthogonal to H
The fundamental mech of T is spanned by

X Ei X Et

and we have
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PjFIüexcoderns Ru where
Ru is the absolute value of the determinant
of an arbitrary minor of rank t ver l of
the matrix

la X Et
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Ry is called the regulatorof
Prof In add all rows to one

arbitrary row Every entry will vanish



except for the entry in the first column
which is Pts FI A

We saw the regulator appearing in
Theorem 7.10 Analytic class number

formula

Theorien Analytic dass number formula
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10 Extensions of Dedekind domains

From now we consider again the more general
case Fracht finextension
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u

Ex Knumberfield
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2 CHA E O
Dedekind integral
domain closure of A int

Assume further that chalk o or luke

Goal Understand how prime ideals pc A
behave in O

Proposition 10.1

i 6 is a Dedekind domain

1 Every ideal of O is a finitely generated
A module



Proof Since O is the integral closure of
A it is integrally closed Corollary2.8

o Let an du be a basis of Uk with

discriminant d dki.mn fdet bildD bi L

Ho Prop3.10

We can choose die O and by Lemma 3.13
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M is a fin gen A module and

therefore by Prop 1.40 noetherian

Every ideal of O is contained in M

and therefore fin gen A module

Therefore they are also fin gen G modules

O is noetherian

Let Pto be a prime ideal of O
Set p Pn A This is a primeideal in



the Dedekind domain A and therefore maximal

App is a field

The integral domain Op is a fin dim

App rector space The multiplication

with an element XE Gp is an injective

endomorphism i e surjective and therefore

every element in Op has an inverse

Fo

Op is a field P is maximal A

Propositiont let p be a prime ideal

of A Then po O

Proof since the factorization into prime ideals

in A is unique there existate plp
Then HA poe with plo ie port
Therefore we can find be p and see with

be s l



We have self since otherwise P A Also

sp s por HA

If we would have po O we would get

SO SPO ETO

But then S T X With XE On K A
since A is integrally closed This would give
SECHS p h Therefore po 0 A

Let p o be a prime ideal in A
In 6 we have the unique factorization

po Pi Pi A

whe Pi are par wie different prime ideals in O
and h er 1

The ideals Pi are exactly those forwhich

Pin A p



We say Piliesorerfand write

ftp.Defjtin

YpTeae in is called the
ramification index of Pi over p

1 The degree of the field extension

f Op Ap
is called the inertiade of
Pi over p

Theorem 10.4 Fundamental identity

Itcharktor Inka n CL K
and PC A prime

If po Pi Pi then

eifi n
E l


