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9 Dirichlet's unit theorem

In this section we want to understand Ort

Let µ k be the set of rootsof unity
contained in K Then we have µ k s Oi
We set

S GEKRINGE II

H XE IRI TG 0

and consider the map

X Oi SEH

and define f toi E H

Proposition 9.1 The sequence
1 Mal Ok n o

is exact i e Kerl µ k

Proof Let EE Ort with X Eko Then

I el Elk I for all ze Homalk E



The points j E el therefore lie

in a hounded domain of Kp But

i a is also a point of the lattice

j Or i e there are just finitely

many EE Kerl E E Mk
Kerl µCk

µ k c Kerl is clear since forEqual

we have Heft i e lCelal 0 A

Lemma 9.2 For a given a 2 there are

up to associates only finitelymany a e On with

Nala a

Proof Let ae 2 We show that every
dass in Yao has at most one element of
norm a Cup to units

Suppose there are two aß with NunatakNualpt
and B at ag JE OK



Then f 1 Yt 8 EGK
EGK

With the same argument we see EEG i e

L B Therefore there are at most on aon
elements with norm a A

Proposition 9.3 The group Pi complete

lattice in the Crest dimensional vectorspace

H i e TE Z

Proof First we show that f is a lattice
discrete subgroup of H
Prop 5.3

The map X Ort It arises by
restricting

SKI EIFER
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Want to show For any so the bounded
domain x E IR Nie c just contains
fin many points in P



The preimage of this domain with respectto
list

z et et et Iza e

l z log l

since j Oi j G there are just finitely
P

lattice in mit
many points of f in

clearly dim H dimIHR 1

Ecomplete By Lemma 5.4 we need

to show that there exists abounded set

MEH such that

A Ying
a E if

Ä KEI SIRI

For this we will show that there exists
a bounded set TES with

S U T E
MICH

EEG

If Tis bounded then also M will be



bounded since forfdet we have IT xd
i e Zab ochs x s a for ab independent of
X

Finding We choosereally 0 for it Homak E
with Ce G s th

C Ice ESP

Now set

X Z EK 121 G

and for g y es we get

XY Cze E KR Izel EIN
Ei

We have circle and

Ici Ice lat C

INGIKI
becauseDES



By Theorem 6.4 there exist an a Orla
with jla E Xy A

By Lemma 9.2 there are up to units just

fin many a c On with OLI Nuala sc

Denote these by da an E Ok with dito
Any aeon with Oc Nasacall c is associated to

exactly one of the di
N

Set T S n Xilai

X bounded Xilai bounded T bounded

Remains to show S U Tile
EEOH

Let yes then we can find by t an

ae Onkel with jla E Xy i eilat XY

for some XE X

Since Nala IN x IN t.EC



we have die Ea for some Isi N andEEG

y X ilatt Xilie
Since y j a es we get

XI d E S n XI ET

YETI E A

Theorem 9.4 Dirichlet's unit theorem

The unit group Of is given by a direct
product of the cyclic group µ k and a

free abelian group of rank rest i e

Of EMIN OZ

Proof In the exact sequence

I ulk Gt r o

we have that byProp 9 3 that Pisafree
abelian group of rankt res I



let vi a ve be a 2 basis of fand let

Ein Ex E Gi with X Eik vi Let A

be the subgroup of Ort generated by the Ei
Then X AIR and OKE MCK XA

i e MIKA SR A

RemjF there exist units
Ein Et It res 1 called the

fundamental units such that any unite
E

can be written as G
E L Ei EE

with he µ K and k KE R


