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Last lecture
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Lemmat In every ideal Gto ofOK
there exists an afd ato with
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is called theclassmate of k

Proof sketch 1 For any Me R there are just
fin mann oecOk With Mal M

2 For M E A every class foil f Clr contains
an ideal a e a with Moe M



Example 7.7 Let k A then Orz
has integral basis 1 A and r o s l

GE atbf a

bAdu

detfl.FI HAIEN

EIN ER 2.8T

Every class of Elk therefore contains an
ideale with Mod 2 If Rockt then a Or

If Not 2 then Zed i e d 2

Hal
The prime factorization of 2 is

2 2 A
p

and Rlp 2 This shows that KiKA
is the only ideal of norm 2

This shows hr 2 and since ZH is

not a PID AFD we have hast hr 2



A better bound for the norm is given by the
Following

Theorem 7.8 Minkowskibound

EverycTI of Clu contains an integral idealaco
with

non EINE
Proof can be shown by proving a refinement of

Tha 6.4 Lem 7.5 Proofof Tha 7.6
See Neukirch

In the example ht E A FRo same

Class numbers for quadratic fields Kalk
d squarefree

da O imaginary quadr field
GCNP

Gauss dass number problem Forgiven net find
all doo such that hand h

Im Stark Heesner theorem For not the only
do with hamlet are

d E 1 2 3 7 11 19 43 67 1633

GEND is solved for ne 100 Watkins2004

al



d O real quadratic fields

Conjecture Gauss There are infinitely many do
with hang

So far we do not even know if there are
infinitely many number fields K with hurt

There is also an analytic way to calculate
the class number

Definition The Dedekindzetafunction
of a number field K is defined by

GK 2 z

OFAEOKRark7 IO ideal

i hat converges abs for zell with
Retz l

her has an analytic continuation to C with

a simple pole only at Z l

1 Due to the unique prime ideal factorization
in Or we have the Euler product
Ihm 4 H



Kult IT F z

CHP OK
prime

in In the case K Q we have

Guttktz EntzeptIF
The connection to the class number is given
due to the following result

Theoremi Analytic dass number formula
The residue of hat z l is givenby

ein Gut TÖTETEZ I

Res Lutz s cnn.es

where Ry Regulatorof k willbe part
of Section 9

Wu roots of unity in K

K Q Res KAI



8 Fermat's last Theorem

Recall For nel the Fermat equation is

X Y Z FE

We are interested in non trivial x.y.to solutions

for IFE with X y z ER

NEE There are infinitely many non trivial solutions AWIEx

123 Fermat claimed There are no non trivial solutions
Fermat's last theorem FL

Notice Since X Yb Zab
x yak

b

it suffices to consider the case n 4 in IFE
or n being an odd prime

Theoremen Fermat
There are no nonzero solutions x y z ER for

X y z

In particular FLT is true for not

Proof Hut Use HWI by writing THE Z A
me



From now we assume h p 3 is an odd prime

Let hp e be a primitive p throat of unity
Then t I H illt It ei A h
in particular setting f and multiplying with y gives
the factorization

XY II AG

in the number field K Gp

One can show The minimal polynomialof Gp
is It Xx XP i e k O p l

We have On 21hr7
To prove FIT Show that ZP IT X Gp y

j Ois not possible inOK for x.x O

This was done by Kummer for regular primes

Definition 8.2 A prime p is called real

if P X halen



Theoremee Kummer 1850

1 Ifa p 3 is a regular prime then there are no
non trivial solutions to FEI

i A prime p is regular if and only if it
does not divide the numeratorof the
Bernoulli numbersBr for K 2,4 P 3

E E
K O

Remarkt i Setting hp had we have hp I

for p 19 and has 3 h 37,49 3 59.233
467 67 12739

All primes c 100 are regular except

for 37,59 and 67

60 ofallprime
ii Conjecturally there are infinitely many regular
primes We know that there are infinitely irregular

primes

The reason regular primes are special is siren
by the following



Lemmaf let Kdp oec Ok an ideal

If p is regular and op is principal then

oe is also principal

Proof If a is principal then TOP CD

in la But if pflcenthy then

we also need to have Tod ID i e

ol is principal

From now G Up

lemmaf.si
In 21147 the numbers 1 h 1 hi I G
are all associated and I this a unit

1 P all G for some unit ne 2197
and 1 4 is the only prime ideal in 219
dividing p

Proof See Keith Conrad FLT for regular
primes A



Proof sketch beginningof Tha 8.3
We assume that p 3 is a regular prime and

X y Z

for coprime x y z with X y z 0

There are two cases Case 1 pt xyz
Case 11 Pl Xyz

We just sketch the firstpartof case l
The equation

zB XPtyp II Xx Lig

gives an equation of ideals

ZIP II x Gig H

First we show that the ideals x Gig
are relatively prime ideals For Oz jep
a common factor b of Xx Lig and Gig
is also a factor of the difference
Lig x Gig Gig l Gi prall h

for some unit ve 21197 Lemma8Gil



yet hl typ b Gpl Igp Eb

Lem 8.61

We also have b ZIP.by
aumeptxyz

SinceypandzP are relatively prime
we get that b H 21197 i e the

x Gig are relatively prime

By and the unique prime factorization
we get that Gal

Xt Gg od
for some ideal Ol

pisces and therefore

Lemma 8.5 ol is a principal ideal

E teat

kg uf for some unit ne G

One then shows with a bit more work
that such an t can not exist if ptx.us


