
 

AlgebraicNumberTheory
Lecture 10 lothDecember 2021

K numberfield
Last lecture j K Ka HE

F ZHE A FI Ka a
EKTE

Action of GWR F on Homo k C FG T
Ke FCZ z Zz

xp E XY FC Fly F X Y

KR ZE Kel ZEE
Ka F invariant Ze Eko Z ER ZEE

subspace

chewnumbering
KRS Face

Theorem 6.4 Letoeto be an ideal of
Ok and let Ce o be real numbers for

ua auma

A Ice EMA Con o

Then thereexists a e d ato with

Hall Ce
for all EE Homolka



In addition to the additive j K ke we will
also consider the

Multiplicative Minkowski theory

Define j K KÖ TC
and N Kö G

7 Ze

Then the norm is given by theircomposition

Nala a N lila Prop 3 6

Now consider

e C R
z log Z

whichinduces a surjective homomorphism

e Kö IR
2 eG



and we get the commutative diagram

KEKE SIR
Nun NI ft
K E R

GUTE ts on all these groups
on K trivially
on Kf as before
on AIR by Falle Xe

Notation 1.7

Considering the fixed modules under this action
one can check that we get

K KEIN
Nut N LT

Ä R



Explicitly we have

FIRE TR TERRY
e 6
realenb complemb T

elements x.x

ERR concit of theelements xxl and we identify
it with R by the map x 2x

This gives an isomorphism

CERT ER

Under this identification the map l is given by

l KR R

loglxe.li loglxerlloglxathilogfxa.IT

We will use this again later when

proving Dirichlet unit theorem



7 The class number

Definition 7.1 Let at d be an ideal inOK
Then not for o

is called the absoluten of ol

Remarkt By Prop 3.19 the absolute norm
is always finite

i If d a o then
not Nadal

If a Wo is a 2 basis of On the aw awn is

a 2 basis of ab If A di with aWi E di w
then INKalaltäldet All OK O Mal

Prop3.19

Propositions If op p isthe prime

factorization of an ideal oeld then

Mod Rlp Rlp



Proof By the chineseremainder theorem Ihm 1.30
we have

GE F Fi
i e it suffices to consider the case Oe p
for some prime ideal p

In the chain p p p we have

piep due to uniquenessofprimefact

Claim Pipi is an Opp vector space ofdim 1

If a e pili then setting b a pi gives

pio b pin
Multiplying with p in Jr gives

G pipi bfi pipi p
Since p is maximal we get bpi Ok i e
b pi Therefore the class of a spans



Pippin i e dimorfpie and Pipi

pi p OK p Rlp

Mph On P

OK P IP P Ip p

Rlp A

CorollaryI For ideals ob with a b to we

have Mab Nato

We extend the absolute norm to all fractional ideals

which gives a group homomorphism

M Tr Oö

EI



Lemmat In every ideal Gto ofOK
there exists an afd ato with

INuala E Ana

Proof For fixed Eso we can choose real Ceo

for ee Homalkid with Cece and

Ice F MMod te

By Tha 6.4 we then get an ago au

with letall Ce Thus

INKalakt Ital E schlafe
Since the norm is an integer we find an
acoe ato with

INKcalalle HTM a
A



TheoremI The ideal class group

Clk Typ is finite Hi order

hr l la
is called the classmate of k

proof i let p lol be a prime ideal

of O and pn 2 p o

for a rational prime pez.LI
see Proof
ofProp 4.3

is a finite field extension of Fz
suppose that ftp pz7 k then
Mlp Op Epa pk

1 For a fixed prime PER there are just
finitely many prime ideals p Ok with

p ok p since poke p implies

pl po p p
the prime decom

of PO



i and it together imply that for a given
MER there are just finitely many prime ideals

p with Rlp M Thereforby Prop 7.3 there

are also just finitely many ideals oec On

with Klodt M

Let M E A We now want to

show that any class CofE iöntains
an ideal ol C Ok with Mal M

This then implies Chul es

By Prop 3.12 i there exists a JE 641903
with

b got OK

By Lemma 7.5 there exists a LE G L O
with

1N I E M Mlb

MZ Naca INGE RING RK b



Now set a L Ö Lj a Eloi

Eje K
Since Leb we have a ab i e

G f E bös OK

Of ab con with Moe M
A


