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We now state Minkowski's latticepoint theorem

Theorem 5.7 Lets be a complete lattice

in the euclidean vectorspace Vaud X a

centrally symmetric convex subsetof V
Suppose that
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Then X contains at least one nonzero lattice
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Assuming that EX g are pairwise disjoint gives
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Since E g cover V fis complete we get

voll vollE L voll
which is a contradiction i e the Ktg are
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6 Minkowski Theory

From now on k is again a numberfield
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element i e K 0107 and the
Minimal polynomial of O is
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Any de k can be written as
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Some of the O are real and ei K CR
These embeddings 7 are called realembeddings

The other embeddings come in pairs of complex
conjugates Oi FEAR with Icici en

The corresponding embeddingsei e are called complex
embedding
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We want to embedd K into some euclidean
vectorspace in order to use the results on
lattices
First consider all embeddings ei k anddefine
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Ka can be equipped with the hermitian scalarproduct
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The complex conjugation F zu generates

the Galoisgroup Gla which acts on

C and also on Homalk El by
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This gives an involution F Ke Ko
with
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In the Example Ka daz E Es Yen
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The scalar product satisfies
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Define the linear map
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We have Fo Tr Trot and
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Fefinition 6.1 Let Kp denote the
F invariant subspace of ke i e
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The restriction of is on Kp gives a
scalar product
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on the R vectorspace Kp since
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The euclidean vector space Kpi is called

Minkowski space

4 is called the cicalmetric and

the associated measure Definition 5 5

is called canonical measure We denote

for XC Kp its volume by vol I



Denote the real embeddings of k by

G n f k R and the complex onesby
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Notice this isomorphism transforms the canonicalmetric
into the scalar product

x y de XY on R
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Therefore the canonical measure and the

Lebesgue measure differ by a factor of 2
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Proposition 6.2 If a to is an ideal ofOn
then f joe is a complete lattice in Kp
Its fundamental mesh has volume
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Now we can use Minkowski's lattice

point theorem to obtain the following

Theorem 6.3 Letoeto bean ideal of
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Proof The set X GEK I Zr er is

centrally symmetric and convex

Consider the isomorphism
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with Xe Ze and Xo Retz Xp Im za

Then
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Theorem 5.7 Minkowski lattice pointtha

then implies that there exist a nonzero
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