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Last lecture

Theorem 4.4 Every ideal a FÜ of a
Dedekind domain O admits a factorization

d P Pr
into nonzero prime ideals p of O which is

unique up to the order of the factors

Lemma 4.6 Let pe O be a prime ideal

and set
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G Dedekind domain K Fra o

Definition 4.7 DA fractionali of k
is a finitely generated O submodule Oto

of k

1 The fractional ideals in Gare called
integral ideals of k

Ii For a E k a ab is a fractional

ideal called fractionalprinci alideal
We define products sums similar to ideals

Roitint 8 A G submodule oto of
K is a fractional ideal if and only if there
exists a e 0 CFO with coco

Proof let oe be generated by
hin du Then we can choose to be

the productof the denominators of a ar

If a oec O then coe is an
ideal of O i e it is fin generated



since O is noetherian Iff Br
are the generators of coe then

Bun äßr generate d

Proposition 4.9 The fractional ideals

form an abelian group the idealgron
In GfK The identity is l O
and the inverse of a fractional ideal a is

Ö XE KI XO E 0

Proof Associativity commutativity and alla
are clear

For prime ideals pc O we already saw

that post 0
For an integral ideal Ol P Pr
the inverse is given by b pi p
Since ab O implies b a land



if XE of xd o we have

Kolbe b which gives X Eb
wo b ö

If oe is fractional i e Corso

for some CEO do then

for Ed
oedt O

CorollaryII Every fractional ideal or
admits a unique representation as a product

de IT prod
Pp ideal

With ipod E Z and plato for almostall p

Proof For some CEO Cto Coe is
an Integral ideal which has a prime decomposition
Thm.MN



But a cod c i e any
fractional ideal is the quotient of two
integral ideals A

Remarkt some properties of the exponentsup
i Vploeb rplodtvpler
1 ME 0 Upla 20 Hp
1 a E b Upload up b Kp
it relax b min plo up b

Definition we denote the subgroupof

In generated by all fractional
principal ideals a ab with ask

1 The quotient group

en TYP



Is called the lidealtagrafK

Remarkt
i A Dedekind domain O is a PID

if Clr is trivial
1 A Dedekind domain is a UFDiff it

is a PID

1 We have the exact sequence
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yTumbers Ideals measures the
measuresthe expansion going
contraction fran numbers to
going from

ideals
numbers to
ideals

Goal Understand Ö Clk in more detailfor
Number fields



5 Lattices
8

In the proof of Prop 1 B Ii is factorial

we already saw that lattices can helpto
understand algebraic objects

Definition 5.1 Let Ube an n dimensional R vector
space

i A lattice in V is a subgroup of theform

T Zu t Zum

with linearly independent k Um EV

The f im is called a basis andthese

Xiv Xmum Xie R O Ex 1

a fundamentalen of the lattice

i T is called complete if men



ExampleD 2C is a non complete lattice

1 2 24 is a complete lattice

Ä

V n dim R vectorspace

Definition 5.2 A subgroup GEV is called

discretenbgrafifad geb are

isolated points in V with respectto the
topology V obtains from isom VER

Every lattice f Zu Zum C V
is a discrete subgroup Since if n m m
is a basis of V then each point

J A V t amVm E T

has a neighbourhood

G Xiv an XiER 19 X I for it im

with Urn T 83



Indeed the converse is also true

Propositions A subgroup To vis
a lattice if and only if it is discrete
Proof Neukirch Prop 4.2 A

Lemmast A lattice TV is complete

if and only if there exists abounded subset
MCV whose translates cover V i e

V UND H
JET

Proof clear by taking M

Let Vo be the subspace spannedby f
Want to show Vo V For any ve V we can
write for any n

n v An 8h
with an EM and the F since



Then than Ign i e

V finstantlinton fighting Vono

IT M SinceVo
bounded isclosed I

Definition 5.5 i A euclidean vector space

is a finite dimensional R vectorspace V equipped
with a symmetric positive definite bilinear form

V XV R

i On V we have a notion of volume Let
ein en be a orthonormal basis of V For

ein inder V vn with

Vi di e
I I

we define the volume of the parallelepiped
u vn SXNt tXnVn XiEIR OEXic1

voll Idetlaiil Ideal



Since Viii dir die la le

AA is

we get voll detkvi.pt

1 For a lattice I we define

rollt Vol ä
T

fundamental
mesh off

This is independent of the choice of

a basis of T since the change of basis
matrices hare determinant II

Definition 5.6 Let X V X is called
i centrallysymmetric if XEX s

xex.liconvex if for all EX

total

I O
not centrallysum centallückex Statt



We now state Minkowski latticepoint theorem

Theorem 5.7 Lets be a complete lattice

in the euclidean vectorspace Vaud X a

centrally symmetric convex subsetof V
Suppose that

voll 2 vollst d

Then X contains at least one nonzero lattice
VON 4 ERZICEpoint get a o

Proof We will show

that for fit e Twitter 8 o o

G implies voll

Ex g n Extrito
Then there exist x x e X with

X TG EXIL
ier ri.EE S



Assuming that EX g are pairwise disjoint gives

rollt voll E Er voll n Ex
JEP

since In EX g are also pairwise disjoint

A E voll d nix
per

Since E g cover V fis complete we get

voll vollE L voll
which is a contradiction i e the Ktg are

not pairwise disjoint I


