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Proposition 3.19 If a c od are two nonzero

fin gen Ok submodules of k then the
index a o is finite and satisfies

dla fol on dla

Proof Use Structure theorem for fingenmodules over PID

4 Dedekind domains

Proposition 4 I K alg Number field
In OK every non mit L O can be factored into
a product of irreducible elements

Proof

Since if a is not irreducible we can write

L ß J with non units pigeon
Then we have ez ez

Z Nuala Nu Nfl
Since Nfp Naacp AB we get
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The statement then follows inductively A

As we have seen this decomposition is
not unique But we will see that the
decomposition into prime ideals is unique forOn
and more generally Dedekind domains

Definition 4.2 A domain Ris called a

i it is noethetin Es gemeincoordinatering
affine variety

a it is integrally closed nonsinnlar

i everynonzeroprime ideal in R is maximal
Krall dimension 1 curve

coordinate ringsOf homeinsularcurvesare Dedekind domain

Proposition The ring of integers On of
an alg number field K is a Dedekind
domain



Proof i Ok is noetherian since it is
a finitely generated Z module

2 noetherian E O noetherian
K

1 Ok is the integral closure of Zink
i e integrally closed by corollary 2.8

i let p o be a primeideal in OK
Then p ok is a prime ideal in Z

This ideal it non zero since for a

non Zero yep consider

9 an 9 t t 9 09J
ER

of minimal degree We see do O
otherwise this n wouldnot be minimal
and do E 2h p ps Z lol

There exist a primenumber p with

Pre p

Want to show Gp is a field
Ö



Ö has K 2 as a subring

and all XE Ökolare algebraic over k i e

X Pn X Bo O

for some B e F Assuming n isminimal

we get Boto and therefore

X LEGIEß
1

has an

inverse Ö is a field
p is maximal A

Theorem 4.4 Every ideal a Ö of a
Dedekind domain O admits a factorization

d P Pr
into nonzero prime ideals p of O which is

unique up to the order of the factors

To prove this we will need two Lemmas



Let O be a Dedekind domain

Lemma 45 For every ideal oto of O
there exist nonzero prime ideals p Pr
with

Pie Pr E d

Proof Let M be the Set of ideals GO

off for which there exist no p sp with

O is noetherian and if Mt 0 then there

exist a maximal elemente in M with respect

to the inclusion This a can notbe

a primeideal otherwise would hold i e

there are b b e O with b b e oe but
b ol and beta

Setting a b toe Oer b to

we have
a s o

o s a
Ol Ol Ed



Since ol is anmaximal element in M we

get a a M

7 prime ideals
R Pre of

Pi Pied
p ppi.fi eoe.ae so

M 0 A

Lemma 4.6 Let pe O be a prime ideal

and set

GE p XE KI XP O

Then we have ap d for anyideo
EaiXilaieoeiXiE

3Proof.Ifpeld

then F K ok K
a

Let p d and a ep with a o



Emma 7 p p E a Ep
Choose r as shall as possible

Then for one we have P p
otherwise 7 die pile for all it

a ar EP
Assume p p then we get p p
since p is maximal

Since r is minimal we have P p a

choose b E Pz f a

üb O

On the other hand bps a

äbpsonabeff
Gp



Now let oec O be an ideal
O noetherian oe fingen
Let Ed an be generaton of ol
Suppose that ap oe Then for
all XE p we have

XL Ö di di di E 0

ie A E O with A XE ai

det A o x integraler
G

X EG p G K

ap d A



ProofofTheorem
Existe M Set of ideals la li

which do not admit a prime
ideal decomposition

If MIO then M has a maximal element

oec M since O is noetherian

Since oe is not prime there exist a maximal

ideal p with ol EP
Lemma 4.6 Oe Fdp PEPP O

Since p is maximal we get ppb O
and with O Ep we get

a Epp O

We have ap 0 otherwise a oepp p
Since oe is maximal in M with respect to the
inclusion we see that ap M i e

af p Pr
a oepp p p p M Q



Mindy p 9

two factorization of a into prime ideals

For p prime
we have ab Ep deep or be p

Notation

plab plo or pl b
Now we get that p divides one of the 9
say p 9 i e 9 Ep Since 9 is maximal
we get 9 p
Multiplying with pit gives P FO

Pz Pr 9 9s

Continuing this shows res and p 9 after
possible renumbering A

Therefore any ideal dt d of O can

be uniquely up to reordering written as

oe p p



with hi k l and pairwise distinct

prime ideals P Pr

G Dedekind domain K Fra o

Definition 4.7 A fractionali of k
is a finitely generated O submodule Oto

of k


