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Lecture 6 12h November 2021

with Liken

Foranxel define the K linear map
Tx L L

L XL

Then we define the trace and more of
Y
Trunk Tra Nur det Tx

fktdetekid Tx X antik G an EK

a Truk an Nun x

Example 3.5 K Q Edi m2

B Iii basis of L
abi f f matrixof Fx

withrespecttoB

Nuktdet B dtb

Try Tr Tx Za



Proposition 3.6 Let Uk be afinite field
extension with chalk 0 or luke and I k n

If 6 L F for i t.mn denote then embeddings

of Link then

Elk II X 6 41

Try x Fail
m X ER

Nun x ITGil Elf
Proof Let pyltl tmtc.tt Cm EKA

the minimal polynomial of X i e CK K m

Then I Xm is a basis of Kalk and if
du da is a basis of LIK x then

B Eh nix d x ad dat da

is a basis of Uk



Then the matrix of Fx with respect to this basis
is

CAB HE mdm

n

were

af
Since det E M R t we get

Fx f det EE A Rfid
We have n embeddings be Homull K

which can be divided into m classes of sited

by the equivalence relation b e Axten

Let T 2m be a system of representatives
then

RH ITA G
and

EHERHEITH ICH



IT E xD IT It GN
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El A

Corollary 3.7 If we have finite field
extensions K L CM with charlktoorlkleo
then

Truro Tr ETMIK
Nur O NAIL NMIK

Proof Homework 3

Definition 3.8 Let char k 0 or Ikea

and let 4k be a finite extension with

K embeddings 6 L 3T i h n ALL P

Then thediscriminant of
a basis a an oft is defined by

da an det 6,2



Remark 3.9
i Since Trunk dit 94161

the matrix Trundiaillien is given

by the product of Gehilfin Geldileien

Therefore
dann an det Trudi

1 If O is a primitive element of Uk
then 1,0 0 is a basis of Uk

Setting Oi 6,0 we gettheVandermonde

a

matrix

and All O Öl TE Q
icj

In particular this is non zero

In general we get



Proposition 3.10 Let charlktoorlklee
and let 4k be a finite extension with
basis d _an Then

da an O

and
x Trunk Y

is a nondegenerate bilinear form on the
K vector space L

Proof If O is a primitive element then

da Q ÖH Oi 0140
With respect to this basis the matrix of
Truk is given by M Fry Ö
and detCMI dll.Q.no O

Therefore x is nondegenerate

With respect to another basis an an

the matrix of x is given by
M Trukidil i e



O detllufdetk.ci an A

From now on we consider

finite extension

Frack K C L esp
legal U U

integrally
A C B integral closure

Of A in L
Closed ring

e g 2
e g O

Proposition 3.11 Inthe abovesituation we have

i Every element Bel has the form
Beta with beB aeh

In particular EFracCB
i Bel is integral over Aiff min B e AM
1 If beB then Talb Nunb EA
in We have be B Iff Nun b EA



Prof i Since Uk is finite Bis algebraic
over k i e

B änß TTB do 0 die k
Frack

Multiplying with the common denominatoran of
the ä we get

auß t 9 B do 0 die A

Multiplying with an gives

anB t tailan B ad O di EA

i e auß is integral over A anBEB
Eb

ii in Exercise A

Lemma 3.12 Let a _an beabasis of Uk
which is contained in B of discriminant d dla.hn
Then

dB C Ant Adn



Proof For d did t An an EB djEk

we have n

A Trun ad Lai Tru didi
ist

Therefore the di are the solution of

Tru G A
Trkan

i e they can be written as an element in A
divided by det Trakial d
da EA

dae Ant Adn A

Definition 3.13 An integralb d B
over A A basis of B is a system of
elements wir Wn EB such that each be B
can be written uniquely as a linear combination

b a w t t anhin di EA



Remark 3 It i An integral basis of B over

A is automatically also a basis
of Uk as a k vector space i en C P

This follows from Proposition 3.11 i
In this case we say that Ilk has an integralbasis

i If Bas an integral basis over Athen

B is a free A module of rank C k

In general an integral basis does not exist

But in the case that A is a PID we have

Proposition 3 15 Let A be a PID and kfra.CA

WK finite and let B be the integral closure

of A in L Then every fingen B submodule

MAO of L is a free A module of
rank CL k In particular B admits

an integral basis over A
Proof See Neukirch Prop 2.10



C K h O

Zico
Corot let K be a number field

Then every fingen Ou modulo in K

has a 2 basis dir _an
0 2 2 Zan

with a la 07

The discriminant dann an detla.dk
is independent of the choice of the basis

Proof The first part follows from Props.lt
If die an is another basis then

Li Ti L T Ti EMA

with det CHEZ IB

Aldi an't detudkn.mn n



Definition 3.17 With the notation as Cor 16

do d.la an is the disriminant

thodulea
In particular

du dlontdlw.in w

where w in Wn is an integral basis of klar
is called the discriminant of the
number field K


