

















































































Häschen
Last lecture

Definition 2.2 Let ASB be an extension K Q finite
of rings An element beB is calledintegral K alg numberfield
EA if it satisfies a monic equation

a x an 0 Al OK C K

Integral over A if all elements beB are integral
Integral closureof

over A 2 in K

Proposition 2.3 Elements bin be B are all
integral over A if and only if Afb b

Corollary 2.5 If b andbe are integral
over A then bebe and be be are also
integral over A

Definition let AaB bearingextension
i TheEEG be B b integralover A
is called the integral closure of A in B

pppppnpgaaan.gg
closed in B

Proposition 2.7 Let AE BEC be two
ring extensions If Bis integral over A and C

is integral over B then C is integral over A



Proof Let EC with

c b c bn O

for some bi bnEB Since be hn are integral
over A we have by Prop 2.3 that R Afb
is a fin gen A module But Rfc is a fin
gen R module and therefore also a fingen A module
By Prop 2.3 c is therefore also integral over A A

Corollary 2 8

If A C B is an extension of rings then
the integral closure Ä of A in is
integrally closed in B

Proof Let Ä be the integral closure of Ä Then
A C Ä CÄCB By Prop 2.7 we have Ä A andÄ are

integral AIA integral Ä Ä Ä Ä A

We will recall some facts about fields andthe
construction of the fieldoffractions

Definition2.9 Let R be a com unitary ring
and lets R be a multiplicative set i e I ER
and X Y ES X yes

On Rx S we define the following equivalencerelation

Cr s e rist Jtes t rs r's O



We define the localizationofR as

the set of equivalence classes

S R RI
We write the elements r of 5 R as fractions

5 5 R is a com unitary ring with

Etf rest
F H

and O G I K

Remark 2.10 i The map If O ES

4s R S R Ü

r F
is a ring homomorphism

es is injective iff S does
not contain zero divisors

We have es s SR since f stfases
In general E
e g S 1.44.3 2 52



1 If R is a domain then S Rko is

a multiplicative set In this case SR
is a field called the fieldoffractionsof
and denoted by FracCR SR

In particular 4s R Frack is injective and we
can view R as a subring of Frack

e g Frack Q

1 If pc R is a prime ideal then

Sp Rlp is multiplicative since

I P and yep Xe por yep
implies X p and yep Xy p

The localization of R by Sp is

denoted by
Rp Spi R

This is a so called locating which means

that it has exactly one maximal ideal givenby
me 5 sep rep



Definition 2.11 Let A be a domain with
field of fractions K Fra A

i The integral closure Ä of A in k is
called the normalization of A

d If A Ä then A is simply called integrally
Chf

Proposition 2.12 Every factorial ring AFD

is integrally closed

Proof Let A be a UFD and K Frack If
Sek is integral over A then

9 a 9 t an o

for an an EA Therefore

an a b am an b 0 a

If TEA is prime and Ab then b implies

TI a Assuming that is reduced

ab are coprime we therefore obtain be A

and GE A I



3 Trace Norm Discriminant
Definition we will recall now some facts about

Remark3 I fields and theirextensions

i let R be a ring and KER afield
XER is called algebraic over K if
it is the Zero ofapolynomialin KAI

Otherwise it is called transcendental
over K

R is called algebraic over k if
all elements in R are algebraic over k

i let Kol be a field extension which
is denoted WK Lover k

We call l dimut the degree
of the extension 4K K

If CL k a then Uk is called finite
and in particular LIK is algebraic

Given two finite extensions LIK and MIL
we have

M KT M L CL k



i Let Ri again bearing and KERafield
For any LER we have a ring homomorphism

4 KEI R

f fl
We have Kerk o d is algebraic

over k

Since KM is a PID we can find for
each algebraic da monic polynomial the
minim ynomidof minute KA with

Kerl mind
We have

KEY KK

Iv A field K is called algebraically
if any nonconstant E KAI splits into linear factors

f K X al x an

for some k di an E K

An algebraic closure K of a field k is
an algebraic extension KIK which is

algebraically closed



An algebraic cloture istsand is unique upto
isomorphisms

Proposition 3.2 Let k be a field with
Charlkto or Ikl es

characteristic of
K definedby
charcal Kerzen

If FE KM is irreducibleand

FCH ÄH di Kiel
ist

in some extension LIK then
the di are all pairwise distinct

ii If Uk is an extension with CL k n

then there exist exactly n different
K embeddings
homomorphisms 6 L K with x

KXEKHomomorphism between field extensions
of k which fix the elements in k are
called K omorphisms

i If Cl k n then there exists an
element LEL with KK smallest

subfieldof
d is called a primitive element containing K

and a



Proof Algebra course

Examples3.3 i K Edi f 72

FEI G L E
Giatbinatbi

d algebraic
Ki 62 at bin a bi

i General L QU Linth mind II diU

GEQ EGLI I Q
i o d 1 di

1 R B In this case we can choose

RTB as a primitive element D EE
QQ D ME

Let Uk be a field extensionDefinitions
with Liken

Foranxel define the K linear map
Tx L L

L XL

Then we define the trace and more of
Y
Trunk Tra Nur det Tx



These are coefficients in the characteristic
polynomial

fktdetekid Tx X a Ht G an EK

a Truk an Nun x

For Xiyel we have

Truly Tru Truly
Naulx Nun Nun y

i e we obtain grouphomomorphisms

Tru Lit Kit

Nun 4 k

Example 3.5 K Q Edi n 2

B Iii basis of L

abi f f matrix of Fx
with respect to B



Nun det FAB dtb

Try Tr Tx Za


