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1.3 Modules

Definition 1.33 Let R be a commutative unitaryring

A Rmodule consists of an abelian group

Mit and a scalar multiplication

Rx M M
K x max

suchthat for all x y EM and LIBER we have

I KB X L BY

II KB X Xxx PX
LINYI LX LY

i I x x

Remark 1.34

i If Risa field R modules are R vectorspaces



ii We can define R modul homomorphism submodule

quotient modules similar as linearmaps subspaces
and quotient spaces

ii Every R is a Rmodule over itself its submodule

are exactly the ideals of R

Definition 1.35 i let AEM be a subset of
an R module M Then CO 03

CA Gra net VIER die A

denotes the
submoduleofMgeneratedbyA.it
If A M then A is called a generating
setof If there exist a finite A with A M

then M is called finitely generated

iii A family m
yep of

elements mit M are

called linearly independent if

Er Mx O
X Ef

with ry ER K o forallbutfinmany implies KO for
all XE



in A ein independendent gen set is called a

hat
IfM has a basis then M is calledfree

Remark 1.36
Linearalgebra

i If Risa field then every R module is free

i The 2 module M Kz r.me ru

is not free
A Ö3 does not generateM

A STIEGTarenot ein independent since2 F Ö

Proposition 1.37 Let R be a com unitary ring
For a R module the following two statements
are equivalent

i Every submodule of M is finitely generated

1 Any sequence M CMac of submodule
of M eventually stabilizes i e for some
n We have Mn Mat Mai

Proof AWZ



Definition 1.38 i A R module which satisfies
one of the conditions in Prop 1.37 is called

named aftera noetherian module

Emmy Noether

i A ring is called noetherian if it is
a noetherian module over itself

Examples 1.39 it Fields are noetherian

1 The following ring is not noetherian

R FIXE QM fldez
f mxxglmez.ge AB

Now define for nil the ideals submodules

Mn axt h x a En MEZ G

KINEXQA

we get a sequence of ideals submodule

M C Mz C

which does not stabilizes



i The ring R Ok kz is fingen

as a R module But it is not noetherian
since the ideal x x is not
fin gen

Proposition 1.40 Let R be a noetherian ring
and M a R module Then M is noetherian if
and only if N is finitely generated

Prof HW

Corollary1.41

i PIDs are noetherian

1 Finitely gen modules over PID are noetherian

Proof i Principal ideals are fin generated
a follows from Prop 1.40 A



2 Integrality

Definition 2 I CANF

i An algebraicnumberfield K is a finite
field extension of Q
i e Ck and dimake a

The elements of k are called algebraic
numbers

i A number xek of a ANF is called

an algebraic integer if it is the
Zero of a monic polynomial with
Integer coefficients i e

a x an O

for some a an ER

We set

EXEKI x als integer



This is called the ring of integers
of k

From the definition it isnot clear that OK
is actually a ring To see thiswewill
study the notion of integrality in general

Definition 2.2 Let ASB be an extension

of rings An element be B is called

integratorif it satisfies a monic equation

X t a X an 0 121

with coefficients die A The ring Bis called
Integral over A if all elements be B are integral
over A

We want to show that sums and products
of integral elements are again integral

Proposition 2.3 Elements bin be B are all
integral over A if and only if Afb _b
is finitely generated as a A module



To prove this we recall the following fact

from linear algebra
Laplace expansion

Proposition 2.4 Let A ai be an Carl matrix
with entries in a ring R and let A a

be the adjoint matrix i e

di ti det Ai

where Ai is obtained from A by deleting
the i th column and j throw

A f
A

Then
A AHA det A E Emi

In particular for XE R we get
Ax O de X O

Proof See linear algebra and notice that
it works for rings and not just fields A



Proofof Proposition 2.3
Let b be integral over A i e f b O

for some monic polynomial f x e Af ofdegree
Since f is monic we can write

m

any gate AG as

g g flx tra

for some qu rede AG with degenen
Therefore

g b rlb dot abt am b

with die A
AfD is generated by lib b

If be bn are integral over A we see by
induction on n that Afb h is finitely
generated



Conversely assume that Afb b

is fingen by a Wr Then for
any be Alb c b we can write

bWi di W Gi EA
j

a 111 11 Stad

By Proposition 2.4 we get

det BE S wi 0 A

for all i h.IT
Moreover since LEAfb b we can write

I C W t t Ewr with Ci EA
r

Ficifi detlbt s O



Since

det b E S b a b e an die A

we obtain that bis integral over A
A

Corollary 2.5 If b and be are integral

over A then bebe and be be are also
integral over A

Definition let Ac B bearingextension
i The
EEG be B b integral over A

is called the integral closure of A in B

i If Ä A then A is calledintegral
closed in B

In particular If Kis an ANF then

OK is the integral closure of Zink

Z



Proposition 2.7 Let A EBEL be two
ring extensions If Bis integral over A and C

is integral over B then C is integral over A


