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1.2 Ideals

Motivation We already saw that the ring ZIA
is not a UFD since

Gää LEIHT
Kummer proposed the idea of ideal numbers

abend which break A into smaller pieces
in such a way that the factorization becomes
unique

Whatever these ideal numbers are if p is
an ideal number and pl a and plb then we should have

pl atb Also if pl a then pl a X for any Xe R

To deal with these type of objects Dedekind
suggested to represent an idealnumber by the
Set of all numbers which are divisible by it
This leads to the notion of ideals



Definition 1.19 Let R be a commutative unitaryring
A non empty subset Ic Ris called an idea
of R if

i ab EI ab EI
Ii AEI X ER AX EI

Example n2 mal a 23 is an ideal in Z for any n

Remaks 1.20

it I t is a subring of R
1 R 903 are ideals for any R

i If e Res is a ringhom then

Very ExeRl e 03 is an ideal

1 For an ideal I we can consider the
quotient ring Rf ä I ae R given

by the set of all equivalence classes of a R

ä blaubenIlaubmodI
This is a ring by ä 5 at 0.5 a5



For a we also write a mod I

We have the canonical projection

p R RE
a ä

which is a surjective ring homomorphism

with KerlPl I f Every ideal is the
kernel of some ringhom

v We have the isomorphism theorem

Any ring hom 4 R S induces an

isomorphism

Ö Freie im e

HEE



If not stated otherwise then R äüaysa
commutative unitary ring in the following

Definition 1.21
i For a e R we define

a Ra Cal CER

This is an ideal in R It is called the
D R

principal ideal generated by a of o

1 let R be a domain

If every ideal in R is a principal ideal

then Ris called a principal ideal domain
PID

Not every ring is a PID but we have the

Proposition 1.22 Every Eucledian ring is
a PID

Proof Check yourself Consider a et where

Mal KEIN 3
Then show I a



Lemma 1.23 Let R be a commutative unitary ring
i al b e b s a for als ER

a b a b

1 If a da are ideals of R then a na

and a Gz an all die ail are ideals

1 VER is a multiple of a und b Lu allb

1 de R is a divisor of a undb a b s d

Definition 1.24 Let an an ER

We define a greatest common divisor god
resp a leastcultipellem
of a an Tytheflingtwopropentie

i gedla an la resp di llemlan.nl
for all ist

a from El a resp ai.lt for all it in
we obtain tlgedlan.am resp lamla a lt

te R

Note god and dem do not need to exist But if
they do they are unique up to units



Example 1.25 In R ZIA

a 4 2.2 CHAI A

az 2 ITA

have no god

Proposition 1.26 Let R be a PID

i For any ab e R the god and lem exist and

gedlab a b

Clem ab a n b

ii For a an E R there exist tn ER
with

gedlan an X alt An an

Proof Can be obtained from Lemma 1.23

Proposition 1.27 PID are factorial
Proof Algebra course



So we have the following

Definition 1.28 Let a b ideals in R
it a und b are called coprime if Other
1 We define the product of a b by

a b Eid b I no died bieb

This is again an ideal of Rand
a b s an b

EI 3 5 are coprime ideals in Z

2.3 5 1 D 2n 3 n.SE 3 5

3 5 CIA 3 n 5 kme
Y Z

2 N 8 C 2 n 4 4



Lemma 1.29

i If a and bare coprime ideals then

a b an b

ii If bis coprime to Oh On then bis

coprime to Ol An

Profil If a and be are coprime then there exist

ata and be b with atb l

if Ce an b then Catch Eat

1 7 bi di I di bi die Oli bieb

I IT bitail bbnjtdi.in Eba O

R b t a an A

Theorem I 30 Chinese remaindertheorem

let a an be coprime ideals Then the map

Fein an Roe x X Fon
X Mod dient X modoe X modoen

is a ring isomorphism



In particular given x in e R then there exist

Proof Due to Lemma 1.29 1 it suffices to
show the n 2 case

BajajWe show that for coprime a b
the ring homomorphism

9 R Fax
X H x modd X mod b

is surjective

Since a and be are coprime there are a c ol

and be be with atb l

For given x x ER set X X d X b

Then X x at x Ll a x mod ol

X XU b ab X2 mod b

and therefore e X x moda X mod b

i e e is surjective
Lemma 1.29

The kernel of e is

Kerl an b E a b



and therefore we obtain an isomorphism

T Rae Fax A

Classical case R Z

min coprime Im E Zmax 2 2

X E I mod

X 2 mod

Definition 1.31

i An ideal po R is called prime ideal if
PAR and x yep xeporyEP.it

An ideal MER is alled maximalide if
for any ideal d with me a we have

me a or a R

Proposition i An ideal p is prime Iff

PER and Ip is a domain



1 An ideal m is maximal iff Rm is

a field
i Every maximal ideal is prime

converse false o is prime in 2 butnotmaximal

N An element pe Rbis prime iff p is prime
o


