

















































































Algebraic Number Theory
Tecturethoctober2521
Recall Ihm 1.3 Ifp 3 is a prime then

a bez

D ahb
E PEI modt

proof today 11

atbilla bi in 21

Rings domain units field commutative

PERLEN
I O

irreducible prime

Numberfield Q i

in ä ä
Units Il Ii

primes Pühners
uptoass

AFD



Definition An integral domain R is

called a

Einritondoman
CFD

or

i any non zero element a RKO can be
written as

a UP Pn

Where P PER are irreducible and ne R

1 the representation is unique in the
Sense that whenever

a u pi Pi
with p irreducible and a ER then

n en and there exist a permutation

6 h m3 h nl with

P Ei Pia for some Ei E R

We want to show that 217 is factorial

by showing that it is eycledian



Definition A domain R is called an

Eudedian domain ring if there exists a function

N RVO Zo such that for any abt R with
b to there exist p ve R such that

division by b with
a g b t r rest r

with either Nen N b or 0
BEI

pfffito
Euclidean rings are factorial

Example I 12 i R R N Xml x1

1 Ifk is a field then R K
is an encledian ring with N f deg f



Proposition 1.13 2 is euclidean

Proof We consider the non

N 2 20
am IN

For a bezli with b 0 we want to

find great with lrklblis.tk
a b gtr

Therefore we want to find a g 21

with

19 91 1 CH

then red bg satisfies Irl bl

We can visualize 2197 ja 21
as a lattice in G i

The distance of the IE
complex number E to
the nearest point q in 217
cannot be larger than Ect IThis a then satisfies x



LemmatIt Wilson's theorem

For any prime p we have f I modp
Proof HW

Now we can finally prove Theorem 1.3

Proof ofthm 1.3 only need to show

Tet p be prime with p tn 1

Set x 2n and use Lemma 1.15 to get
I E Cp 1 I I 2 2n f 2 P a l pc p l

E 2 C i n

X mod p

Therefore pl XY xxi x i bat

PX xxi and p x i since Ttip
XD

p is not prime p is not irreducible

2 is factorial
prime irred



Since 217 is factorial we can write

P L ß with a B Zeit

Now since N P NUR NENN B ER

jz Theck

we have that N a p since by

WINCHI EI LER

And if a at ib for some a bez

we get N a a b p A

In particular we see that a prime pet modt
is not prime anymore in ZI

Q What are the prime elements in Zit

When trying to find all prime or irreducible

elements of a ring one usually just considers
equivalence classes of associated elements



Definition 1.15 Two elements ab ER are

called associated if there exists a unit

E R with a Eb Notation a b

Lemma 1.16 If de R is prime resp irreducible

then all elements be R with ab are also

prime resp irreducible

Proof Easy to check by using that R is a group A

Theorem 1.17 The prime elements I of His
are up to associated elements given by

H T Hi

1 IT abi with ab p prime
and p El mod 4

a Ibl o

H T p p prime with p 3 modt



Proof The elements in i and ii are

prime since if 1 aß for some ABER
we get P NC NANG for a

prime p Therefore Natl or Nlp 1 i e

L or ß is a unit

IT irreducible Ef pine

If I p for p 3 modt then p xp

with non units aß would imply

Na p
p
ahb

d aebi

which is not possible due to Theorem 1.3

It remains to show that any prime element is
associated to one of the ones in lit ou iii

Let IT abi be prime then in 2 we have

NCI T F P
i Pr

a bi

for rational primes painPr



Since it is prime we get IT I P for
some rational prime p

NC IN Cp p

From this we get NC p or Nfp
If NA p we have pralb i et

is associated to i or ii
pl

If N p then IT p

because HERE satisfies N E
ie fez and thus TE p

E

But then we need to have p 3 modt

i e His associated to an element in iii

A



Proposition 1.18 The elements in ZG are

exactly those in Oil which are a solution

of X2 axt b o a

for some a bez X ladiNX c d

Proof 9 2

The elementar die zeit b c't d

is the solution of a for a 2C ER
b de d

Conversely assume that for given
aibE2CtdieQlilisasolutionto
l.Thenzce2 and if we write d

with gedlp.fi then
I I I

46 244 9

Ife 2 914 2d ER
9 1 orz



But tb 294 Zdf O modt

can just have a solution if 2e and 2d
are even i e we get c d ER

A

fumma
Field Q i K

ring of 2 ZG OK
Integers

Ii
Dirichlet

Units II anittheorem

primes primaner ihm

yup toass

AFD


