
 

Algebraic number theory ANT
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Q2 Why is ANT

AZ Alg number fields appear naturally when

studying Diophantineequations

polynomial equations where one

is interested in integer rational

Solutions

Example See ARI Chapter 17 for details
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Lagrange11770 A Has a solution for any n
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1 1 Primes as sum of two squares someringthe

2 12 12 3 notpossible 5 12 2 7 4,11 X 13 2432
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It Any square is congruent to Oort modulo4

since Km 4m E 0 modt
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To prove this we will leave the ringof integers
and go into a larger ring



Definition
i A ring R is a set R togetherwith

twobinary operations addition and malt

such that

Ri is an abeliangroup
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R is a semigroup
associative

Distributive property
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If is commutative ve call R commutative

Instead of Ri we just write Rif and

are clear from context

1 A ring R is unita if there exists

a I ER with I a a l a Kack
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Iii A ring homomorphism is a map y R S
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If Ris are unitary one usually considers unitary

ring homomorphism which satisfy cell l

a Alnonzerdcommutativering Ris called an
ifeng.hrjIiifforallabeRa.b0 implies a 0 or b O

The rings we consider in this course are
commutative and unitary if not stated otherwise

Etappen R C are integral domains

1 Zu is not a domain since 2.3 5 Ö

i The ring of Gaussianinteger
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NE
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Tro prove Ihm I I we therefore want to understand
when a prime p can be factored like this in Zit



In I we can factor numbers almost uniquely
into primes 6 2 3 2 ER upto

units

Definition i An element a R in anlanitalring
R is called a unit if there exists a be R with
a b l
a The sets of ante of a ring R is denoted

R
Check R is a group

1 If RE RI 03 and Ris commutative
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ÄH
german KE

ExamthiB
1 If R is a domain then RIDER

if R is not aü 217 1 1 I i Aw
domain then there
Might be more
units

eg R FR HEXE I
Kit



Definition
it An element ae R with a R is
called irreducible if from a be

with bicep we obtain be R or ER

ii An element PE RKO with PER is

called prime and whenever pl ab
then pla or pl b T
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AWI In an domain every prime element is irreducible

The converse is not always true

R RAD is a domain

2 is irreducible in R and

6 2.3 CHILI A

bat 2X HP and 2X 1 As

does not divide 2 is not prime


