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1 Multiple zeta values - Definition

Definition
Forky  2;kp;:::;Kkr 1 we define the multiple zeta value (MZV)
X 1
(ki;::iikp) = — 2R:
mkt  mkr
mi> >m>0""'1 r

By I' we denote its depth and K1 + =+ K will be called its weight.
Z : Q-algebra of MZVs

MZVs can also be written as iterated integrals, e.g.

z,.2 Z Z Z
dt; — & dt Ly~ Bdy, T % dt
(2:3= - * 2 = s 5

o it o 1 g t3 o t o 1 ts5°
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1 Multiple zeta values - Harmonic & shuffle product

There are two different ways to express the product of MZV in terms of MZV.

Harmonic product (coming from the definition as iterated sums)

Example in depth two (K1; Ko~ 2)
<X 1 X 1
(k1) (ko) = mh ke
m=>0 n>0
> 1 > 1 < 1
= - -+ - 4 _ -
mkinkz mkinkz mka+ka

m=>n=0 n>m=>=0 m=n>0

= (ki k2) + (kosky) + (ki +ko): )

Shuffle product (coming from the expression as iterated integrals)
Example in depth two (K1; Ko 2)

S | j 1
(k) (ko) = cL L Gtk D
=2 1 2




1 Multiple zeta values - Double shuffle relations

These two product expressions give various Q-linear relations between MZV.

Example
@ =" 23+ 32+ (5
Wl (2:3)+3 (3:2) +6 (4;1):

:) 2 (3, 2) + 6 (4, 1) doublezshuffle (5) :

But there are more relations between MZV. e.g.:

@n= @ @'= @

These follow from regularizing the double shuffle relations: ~ extended double shuffle relations.
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1 Multiple zeta values - Connection to modular forms

Modular forms are holomorphic functions on the upper halfplane H =f 2 Cj Im( ) > Qg
satisfying certain functional equation (see bonus slides).

They appear in various areas of mathematics and play an essential role in number theory.

Remark

Multiple zeta values have various different (and partially still conjectured) connection to modular forms, e.g.
Broadhurst-Kreimer conjecture (see bonus slides),

Exotic relations.

Riemann zeta values also appear in the Fourier expansion of the Eisenstein series defined for even K 4 by

1 X 1 (2 )X "
Gk( )= > e m +n)k (k) + & 1)1 . k 1(Mg";
(m;n)&(0;0)

P k 1 2 i
where k 1(n) = djn d is the divisorsum, 2 Handq =€ .
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2 Multiple Eisenstein series - Definition

For 2 H we define on the lattice Z + Z the order by

m; +n; my +n; ., (My>my)or (M =mMyandNy > Ny):

Definition
Forintegers K1 3;Ko;:::;Kr 2, we define the multiple Eisenstein series by
X 1
Gkyiike () = T k-
1 r 01 e
i2Z +Z

These are holomorphic functions on the upper-half plane H, but in general they are not modular.

The product of multiple Eisenstein series can also be express by the harmonic product formula, e.g.

Ga( ) G3()=0Gy3( ) +G34( )+G7():
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2 Multiple Eisenstein series - The g-series g

Definition

X n|1<1 1 nkr 1
..... - r + + o
g(kL 0 ,kr) — (k 1)[ X (k 1)lqm1n1 mrnr :
mi1> >m>0 1 : I )
ni;:;ne=>0
y
Inthe case I = 1 these are the generating series of divisor-sums  1(N) = djn nk 1
nk ! mn 1 X n
g(k) = &« D' C & D k 1M
m;n=>0 ’ "n>0
and they can be viewed as (-analogues of multiple zeta values, since for K1 2, Kko;:::;Kr 1 we have
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2 Multiple Eisenstein series - Fourier expansion

Theorem (Gangl-Kaneko-Zagier 2006 (I = 2), B.2012 (r  2))

The multiple Eisenstein series le ----- kr( ) have a Fourier expansion of the form

X
Giyke () = (Kajiiike) + anqn g=¢e

with an 2 Z[2 i]. Moreover, they can be written explicitly as a Z[2 i]-linear combination of the (-series .

4

Examples

Gk( )= (K)+( 2 i)ok);

Gaa( )= (32)+3 3( 2 9@ +2 ( 2 i)’g(3) +( 2 1)°9(3;2):

(B.-Tasaka 2017): The Fourier expansion of G is related to the Goncharov coproduct (see bonus slides).
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2 Multiple Eisenstein series - Fourier expansion - Multitangent functions

Definition
Forke;::i; ke 1withky;Ke 2and 2 H define the multitangent function by
X 1
k1;"';kr( ) = K1 o
> =n, C FN1) ( +np)<r
nj2zZ
y
Theorem (Bouillot 2011, B. 2012)
Forki;:ii; ke 1withky; ke 2and K =k;+  + Ky the multitangent function can be written as
x
kypke () = kK j j()s (k j2Zk j):
=2 y

We obtain the following "moulggroduct" decomposition

>
Gk () = (kajka) + k(M) (ko) + kitko (M) + k(M1 ) k(M2 ):

m=0 m=0 m;>m,=>0
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2 Multiple Eisenstein series - Relations?

We saw that multiple zeta values satisfy various relations. For example,

@ = @);
B)=2 3;2)+6 (4,1):

Question

Do multiple Eisenstein series satisfy these relations?

The first relation is clearly not satisfied, since setting G = ( 2 i) XGy we have

- 1 d

G —G4 EQﬁGZ .

272

The second relation can not be satisfied since G4;1 is not defined.
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2 Multiple Eisenstein series - Extended definitions

There are different ways to extend the definition of Gy, .-k, oK1 25Ko;iii ke 1
Formal double zeta space realization Gr;s (Gangl-Kaneko-Zagier, 2006)
Gly+ky 2
+ —
le sz + ( kq1;2 + k2§2) m - Gk1:k2 + sz;kl + Gk1+k2
kitig 1 . N
J 1 J 1 . .
= + Gjiki+ko j+  (ki+ka 3):

i k1 ke 1

Shuffle regularized multiple Eisenstein series Gﬁ ..... kr(B.-Tasaka, 2017).

PR

Harmonic regularized multiple Eisenstein series le ..... kr(B" 2019).

yeees

Observation & Motivating question

@ No version of these objects satisfy the double shuffle relations for all indices/weights.

@ The derivative is always somewhere as an extra term.
@ What is a "natural” family of relations for multiple Eisenstein series (and their derivatives)?

@ In the following we will propose an algebraic approach using generating series.
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3 Algebraic setup - Quasi-shuffle product

L: countable set (set of letters).
: commutative and associative product on QL.
word: monic monomial in the non-commutative polynomial ring QhLi. (1: empty word)

Definition
The quasi-shuffle product  on QhL i is defined as the Q-bilinear product satisfying 1 W =w 1 =w
for any word W 2 QhL.i and

aw bv=aw bv)+blaw v)+(@ bw V)

for any letters @; b 2 L and words W; v 2 QhL.i.

Theorem (Hoffman)

(QhLi; ) is a commutative Q-algebra. Moreover, this algebra can be equipped with the structure of a Hopf

algebra with the coproduct given by >
(w) = u Vv:
uv=w

34




3 Algebraic setup - Quasi-shuffle product examples

Harmonic product : L; = fz jKk  1gandzy, Zk, = Zk,+k, forallky; ko 1.
Zy 13 = ZpZ3 + 7232p + Z5:
(Compare with: (2) (3) = (2;3)+ (3;2)+ (5))

Shuffle product  : Lxy = fX;yganda b =0fra;b 2 Lyy.

XYy  XXY = XYXXY + 3XXyXYy + 6XXXYY :

1
231 .
By identifying Zx S5 X Yy we can also equip QhL ;1 with the shuffle product, e.g.
Zp 73 = 7273 + 37372 + 6242 :

(Compare with: (2) (3) = (2;3)+3 (3;2)+6 (4;1))

Index shuffle product — : L, = fzy jk  1gandzx, Zzx, =O0forallky;ky 1

Zo 23 = ZpZ3 + 232>
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3 Algebraic setup - Moulds

Let A be a Q-algebra.

Definition

we define its coefficient map as the Q-linear map given by ” 7 (1) = Z© and on the generators by

>

”7z : QhL;i
Zy il 2y, 1

r

(L]
N
~
=
=,
=

4
~
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3 Algebraic setup - Symmetril

Definition

Amould Z is called -symmetril if its coefficient map ” 7 gives an algebra homomorphism
7z (QhLzi; ) T A

If isgivenby Zx, Zk, = Zk,+k, then we calla -symmetril mould symmetril. ( ¥ harmonic product)

If isgivenbyZx, Zk, = 0 then we calla -symmetril mould symmetral. ( ¥ index shuffle product)

Example: The mould of harmonic regularized multiple zeta values Z, whose depth I part is defined by

X

is symmetril.
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3 Algebraic setup - Double shuffle relations

P
Let Z be a mould with ZM (X) = K 1 z(k)XX 1. Define the elements E 2 Ay

X .
ZO(Xy X)) = FZU DX+ + X i Xy + Xg; Xy):
j=0

Definition
We say a mould Z satisfies the double shuffle relations if Z is symmetril and Z is symmetral. J
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3 Algebraic setup - Moulds

Definition
We say a mould Z satisfies the double shuffle relations if Z is symmetril and Z is symmetral. J

In lowest depth, this means that if Z satisfies the double shuffle relations, then

Z(X1) Z(X7) .
X1 X '

Z(X1)Z(X2) = Z(X1; X2) + Z(X2; X1) +

Z (X1)Z (X2) =Z (X1;X2) +Z (X2; X1)
= Z (X1 + Xo; X1) + Z(Xq + Xo; Xp) + £

Theorem (Ecalle, Ihara-Kaneko-Zagier, Racinet, .. .) J

The mould of harmonic regularized multiple zeta values Z satisfies the double shuffle relations.
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3 Algebraic setup - Rational solution to the double shuffle relations

Theorem (Drinfeld + Furusho, Racinet)

There exists a mould b with values in Q with the following properties.
b satisfies the double shuffle relations.
Forallr  1,b( Xg;:::; X¢)=( D'b(Xy;:::;X).
In depth one b is given by

X X
b(X) = ixk 1= (zm) X2m 1:

1)2
o, 2K @i

This mould is not unique, but in the following, we will fix one choice of such a mould b with coefficients , i.e.

b(X1;:::;Xy) = (kl;:::;k.r)X'l‘l 1:::X'r‘r L.
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3 Algebraic setup - Bimoulds

Let A be a Q-algebra, define L2' = fz5 jk  1;d Ogandwrite =  for Zld(i Zld(; = Zld(iild(;

Definition

B Xl,,xr _ X b kll,kr Xkl 1 Xkr lﬁ E
Yoo Yy Kpoke 1 dy;:iosde ! r dyq! de!
=

we define its coefficient map as the Q-linear map given by g (1) = B (© and on the generators by
s . bi ; 'l
g:OQh)T T A

kq .
dy *

L]
o

.. r
z ..zdr7
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3 Algebraic setup - Bimoulds - Symmetril

Definition

A bimould B is called -symmetril if its coefficient map ” g gives an algebra homomorphism
g QLY ) T A

ko — Z|(1+|<2

If is given by Zgi Zd2 dp +d> then we calla -symmetril bimould symmetril.

If B is symmetril then it satisfies in lowest depth

X X
-B X1, X2 . X2, X1 + By, BV,
Y1 Y2 Y1;Y2 Y2; Y1 X1 X ’

which is similar to the relation satisfied by a symmetril mould Z

Z(%)  Z(X) |

Z(X1)Z(X2) = Z(X1; X2) + Z(Xo; X1) + X X,
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3 Algebraic setup - Mould product

Let B and C two bimoulds with values in A. The mould product B C is the bimould given by

If B and C are -symmetriithen B Cis -symmetril.

Proof: The coefficient map of B C is the convolution product of g and ” ¢, i.e.
'Bc=m (s 7c)

wherem : A A ¥ Al the multiplication on A and is the deconcatination coproduct on QhLYi. O
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3 Algebraic setup - Swap

Definition

A bimould B is called swap invariantifforall r 1

g XuinXe _pg Yot HYeYit o o Ye iV YoYy
Yo Yr Xe; Xy 1 Xy Xgi Xy Xo
X1 Y, + +Y,
T X 1 MIF e X
Y2 xl’ 1 ><r
)<I' 1 conjugate 11+Y2
Xe  [We s e X Xa
Yr X1 X
B invari X =B Y whichagi 1 _p2
Example: If B is swap invariant we have B v = B X , which gives, for example,b 1 =h 0 - J
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3 Algebraic setup - From mould to bimould

Definition
For a mould Z, we define the bimould BZ by
Xy X X
BX T = Z (Yunn V) Z(Ken i Xe)
Yla o er j=0

= _
ZO505Y) = FZ0 DYa+ + Y Yo+ YeYa):
j=0

Proposition
o For any mould Z the bimould BZ is swap invariant,

o If Z satisfies the double shuffle relations then BZ is symmetril.
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3 Algebraic setup - Swap invariant & symmetril bimould

Z satisfies the double shuffle relations ) BZis swap invariant & symmetril.

Question (" " ?)

Does a swap invariant & symmetril bimould B give a mould Z which satisfies the double shuffle relations by setting

No, not in general: Let B swap invariant & symmetril bimould. Then one can show that its coefficient satisfy

2
2 =§b4 b3

b0 2 0 1

Compare this to

_5s 1 d . 2_5 (m-
Gz - §G4 EqﬁGZ, and (2) - 2 (4)

¥ The coefficients of an swap invariant & symmetril bimould "behave like Eisenstein series".
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4 Formal MES - Formal multiple Eisenstein series

(Rough) Let S be the ideal in (QhLlZDii; ) generated by the "swap invariance relations’, e.g. Z3 2(2) 2S.

Definition
The algebra of formal multiple Eisenstein series is defined by
bi;
of = QL7 =
and we denote the class of a word Zlgi D Z('j(: by Gf 515: and set G¢(Kq;:::;Ky) := Gs k(l)gr )
y
Theorem (B.-Matthes-van-Ittersum (2022+))
The following map gives a derivation on Gf
0G ki;iio ke =Xk Gy ki ook + 1500 ke
" dyiid, = P dpgindy + L de
4

Asananalogue of G2 = 2G4 308G, we get G(2)2 = 2G¢(4)  10G+(2).
2732 204 2 2
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4 Formal MES - Formal multiple Eisenstein series

Theorem (B.-Matthes-van-litersum (2022+))

The space of formal modular forms M = Q[G¢(4); G¢(6)] is isomorphic to the space of modular forms.

The space of formal quasi-modular forms NAIT = Q[G+(2); G¢(4); G¢(6)] is isomorphic to the space of
guasi-modular forms as differential algebras.

f
There exist an ideal N, such that the algebra 7= G is isomorphic to the algebra of formal multiple
N
zeta values (defined by Racinet).

Conjecture (Slo-action)

There exist a unique derivation d on G' such that the triple (@; W; d) is an Slo-triple, i.e.
[W;@] =2@;, [W,d]= 2d;, [d;@]=W,

where W is the weight operator.

We have an explicit conjectured construction of the derivation d. This Sl»-action would generalize the classical

Sl,-action on the space of quasi-modular forms. 25750






5 Combinatorial MES - Swap invariant & symmetril bimould

Theorem ((work in progress) B.-Burmester (2022+) )

There exist a swap invariant & symmetril bimould G with values in Q[[q]]

o XunnXe _ =< G KUtk sk ke AL
Yl”Yr - o 1 dl.,dr‘ 1 r d]_l dr"
Liide 0

such that the coefficients in depth one are given by Eisenstein series and their derivatives (K > d Q)

k ( d 1y d ¢

S4 T & 1 Y@
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5 Combinatorial MES - Swap invariant & symmetril bimould

Denote the space spanned by all combinatorial multiple Eisenstein by

6=Q+ G(ki;::iike)jr Likiiike 1o QI

Theorem (B.-Burmester (2022+))

The space G is a Q-algebra which contains the space of (quasi-)modular forms with rational coefficients.

The combinatorial multiple Eisenstein series give an algebra homomorphism

G:(QhL;i; ) ¥ G

G is closed under q% and for any W 2 QNL; i we have

q%G(w)zG(zz Wz, W)
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5 Combinatorial MES - Swap invariant & symmetril bimould

The combinatorial multiple Eisenstein series have the form

Example: G(33;2)= (3;2)+3 (3)g(2) +2 (2)9(3) +49(3;2) )

Therefore they can be seen as an interpolation between the harmonic regularized multiple zeta values and the
rational solutions to double shuffle equations: ForallK1;:::; Ky 1 we have

Here lim y 1 means that for K1 = 1 one needs to use a regularized limit (B.-van-Ittersum 2022+)
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5 Combinatorial MES - Construction of the bimould G

With Lm i(( = % define the bimould g with values in Q[[q]] by
g Xupiin Xe _ Da LXK
Yiiiio Yy Moy, Ty,

mi> >m¢=>0

Theorem (B. 2013)
The bimould { is swap invariant.

The coefficients generalize the (-series . This bimould is not symmetril, but satisfies, for example,

g X1 . X2 — g lexz +g Xzixl g Y1+Y1 g Y1+Y1
Y1 Yo Y1; Y2 Y2; Y1 X1 Xz
1 X1 1 XZ
+ 2b(X X — + 2b(X X —
(X2 1) 5 G Yi+ Yy (X1 2) 5 9 Y1+ Yy

Using the swap invariance of g, the above relationship between § and b and the fact that b satisfies the double
shuffle relation, one can given an explicit (but complicated) construction of G.
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