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(1) Multiple zeta values - Definition

Definition
For k1 > 2, ko, ..., k. > 1 we define the multiple zeta value (MZV)

1
(ks k)= ) WER.

m> e >me>0 T

By  we denote its depth and k1 + - - - + k. will be called its weight.

o Z : (Q-algebra of MZVs

MZVs can also be written as iterated integrals, e.g.

(@2.3) / dty / dts /t2 dts /t3 dty /M dts
1—19 1—t5°
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(1) Multiple zeta values - Harmonic & shuffle product

There are two different ways to express the product of MZV in terms of MZV.

Harmonic product (coming from the definition as iterated sums)
Example in depth two (k1, ko > 2)

()l = 3 >

m>0 n>0
et O et D =
- Z mkl nkg + mkl nkz + mk‘l +ko
m>n>0 n>m>0 m=n>0

= ((k1, k2) + ((k2, k1) + C(k1 + k2) .

Shuffle product (coming from the expression as iterated integrals)
Example in depth two (k1, ko > 2)

) clh) = S (L) +(L20) cmri-d.

Jj=2




(1) Multiple zeta values - Double shuffle relations

These two product expressions give various QQ-linear relations between M2V.

Example

C(2) - ¢(3) =" ¢(2,3) + ¢(3,2) + ((5)
" (2,3) 4+ 3¢(3,2) + 6¢(4,1).

— 2C(3, 2) + 64(4, 1) doublghufﬂe C(E)) )

But there are more relations between MZV. e.g.:

C21)=¢B),  CRF = o).

These follow from regularizing the double shuffle relations: ~~ extended double shuffle relations.
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(1) Multiple zeta values - Connection to modular forms

@ Modular forms are holomorphic functions on the upper half plane H = {7 € C | Im(7) > 0}
satisfying certain functional equation (see bonus slides).

@ They appear in various areas of mathematics and play an essential role in number theory.

Remark

Multiple zeta values have various different (and partially still conjectured) connection to modular forms, e.g.
@ Broadhurst-Kreimer conjecture (see bonus slides),

@ Exotic relations.

Riemann zeta values also appear in the Fourier expansion of the Eisenstein series defined for even k > 4 by

1 1 27["l
=) S e = T S o
(m.n)#(0,0)
where 0% _1(n) = de d*~Lis the divisor sum, 7 € H and ¢ = €27
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(2) Multiple Eisenstein series - Definition

For 7 € H we define on the lattice Z7T + Z the order > by

miT +ny = maT +ny &= (mg > mg) or (M = mgandng > ng).

Definition
Forintegers k1 > 3, ko, ..., k- > 2, we define the multiple Eisenstein series by
1
le,...,kr (T) = Z )\kl )\kr °
Ap>=Ap-0 1 7T TAT
N ELTHTL

@ These are holomorphic functions on the upper-half plane IH, but in general they are not modular.

@ The product of multiple Eisenstein series can also be express by the harmonic product formula, e.g.

G4(T) . Gg(T) = G473(7’) + G3,4(T) + G7(T) .
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(2) Multiple Eisenstein series - The g-series ¢

Definition
For k1, ..., kr > 1 we define the g-series g(k1, ..., k) € Q[[q]] by

k1—1 kr—1
ny nyr

glki, ..., k) = Z q
m1>"'>m1~30 (kl - 1)' (kr - 1)'
N ooy >

MINL+ M Ny

In the case = 1 these are the generating series of divisor-sums o%_1(n) = de nk-1

k—1
n 1
90 = > Gy = Gy 2 kL
m,n>0 ’ " n>0
and they can be viewed as g-analogues of multiple zeta values, since for k1 > 2, ko, ..., k. > 1 we have

lim (1 — )t Fhrg(ky, .. k) = C(k1, .. k)

q—1
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(2) Multiple Eisenstein series - Fourier expansion

Theorem (Gangl-Kaneko-Zagier 2006 (r = 2), B. 2012 (r > 2

The multiple Eisenstein series (le sk (T) have a Fourier expansion of the form

Gy, () = C(K1y oo Kp) + Z " (g =€)

n>0

with a,, € Z[27i]. Moreover, they can be written explicitly as a Z [27i|-linear combination of the q-series g.

Examples

Gi(r) = ¢(k) + (=2m)*g(k),

Gs2(7) = ((3,2) + 3¢(3)(—2mi)?9(2) + 2¢(2)(—271)°¢(3) + (=270)°¢(3,2) -

(B.-Tasaka 2017): The Fourier expansion of (5 is related to the Goncharov coproduct (see bonus slides).
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(2) Multiple Eisenstein series - Fourier expansion - Multitangent functions

Definition
For k1, ..., k, > 1with k1, k. > 2 and 7 € H define the multitangent function by
V()= Y :
Ep,ky (T) 1= :
ny>-->ng (T + nl)kl e (T + nr)kr
n;EZL
V.
Theorem (Bouillot 2011, B. 2012)
Forky,..., k. > 1withki, k. > 2and K = ki + - - - + k, the multitangent function can be written as
K
Upy e (T) =Dk 95(7),  (ak—; € Zx—j).
Jj=2 y

We obtain the following "mould product" decomposition

Gkukz (T) = C(kly k2) + Z \I/kl (mT)C(kQ) + Z \Ilk1,k2 (mT) + Z \Pkl (mlT)\IIM (mQT) .

m>0 m>0 mi1>mgo>0
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Calculation of the Fourier expansion of multiple Eisenstein series

Multiple Eisenstein series cTTTTTTTT TSmO TTT T T T T TS 5

1 [ Gy o (1) = Clhr ko) + 3 Wi, (m)C (k) .

le,“,,kT(T) = Z NS ! m>0 1
A=A =0 AL A ! 1

NELTHL L+ Y W (mr)+ Y W, (mam) W, (mo7) .

J m>0 my>ma>0 J

/ Ou|dpr0duct \ ——
decomposition /] = !
;7 Kty (T) E: ( o
L by

ny>->n
n;
mzv Sums of multitangent functions
C(kl, ceey k:'l") Z \Ilk-lvk?(‘nm') aF Z \Ilk.l(ml‘r)\llkz(mzf)
m>0 mi>mo >0

N Reduction multitangent to monotangent

K
Uk (T) = Z ok y(7)
j=2

g-MzV (sums of monotangent functions)

gk, ... k) = (—2mi)~(katthe) Z U, (ma7) ... Wy, (m,7)

my > >mye>0




(2) Multiple Eisenstein series - Relations?

We saw that multiple zeta values satisfy various relations. For example,

(2 = 2¢4),
¢(5) =2¢(3,2) +6¢(4,1).

Question

Do multiple Eisenstein series satisfy these relations?

The first relation is clearly not satisfied, since setting G}, = (—27Ti)_ka we have

The second relation can not be satisfied since G4,1 is not defined.
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(2) Multiple Eisenstein series - Extended definitions

There are different ways to extend the definition of Gy, . . to k1 > 2, ko, ... k. > 1
@ Formal double zeta space realization Gns (Gangl-Kaneko-Zagier, 2006)

G, _
le : sz + (61@1,2 + 6192,2) 2]“# = le,’% + Gk2,k1 + leJrkz

(k1 + k2 — 2)
k1+ka—1 ] 1 j 1
= > ((kl - 1) * <k2 - 1)) Gjkitho—jr  (k1+ky>3).
i=2

@ Shuffle regularized multiple Eisenstein series G,”jl kT(B.-Tasaka, 2017).
@ Harmonic regularized multiple Eisenstein series Gzl kr(B" 2019).

Observation & Motivating question

@ No version of these objects satisfy the double shuffle relations for all indices/weights.

@ The derivative is always somewhere as an extra term.
@ What is a "natural” family of relations for multiple Eisenstein series (and their derivatives)?

@ In the following we will propose an algebraic approach using generating series.
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(3) Algebraic setup - Quasi-shuffle product

o L: countable set (set of letters).
@ <: commutative and associative product on QL.
@ word: monic monomial in the non-commutative polynomial ring Q<L> (1: empty word)

Definition
The quasi-shuffle product *., on Q(L> is defined as the (Q-bilinear product satisfying 1 %o w = w %, 1 = w
for any word w € Q(L) and

aw *o bv = a(w *, bv) + b(aw %, v) + (a ¢ b)(w *, v)

for any letters a, b € L and words w,v € Q(L).

Theorem (Hoffman)

L), *,) is a commutative Q-algebra. Moreover, this algebra can be equipped with the structure of a Hopf
)

A(w) = Z UR V.

Uv=w

algebra with the coproduct given by




- Quasi-shuffle product examples

@ Harmonic product *: L, = {2z, | k > 1} and zj, © 2k, = 2, +k, forall k1, ko > 1.
29 % 23 = 2923 + 2322 + 25

(Compare with: ¢(2)((3) = ¢(2,3) + ((3,2) + ((5))

o Shuffle product LLI: L, = {z,y}andaob=0fora,b € Ly,.
zy W xry = xyrxy + 3xxyxry + 6rrryy .

k—1
—
By identifying 2 <> X - - - Y we can also equip Q<Lz> with the shuffle product, e.g.

29 Ul 23 = 2923 + 32329 + 62421 .
(Compare with: ¢(2)((3) = ¢(2,3) 4+ 3¢(3,2) + 6¢(4,1))

o Index shuffle product LI: L, = {z;, | k > 1} and 2, ¢ 25, = Oforall ky, kg > 1

2olllzg = 2923 + 2329 .
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() Algebraic setup - Moulds

Let A be a Q-algebra.

Definition
@ A mould with values in A is a family Z = (Z(")),>q with Z") € A[[X1,..., X,]].
@ For amould Z with

ZO(Xy,.. X)) = Y alky,. . k)X XA
K1, ker>1

we define its coefficient map as the (Q-linear map given by goz(l) = Z(O) and on the generators by

@Z:Q<Lz> — A
Zhoy - 2 > 2(K1, .o k)
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(3) Algebraic setup - Symmetril

Definition

@ A mould Z is called O-symmetril if its coefficient map @z gives an algebra homomorphism

Yz : (Q(Lz>7 *0) — A

Q Ifoisgivenby 2k, © 2k, = Zk; 4k, then we call a O-symmetril mould symmetril. (<~ harmonic product)

Q Ifoisgivenby 2k, © 2k, = 0 then we call a ©-symmetril mould symmetral. (<~ index shuffle product)

Example: The mould of harmonic regularized multiple zeta values 3, whose depth 7 part is defined by

(X1, X)) = ) Mk k)X X
k1,....,kr>1

is symmetril.
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(3) Algebraic setup - Double shuffle relations

Let Z be a mould with Z(1) (X)) = D kst 2(k) X ¥~ Define the elements 7Z € A by

Z’ykZXk ‘= exp (Z #z(n)X”) .

k=0 n=2

With this we define the mould Z, by

.
ZUN(Xy, . X)) =) A2 (X e+ X, X+ X, X).
j=0

Definition J

We say a mould Z satisfies the double shuffle relations if Z is symmetril and Z., is symmetral.
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() Algebraic setup - Moulds

Definition
We say a mould Z satisfies the double shuffle relations if Z is symmetril and Z. is symmetral. J

In lowest depth, this means that if 7 satisfies the double shuffle relations, then

Z(X1) — Z(Xy)
X1 —Xo ’

Z(X1)Z(X2) = Z(X1, X2) + Z(X2, X1) +

Zy(X1)Zy(X2) = Zy(X1, X2) + Z,(X2, X1)
= Z(X1 + X0, X1) + Z(X1 4+ X2, X3) +2 .

Theorem (Ecalle, Ihara-Kaneko-Zagier, Racinet, .. .) J

The mould of harmonic regularized multiple zeta values } satisfies the double shuffle relations.
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@ Algebraic setup - Rational solution to the double shuffle relations

Theorem (Drinfeld + Furusho, Racinet)

There exists a mould b with values in Q, with the following properties.
@ 0 satisfies the double shuffle relations.
Q Forallr > 1,b(—Xy,...,—X;) = (=1)"b(Xy,..., X,).
© Indepth one b is given by

b(X)=—) %X’H = —ég’;:lxm—l.

k>2 m>1

This mould is not unique, but in the following, we will fix one choice of such a mould b with coefficients 3, i.e.

b(X1,... . Xp) = > Bk, k)Xt XL
k1,....kr>1
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(3) Algebraic setup - Bimoulds

Let A be a Q-algebra, define LD = {zg | k> 1,d > 0} and write * = %, for zgll o zS; = zslliss

Definition
@ Abimould with values in A is a family B = (B("),>q with B") € A[[X1,...,X,,Y1,...,Y;]].
@ For a bimould B with

Xl,...,XT> (klk) _ o Y T

B = b Xt oo xke—121 71

<Y1,...,m kh;@l di,...,d.) 1 T dy! d,!
di,...,dr>0

we define its coefficient map as the (Q-linear map given by goB(l) = B(O) and on the generators by

o5 Q(LY) — A

k kr 1, y Ior
zdll...sz»—>b(d1”' dr)'
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@ Algebraic setup - Bimoulds - Symmetril

Definition
@ Abimould B is called ©-symmetril if its coefficient map (o5 gives an algebra homomorphism
bi
o (QL"), %) — A.

Q If<is given by ZS; o zgi = 2511153 then we call a ¢-symmetril bimould symmetril.

If B is symmetril then it satisfies in lowest depth

X X
B<X1>B<X2> — B(XlaXZ) +B<X27X1> + B(Y1—|—1Y2) - B(Y1+2Y2) 7

Yy Y Y1,Ys Yo, Y1 X1 —Xo

which is similar to the relation satisfied by a symmetril mould Z

Z(X1) - Z(Xz) ‘

Z(X1)Z(X2) = Z(X1,X2) + Z(X2, X1) +
X1 — X

19/34



(3) Algebraic setup - Mould product

Let B and C' two bimoulds with values in A. The mould product B x C'is the bimould given by
Xi,..., X (XX X1, X

(BXC)( 1, 9 T‘) :ZB< 1, ) ]>C< j"l‘l’ ) 7‘) .
lfla'nayr' — Ylv"'7}/j }/j-i-la'-'aY;“

If B and C' are o-symmetril then B X C'is o-symmetril.

Proof: The coefficient map of B X C'is the convolution product of (o5 and (¢, i.e.
ppxc =mo(p®pc)oA,

where m : A ® A — Ais the multiplication on A and A is the deconcatination coproduct on @<L21> O
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() Algebraic setup - Swap

Definition

A bimould B is called swap invariant if for all 7 > 1

B(Xl,...,Xr> _B(Y1+---+Y7~,Y1+---+1¢_1,---7Y1+Y27Y1)

Yi,..., Y, Xry Xpo1— Xpy oo, X2 — X3, X1 — Xo

Xl Yl + -+ Yr
— X n; v X,

}/’2 Xr—l - Xr
)(T_l ‘ conjugate 11 + YE\ :
X, [V, o [JX - X
Y, X1 — Xy
Example: If B is swap invariant we have B();') = BG/() which gives, for example, bG) = b(g) J
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(3) Algebraic setup - From mould to bimould

Definition

For a mould Z, we define the bimould B by

X X 4

Tyenns

BZ( ...,Y;):ZOZ’Y(YL...,Y}')Z(XJ'+1,...,X,r).
J:

Recall that by definition

.
zZ"M (1, .., Y,) = Zq,fzﬁ‘*j)( At Y, Y14 Y, Y1),
7=0

Proposition
@ For any mould Z the bimould BZ is swap invariant,

o If Z satisfies the double shuffle relations then BZ is symmetril.
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@ Algebraic setup - Swap invariant & symmetril bimould

7 satisfies the double shuffle relations = BZ is swap invariant & symmetril.

Question ("<=" ?)

Does a swap invariant & symmetril bimould B give a mould Z which satisfies the double shuffle relations by setting

Xl,...,XT)?

Z(Xl,...,XT):B( B

No, not in general: Let B swap invariant & symmetril bimould. Then one can show that its coefficient satisfy
2
2 5. (4 3
b =-b —b .
0 2 \0 1

1 d
G *G4—*qd

— The coefficients of an swap invariant & symmetril bimould "behave like Eisenstein series".

Compare this to

G (2= 2C(0).
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Numbers
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1

Gl () = T = Sk k) + Y ang”

A== Ap =0 Al A n>0
NEZTHL




(4) Formal MES - Formal multiple Eisenstein series

(Rough) Let S be the ideal in (Q(LP1), %) generated by the "swap invariance relations", e.g. 2} — 28 € S.

Definition
The algebra of formal multiple Eisenstein series is defined by

gf —_ @<L}z3i>/

S
k1 kr k17 kr — kla"'7kr
and we denote the class of aword 2, . .. z" by G ( o) and set Gy (ks - k) o= G (" gT)-
s Ur L) J
Theorem (B.-Matthes-van-Ittersum (2022+))
The following map gives a derivation on G f
ki,... kl...k-+1...k
8G ) ) k‘ G ) 5 o) ) 5 P )
f(dl,..., Z Ndiy,...,d; +1,...,d,
V.

As an analogue of G3 = 3G, — %qd%Gg we get G(2)? = 3Gj(4) — 30G}(2).
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(4) Formal MES - Formal multiple Eisenstein series

Theorem (B.-Matthes-van-litersum (2022+))
Q The space of formal modular forms MT = Q[G}(4), Gj(6)] is isomorphic to the space of modular forms.

@ The space of formal quasi-modular forms M = Q[G(2), G(4), G§(6)] is isomorphic to the space of
quasi-modular forms as differential algebras.

f
© There exist an ideal N, such that the algebra Z1 = g is isomorphic to the algebra of formal multiple
N

zeta values (defined by Racinet). y

Conjecture (5(o-action)

There exist a unique derivation @ on G/ such that the triple (0, W, ) is an sly-triple, i.e.

[VVv 8] = 20, [VV, a] =—20, [076] =W,

where W is the weight operator. |

We have an explicit conjectured construction of the derivation 0. This s[-action would generalize the classical

slo-action on the space of quasi-modular forms. 25750



Numbers Functions / g-series
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. Formal multiple zeta values Formal (bi-)multiple Eisenstein series
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Z'="/N g'= 2 Gi(o) :%Gf<o>_c’<1)
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my>-e>mp>0 M1 M Xezriz




(5) Combinatorial MES - Swap invariant & symmetril bimould

Theorem ((work in progress) B.-Burmester (2022+) )

There exist a swap invariant & symmetril bimould & with values in Q[[q]]

XX) (kk) NIRRT S fid
& = G X 000 WMEPTE L 500 2
(Yl,...,n " .Zk:x di,....d.) 1 T dy! d,!

di,....,dr2>0

such that the coefficients in depth one are given by Eisenstein series and their derivatives (k: >d > 0)

o)t (1) o

Define the combinatorial multiple Eisenstein series for k1, ..., k. > 1 by

G(kl,...,kr) ::G<k17...,kr> '

0,...,0
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(5) Combinatorial MES - Swap invariant & symmetril bimould

Denote the space spanned by all combinatorial multiple Eisenstein by

g:Q+<G(k17akr) |7“21,]€1,,]{27«21>@CQ[[(]H

Theorem (B.-Burmester (2022+))

@ The space G is a Q-algebra which contains the space of (quasi-)modular forms with rational coefficients.

@ The combinatorial multiple Eisenstein series give an algebra homomorphism

G: (QL.),*) — g
W= 2 ... 2k — Gw) = G(ki,..., k).

@ G is closed under qd% and foranyw € Q(L ) we have

d

qd—qG(w) =G(z*xw— 2z Ww).
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@ Combinatorial MES - Swap invariant & symmetril bimould

The combinatorial multiple Eisenstein series have the form

G(k1,...,k) = B(k1,..., k) + products of 3 and g in lower depths + g(k1, ..., k).

Example: G(3,2) = 5(3,2) +35(3)g(2) + 26(2)9(3) + g(3,2) J

Therefore they can be seen as an interpolation between the harmonic regularized multiple zeta values and the
rational solutions to double shuffle equations: For all k1, . . ., k. > 1 we have

lim(1 — @)t oGk, .. k) = C (k... k)

q—1

im G(ky, ... k) = Bk, ... k).

q—0

Here limgﬁl means that for k1 = 1 one needs to use a regularized limit (B.-van-Ittersum 2022+)
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Numbers Functions / g-series

Double shuffle relations Symmetril & Swap invariant
Family of relations Symmetril & Symmetral B - B )
X, X2\ _ (X1, X2 Xa, Xy vi+v) ~ Blviy,
2X)EXD) = 2%, Xa) + 2%, o) + 2BV 2D, ()2 -2Cn)r2(eh) s
o) )
. Formal multiple zeta values Formal (bi-)multiple Eisenstein series
Formal objects
f bi ‘
F=9 P QL) N5 ()08
2=y G =g oy -30()-a()
Rational solution to double shuffle equations Combinatorial (bi-)multiple Eisenstein series
Rational / combinatorial
- By,
realization B(k) = *2—,:! B(k1,..., k) €Q G(k1,... k) € Q[lq]]
N\
(harmonic regularized) WX (??? extension of)
Real / analytic Multiple zeta values Multiple Eisenstein series
. . 1 _ 1 — (k 3 n
realization (o) = Y Chonl)= 3, S = k) + Yo
my>e>me>0 M Xezriz




(5) Combinatorial MES - Construction of the bimould &

eX+'qum
1—eXgm

Xy,..., X, X, X,
= L .. L .
9<Y1,...,Yr> 2 ”’”(H) m<Y)

my>-->myp>0

With Ly, () = define the bimould g with values in Q[[q]] by
Y

Theorem (B. 2013)
The bimould g is swap invariant.

The coefficients generalize the g-series g. This bimould is not symmetril, but satisfies, for example,

X.
g<X1>g<X2> _ g<X1,X2> n g<X2,X1> . g(Yl)ilYl) - g(Y1+2Y1)

Yy Ys Y1,Ys Yo, Y1 X1 —Xo

+ <2b(X2 — X)) — ;) g(mfn) + (2b(X1 — Xy) — ;) 9<Y1)-?Yl> .

Using the swap invariance of g, the above relationship between g and b and the fact that b satisfies the double

shuffle relation, one can given an explicit (but complicated) construction of 5.
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Calculation of the Fourier expansion of multiple Eisenstein series

Multiple Eisenstein series cTTTTTTTT TSmO TTT T T T T TS 5

1 [ Gy o (1) = Clhr ko) + 3 Wi, (m)C (k) .

le,“,,kT(T) = Z NS ! m>0 1
A=A =0 AL A ! 1

NELTHL L+ Y W (mr)+ Y W, (mam) W, (mo7) .

J m>0 my>ma>0 J

/ Ou|dpr0duct \ ——
decomposition /] = !
;7 Kty (T) E: ( o
L by

ny>->n
n;
mzv Sums of multitangent functions
C(kl, ceey k:'l") Z \Ilk-lvk?(‘nm') aF Z \Ilk.l(ml‘r)\llkz(mzf)
m>0 mi>mo >0

N Reduction multitangent to monotangent

K
Uk (T) = Z ok y(7)
j=2

g-MzV (sums of monotangent functions)

gk, ... k) = (—2mi)~(katthe) Z U, (ma7) ... Wy, (m,7)

my > >mye>0




Construction of combinatorial multiple Eisenstein series

Symmetril & swap invariant bimould

ki, kr X1,..., X,
o5 o3
dy,...,d, <Y1,...,Y,~)

Mould product
_ *
Symmetril & swap invariant 6 = g X b

bimould -
Sums of multiple version of L: Symmetril bimould g
b X17 000 7Xr
}/17 e 7Y;'

of X1, X2\ X1 Xo X1, X
g(ym) ) »:(Y) ( ) Zs(”)

my>me>0
BZ |

Symmetril bimould

Rational solution Define multiple version of L by b and single version of L
for double shuffle equations . (X. ..... x,.) _ z b(X' — X X — xJ)L ( X; )B(X' — X, X1 — XJ) Sm
b(Xla 500 Xr) R = Vi Yo Y +¥ Yoo Vi

The series g (sums of single version of L)

Xi.... . X, Xy X,
- ¥ L L
g()ﬁ,...,Y,) ’"l()ﬁ) ’"T(l@)

my > >my>0




(5) Combinatorial MES - Construction of the bimould - £,,

X+mY ~ —1) .
Recall L,, ())f) = 761_;((1?;” and set b(f)"":i’") =370 (22-2 b(f}(};’l’;’)},ﬁi).

Definition

X1, XT) as

For m > 1 we define the bimould £,,, by defining Sm( Yoo

Zb(Xl T o Rl — Xj>L ( X; )E,(XT—Xj,...,XjH—Xj)_
Yia" 7Y] 1 " m++Yr Yrv-"ay}-‘rl

The L., ())5) can be seen as the generating series of the "(bi-)combinatorial version" of the monotangent

function \Iffmb(T) = 0= 1 =TT Zd>0 deflned by the Lipschitz formula instead of nested sum), since

comb k—1 k=1 gmd yk—1 dX md er g X
> UE(mr)X :Z _1;Zd XP=) et = =L )
k>1 k>1 d>0 d>0 q

The £,,, can then be seen as the generating series of (bi-)combinatorial version of the multitangent functions.
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(5) Combinatorial MES - Construction of the bimould - g*

Let B,,, be a family of bimoulds which are <-symmetril for all . > 1. Then the bimould C'y; defined by

J
b I AN 5 (Kot Xr,
Culy,...v.) = 2 ™\, Y,
ilgooagdp 1<j<r i1 ri_141y-ey Xy
0:?"0<T1<T-<_7“]‘_1<Tj:7“

M>my>->m;>0

is O-symmetril for all M > 1. Proof: Show C'ny+1 = By X C)y and do induction on M . )
Definition
We define the bimould g* by
J
g*<X17...,XT> . Z HS (XTi—1+1""?XT’z‘)
= s .
Yi,...,Y, 2 bl Yo i1y, Yo
0:r0<r1<~-<rj_1<rj:r
m1>~~>mj>0 y

Lemma = if the £, are symmetril for all m then g* is symmetril. s/os



(5) Combinatorial MES - Construction of the bimould - Definition

Definition (B.-Burmester (2022+))

The bimould of combinatorial (bi)-multiple Eisenstein series is defined by & = g* x b. )
Definition (B.-Burmester (2022+))
For j > 0 we define the bimould &; = (®§~T))r20 as follows. In the case j = 0 we set &y = b and
®§r> =0forr < j.1f1 < j < 7 we define
J
Q5j<X17"'7XT) _ Z H’Sm.(Xﬁ'—l-‘rl:"'7Xri)b(XTj+17"'7X'r>.
Yla"-ay;' . P ‘ }/T'i_1+17"'7y;'i Ytr'+17""YVT
O=ro<ry<--<r;<ri=1 J
my>-->m;>0
y

Theorem (B.-Burmester (2022+))
The bimould & ; is swap invariant for any j > 0 and we have & = Z;ZO &;, ie. & is swap invariant. )
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(5) Combinatorial MES - Example of the bimould &

Let b = B" denote the bimould coming from the mould b, which satisfies the double shuffle relation.
(i.e. the bimould b is symmetril and swap invariant)

Example: In depth one and two the bimould & is given by
X\ (X i
o(3)=*() +o(%)-
®<X1’X2>—b(Xl’XQ)—b<X1_X2> ( X1 )_1 X1
Y,z ) \Y,Y v, J\vi+v) 2°\vi+v

Xo X1 X1 —Xo Xo X1, Xo
b g + b g +9 .
Ys Yy Yi Yi+Y; Y1,Ys

+

4
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Open questions & future directions

There are still various open questions and possible research directions which are also suitable for bachelor,

master & PhD projects.

© 00000O06O0CO0

Higher level analogues (cf. Kaneko-Tasaka 2013, Yuan-Zhao 2016).

Analytic realization of the formal multiple Eisenstein series.

Consider additional structures from modular forms, e.g. Hecke operators.

Extension of the Kronecker realization (B.-Kiihn-Matthes 2021) to higher depths.

Connection to the Goncharov coproduct (cf. B.-Tasaka 2017).

Possible definition of g-Associators.

Basis & Dimension formulas (cf. B.-Kiihn 2020).

Interpretation of the Broadhurst-Kreimer conjecture & exotic relations in this setup.

Adaptation of this setup for finite multiple zeta values (cf. Kaneko-Zagier, B.-Tasaka-Takeyama 2018).

etc.

Thank you for your attention.

34/34



Bonus - Connection to Goncharov coproduct

On the Q-algebra (Q(L ), LLI) one can define the Goncharov coproduct A, which gives (Q(L ), LU) the
structure of a Hopf algebra.
There exist explicit formulas for A¢, e.g.

Ag(z322) = 2320 @ 1 + 323 R 20 + 220 ® 23 + 1 ® 2329 .
Compare this to the Fourier expansion of G372:
Ga2 = ((3,2) + 3¢(3)(—2mi)?g(2) + 2¢(2)(=2mi) 9(3) + (—2mi)°¢(3,2) .
T@,E)::_/
Theorem (B.-Tasaka 2017)
Forky,...,kr > 2wehave Gy, 1 = (mo((®g)oAg)(2k, ---2k,)

We also have

G(3,2) = B(3,2) + 38(3)9(2) + 25(2)g(3) +9(3,2) = 9(3,2) — 130(3),

and by construction an analogue of the above theorem for combinatorial multiple Eisenstein series is expected.
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Bonus - Modular forms - Definition

Complex upper half plane: H = {at +iyeClz,yeR,y > O}.

Definition

A holomorphic function f € O(H) is called a modular form of weight k& € Z if it satisfies
o f(r+1)=f(r),
o f(=3)=7"f(7).

for all 7 € Hl and if it has a Fourier expansion of the form

f(T) = Z anq" . (@, € C g = GQMT)
n=0

o My, : space of all modular forms of weight &, M = @},>0.M; space of all modular forms.
@ The space of cusp forms of weight & is defined by

o0
Sp={feMy|f= Z anq" } = ker(projection to const. term) .

n=1
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Bonus - Broadhurst-Kreimer conjecture

grP Z}.: MZV of weight k and depth 7 modulo lower depths MZV.

Conjecture (Broadhurst-Kreimer, 1997)

The generating series of the dimensions of the weight- and depth-graded parts of multiple zeta values is given by

. 1+ E(X)Y
D kyr —
k;() dima (grr’ Zi) X 1-0(X)Y 1 S(X)Y2 —S(X)Y¥’
where
)(2 X3 e . k
( )—ﬁ, O(X)—ﬁa S(X) = (1= X%)(1 - X9) _gdlms‘”X :

Observe that
1+EX)Y
1 -O(X)Y +S(X)Y2 - S(X)Y4
=1+ (E(X)+0(X))Y + ((E(X)+0O(X))O(X) = S(X)) YZ +---
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Bonus - Analogue for the double shuffle relation in small depth

As a consequence of the swap invariance the formal (and therefore also the combinatorial) bi-multiple Eisenstein
series satisfy for k1, ko > 1,d1,do > 0

13} ka\ k1, ko ko, k1 k1 + ko
@ (ch)Gf <d2> =G (dl,d2> tor <d2, d1> o <d1 + d2>

1 —1\/d i —1\/d Ii,1
= E ((kl 1) < 1) (_1)d1—e1 + (kl 1> ( 2) (_1)d2—61> Gf( 1 2)
Lo =k +ho 1= €1 2 — el e1, ez
e1+ex=d1+d2

l1,l2>1,e1,e22>0
i dq!ds! <k1—|—k2—2>G (kl + ko —1)
(di +dy + 1)1\ Ky —1 Ndy +dy+1)°
Example The k1 = 2, ko = 3,d; = dy = 0 case gives

G;(2)G1(3) = Gj(2,3) + Gj(3,2) + Gj(5)
= Gf(?, 3) + 3Gf(3, 2) + 6Gf(4, 1)+ 8Gf(3) .

Compare thisto ((2) - (3) = ((2,3) + ((3,2) + ((5) = ¢(2,3) + 3¢(3,2) + 6¢(4,1).
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