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1 5, zeta #I�>��.1�
1.1 W` zeta �r[d�{l\K6qTup zeta R�z06J L- R�, ^W: !Q�{l. Dirichlet L-R�, ��d�~Xl.d�Yp Hasse–Weil zeta R�, d��{.�9p Dedekind zeta R�, Galois #tV{. Artin L- R�, 	~vsV{. Hecke L- }�rr, g�|up zeta R�xU� zeta R� ζ(s), 0Ko+a3 1 p'+	`F�mDWW}�vs

ζ(s) :=

∞
∑

n=1

1

ns
(ℜ(s) > 1).Xl zeta R� (z06J L- R�) x[d�{ls�p�6
i, Æ0K\�{PpB
Nx�5s�p�6{(. h k > 1 C℄\�m ζ(k) CCU� zeta 
. h k �$C1�V$�m,NC ζ(k) C1U� zeta 
V$U� zeta 
. &$u, #LK 1735 ��1�[jF3$U�

zeta 
p��>s, ||�p#L>s
ζ(2k) =

(−1)
k−1

B2k

2(2k)!
(2π)2k ∈ Qπ2k,0l Bk x Bernoulli �, 0hDR�C x

ex−1 =
∑∞

n=0 Bn
xn

n! . ZJ Bk x�5.V�, "V#L>s#�$U� zeta 
 ζ(2k) 5 π2k p_x�5.V�, JÆ
31U� zeta 
, 9�b�.�[T�p>s, X�	�5|�p Nx$�|���� Ramanujan[13] �[p ζ(2k + 1) p|1T/: 2024-11-12. w*T/: 2024-12-17.t%e�: M�
KE�t% (No. 12101008).
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(4β)−k

[

1

2
ζ(2k + 1) +

∞
∑

n=1

1

n2k+1(e2nα − 1)

]

− (4α)−k

[

1

2
ζ(2k + 1) +

∞
∑

n=1

1

n2k+1(e2nβ − 1)

]

=

k+1
∑

j=0

(−1)
j−1 B2jB2k+2−2j

(2j)!(2k + 2− 2j)!
αjβk+1−j (αβ = π, k ≥ 1).&$u, WNp k C1p℄\�, 'B α = β = π, N`sFe�C

ζ(2k + 1) = 22kπ2k+1
k+1
∑

j=0

(−1)j+1 B2j

(2j)!

B2k+2−2j

(2k + 2− 2j)!
− 2

∞
∑

n=1

n−2k−1

e2πn − 1
.X5>sx- Lerch 3 1901 �}W�[p (2Æ [13, v 276 �]).

2πi

−2πi 5 1 Amv5 ∫ (0+)

∞9;��V Gamma R�pyk, ℄)' R�p��F�okU� zeta R�p�lv�#_s [126]:

ζ(s) = −Γ(1− s)

2πi

∫ (0+)

∞

(−z)s−1

ez − 1
dz, (1.1)0l!� | arg(−z)| < π, X5�lu4 ∫ (0+)

∞
x�q Hankel �l (W4 1 �t), <*u4x}YX`�+	�-℄oyM?APM�, g�x, �M={℄g�v, kW�+	, Jg1xkW�+	�-℄oyM?AP, ';�l�)Q�vR�p1{ z = 2πni (n = ±1,±2,±3, . . .).

(1.1) s1�p�lv�x�5
�:'�
 s �!Qpf
R�, "VF�℄)�lv��
&pU� zeta R�!Q�9D\5'+	`p�5	TR�, |���A
X ℜ(s) > 1 9Ph\5'+	`.Æ|�p6��K(`�pU�,b9x,4!Q�9h\5'+	pU� zetaR� ζ(s) p�.�+�m{�H3 ℜ(s) = 1
2 X.b^`.KU� zeta 
p6T�6K(hl, 
0MVyz?Eyp�6�b�x�{n9��F~pN{K(`�. "C π xMV��x?E�, ��-#L>sF_, �.$U� zeta 
��xMV�V?E�. Æ
31U� zeta 
pMVyV?Eyp�6, -3�b��.�[T�3$U� zeta 
p#L>s, ��b�&	1U� zeta 
pMVyV?Eyx�=I�p. "
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Z, O�K*K(`��.BoPXokyp*P. bk 1979 �, �L��� R. Apéry[2] �[j ζ(3) 5WWQlp�dsT� (�Clp�Y�) pM?}�p��FT
∞
∑

n=1

(−1)n−1

n3

(

2n

n

)

=
2

5
ζ(3),'℄)*FTs^�j ζ(3) pMVy. ^N, F. Beukers[14] V�LD�BBu D. Zagier 9;

ApérypÆu*xjaV��,^�j ζ(3)x�5MV�,Xx�{n9}5F31U� zeta
MVyp N, *<�sowpjO�
1U� zeta 
MVyp�6tC, 'CU� zeta 
MVyp�6'=jopÆu. �7, O�fK1U� zeta 
pMVyp�6lBoj��*P,�WW. Zudilin[148] K 2001�^�j ζ(5), ζ(7), ζ(9), ζ(11)lha.�5xMV�,`^K 2018�� [150] 2)�q;�fp��^�j ζ(5) k ζ(25) lp1 zeta 
hal.�5MV�, Æ
31U� zeta 
p?Eyp�6�b�.Bookyp*P. Zudilin p��1O Sprang[115],

Fischler–Sprang–Zudilin[50] VOaV3* [90] rOp*�*�P, okj�7
1U� zeta 
MVyp�6lBop�Sp N: 
3P�I�jp ε, �W1U� zeta 

ζ(3), ζ(5), ζ(7), . . . , ζ(s)lha. (c− ε)

√

s/ log(s) (=� c = 1.192507 . . .) 5xMV�, 0l s x�5I�ap1�;5 ε _F. -3 Apéry p?\, V^, /dQlp�Y�zT�p�Y�pM?}��Æ��CC Apéry }�, 'DCj�{n9pN{�6K(`�. &$u, 2021 ��/a��jE��K0�op�| [116]l8MjahF3 Apéryu}�℄rsp,b, 0l+�}�,b�1K
[4, 27, 33, 117, 147] l�^�j. KV`^, O�℄)�Y�d�5�{p��okj Apéry }�5U� zeta
p��FTs, Æ;g�[j�l Apéry}�5U� zeta
p�s6J.��:pbT, -.p�l�6F2Æ [1, 40, 69, 79, 125, 127, 132], �W M. Kalmykov�B. Ward V
S. Yost[79] ^�jgT Apéry u}�

∞
∑

n=1

H
(k1)
n H

(k2)
n · · ·H(kr)

n

nk
4n
(

2n

n

)−1

,

∞
∑

n=1

H
(k1)
n H

(k2)
n · · ·H(kr)

n

nk4n

(

2n

n

)F�mDWW�℄vsp�s zeta 

∑

0<n1<···<nm

(±1)n1 · · · (±1)nm

nl1
1 · · ·nlm

m

(l1 + · · ·+ lm = k + k1 + · · ·+ kr)p Q- ^y�Y, 0l k, k1, . . . , kr, l1, . . . , lm �C℄\�, XZp H
(k)
n xeJ�p~V�, ��C H

(k)
n :=

∑n
j=1

1
jk
; Hn ≡ H

(1)
n . ZJ, h k ≥ 2 m, . ζ(k) = limn→∞ H

(k)
n , |~V�

H
(k)
n (k ≥ 2) F�B�xU� zeta 
p7 n d+�V. ';��g�[j Apéry u}�5U�

zeta 
p�s}�6JKPVn9lp�l&), �W, 	ku��4lp�� N9F�#tD�l Apéry}�p�s6Jp�Y, ÆXl Apéry}�p�s6J2F�#tDU� zeta 
p�l�s}�6Jp�Y. "V, 
U� zeta 
�s6Jp�6�z�#3jO�p~�.

1.2 3* zeta !H�<�
�-Zl��N, 6TU� zeta 
p�s}�6JK" V{�d�9,�d�~X�h�<{���v��̀ �PVr��5PVn9l�J�&) [21−23, 92, 93, 97, 120], �DC�{n9F~pN{K(`�.
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3�se" k = (k1, . . . , kr) �1|p� ; zeta R�
x�s zeta 
 (Multiple Zeta

Value), ��C
ζ(k) = ζ(k1, . . . , kr) :=

∑

0<n1<···<nr

1

nk1
1 · · ·nkr

r

, (1.2)0l k1, . . . , kr �C℄\�; kr > 1 xCj�^`�}�x{dp, X�pe" k L�C`CFV�p. '; |k| := k1 + · · · + kr V r �$CC�s zeta 
pE (rEs) Vd�. ZJ, �s zeta 
xU� zeta 
p	J�s6J. 
�s zeta 
p�6�LF���k 1742–1743 �p#L53n�[p�rq� [48], #L�6j�s zeta 
p8eyz�l&�
''Mj�l,b>s. V^, 0
�Ramanujan�Berndt r����
�s zeta 
*xO�6. g�ÆQC, 
3�s zeta 
T2p�6r3 1992 � D. Zagier Kv�##x��l `p�2 [137]V|��Y�{�� M. Hoffman 3 1992 ��#K Pacific Journal of Mathematics (�"+���Ig�) `pJS [73]. ��~_x1mX)1���_'M�s zeta 
p��V+ p:

Zagier xX��d�~X��
U� zeta 
*x6J, *Æ'Mj�s zeta 
p��V+ ;Æ Hoffman NxXT�{V�Y�p��
U� zeta 
*xj6J, XÆ'Mj�s zeta 
p��V+ . (��, |�V{PV�� Broadhurst 5 Kreimer[23] K��45" V{p�6l�[�s zeta 
MO�kuM[K�l��v��z" ) hp��l, XÆxau'0jO�
�s zeta 
pF~.Zl��N, 1O F. Brown�P. Deligne�D�%V (H. Furusho)�M. Hoffman�2=�"Q
(K. Ihara)�$�;q (M. Kaneko)�Qi� (G. Kawashima)�a�!h (Y. Ohno)�'[(J
(H. Tsumura)�� 0| (T. Terasoma)�̂ �{� (S. Yamamoto)�D. Zagier�1,o�K��Ym
�Y�$�em
�>E+�z�J�VrOp<�, O��['^�j�s zeta 

p��+�pd�FT, �W�EV>s [100]� Y�FT [49, 52]�KawashimaFT [85, 87]�Kaneko–

Yamamoto v��}�FT [86]�Ihara–Kaneko–Zagier j�FT [77]�Zagier 2-3-2 >s [99, 138]r, 
3XlFTpaVp\p�3V�6F2Æ [142]. ÆXlFT`
2\K���p�KbT, 2Æ4 2 (}�~�px4 2 lp�l�8p��K�Jl'�.8M, _F���VF2Æ [142] z0�_FJ\, ℄3�J)", L�KXZ)���). hJ, Nj4 2 l�P[pFT`;, g\K��0�pd���FT, 0l�lFTF2Æ [18, 71, 72]. Xl<�s�`�x℄)�Y�{�!Q�{rVd�~Xp��N=Dp.-l�N, ��
�s zeta 
�6p*�*dXz0K���D5PV�D��n9lp&), �l5�s zeta 
_Fpv�V}� v��_&'M, 
Xl v (&$x}�1$ v) p�6�z�R#jO�p~�VtC. {�p v.:

1. iQ�$� (Arakawa–Kaneko) zeta R� [3];

2. �^y#LV [51];

3. q- ���s zeta 
 (q-Analogues of MZV)[19, 142, 143];

4. .℄�s zeta 
z0 v [80, 82, 109, 124, 145, 146];

5. R�9�s zeta 
 [29−32, 39, 68, 121];

6. motivic �s zeta 
 [24, 25, 91, 95−97, 119];

7. �>�s zeta 
 [136];

8. $��'[ (Kaneko–Tsumura) η- R� [83];

9. Schur �s zeta 
 [6, 9, 105];

10. �`�s zeta 
 [62] z cell zeta 
 [26];
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11. �s Apéry-zeta }� [1, 132] r.

JQiBpB+

U�bbQ+B�iQ` `2H�iBQMV

� "� "

*QM~m2M+2 ฀

UAMi2;`�H@ 2`B2b `2H�iBQMV

U1mH2`Ƕb `2H�iBQMV
U_2;mH�`Bx2/ /Qm#H2

b?m|2 `2H�iBQMV
U.m�HBiv `2H�iBQMV

E�r�b?BK� ฀Ua?m|2 `2H�iBQMV
U6BMBi2 /Qm#H2
b?m|2 `2H�iBQMV

฀UZm�bB@b?m|2 `2H�iBQMV 

>QzK�M ฀

E�r�b?BK� ฀
UGBM2�` T�`i Q7 E�r�b?BK�Ƕb `2H�iBQMV

P?MQ@w�;B2`

฀UZm�bB@/2`Bp�iBQM `2H�iBQMV

U*v+HB+ bmK 7Q`KmH�V
U.2`Bp�iBQM `2H�iBQMV

P?MQ ฀

฀
UamK 7Q`KmH�V

฀
U_2bi`B+i2/ bmK 7Q`KmH�V Uq2B;?i2/ bmK 7Q`KmH�V5 2 �t zeta dq7r��e�GUhJ, Nj`�p v`;, g.��0�Tupv�V}� v. &$x�-~�, 
�s zeta 
p�l1$ vp�6z�R#jO�p~�VtC. 2018 �, Hoffman[76] }YCyj�s zeta 
p�T1 v —— �s t-zeta 
 (Multiple t-value). 
3FV�p�se"

k = (k1, . . . , kr), ��
t(k) :=

∑

0<n1<···<nr

nj odd

1

nk1
1 · · ·nkr

r

=
∑

1≤n1<···<nr

1

(2n1 − 1)k1 · · · (2nr − 1)kr
. (1.3)

2019 �, S�|��{��$�;q5'[(J [84] Ar�6�s zeta 
p�T1$�℄ v
—— �s T -zeta 
 (Multiple T -value, �C MTV):

T (k) :=
∑

0<n1<···<nr

nj≡j mod 2

2r

nk1
1 · · ·nkr

r

. (1.4)

2022�, �J�V [129] K Yj�s t-zeta
V�s T -zeta
psO`#X'�6j;�Æ>vp1$ v —— �snY zeta 
, �C�s M -zeta 
 (Multiple M -value): 
 ε1, . . . , εr =
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±1, ��

M(k; ε1, . . . , εr) :=
∑

0<n1<···<nr

(1 + ε1(−1)n1) · · · (1 + εr(−1)nr )

nk1
1 · · ·nkr

r

. (1.5)L�g��j�s M -zeta 
po�q&�>v —— �s S-zeta 
 (Multiple S-value):

S(k) :=
∑

0<n1<···<nr

nj≡j−1mod 2

2r

nk1
1 · · ·nkr

r

. (1.6)�-, �J�VV1�a�p�t(u [128] Cyj;�Æ>vp�℄1$ v —— �℄�s
M -zeta 
 (Alternating Multiple Mixed Value) :

M(k; ε;σ) :=
∑

0<n1<···<nr

(1 + ε1(−1)n1)σ
(2n1+1−ε1)/4
1 · · · (1 + εr(−1)nr)σ

(2nr+1−εr)/4
r

nk1
1 · · ·nkr

r

, (1.7)0l k = (k1, . . . , kr) ∈ Nr, ε = (ε1, . . . , εr) ∈ {±1}r, σ = (σ1, . . . , σr) ∈ {±1}r ; (kr, σr) 6=
(1, 1). _�u, h εj = 1,−1, (−1)j, (−1)j−1 m, _&p�℄ (Alternating) �s M -zeta 
9�$ Dj#LV (|�℄�s zeta 
)[16], �℄�s t-zeta 
 [76], �℄�s T -zeta 
 [133] V�℄�s S-zeta 
 [128], |.

M(k; {1}r;σ) =
1

2|k|−r
ζ(k;σ), M(k;−1, 1, . . . , (−1)r;σ) = T (k;σ),

M(k; {−1}r;σ) = t(k;σ), M(k; 1,−1, . . . , (−1)r−1;σ) = S(k;σ).XZ {a}r d#�� a s' r W. wo`, 2015 �, �L
��{��<P+��V�Jv��V [136] ℄)��Ve"℄iK� N p14Tp��T2��'�6j�`�s zeta 
1$ vp�Æy6J, XT6JV�s Eisenstein }�.��:pbT.o�q;JCO_p�s zeta
p6J9x�>9`pv N 6�s zeta
 (N C℄\�)

—— �Cv N 6�> (r0\) �s zeta 
 (Cyclotomic/Colored Multiple Zeta Value, �C
CMZV)[136], ��C

ζ(k1, . . . , kr; z1, . . . , zr) :=
∑

0<n1<···<nr

zn1
1 · · · znr

r

nk1
1 · · ·nkr

r

, (1.8)0l k1, . . . , kr �C℄\�, z1, . . . , zr �C N WfH9; (kr , zr) 6= (1, 1). L�Kv 3 ��lBk, Xl
5F�I Gm :D N WfH9p motivic s�I.��=(�pbT.h N = 2 m, (z1, . . . , zr) ∈ {±1}r, Vmpv 2 6�>�s zeta 
�Æ�CC#LV [16].Cj;��u#_#LV, a�/=D�h ηj = −1 m, K
&pe" kj `��/, ^W
ζ(2̄, 1, 3̄, 5) = ζ(2, 1, 3, 5;−1, 1,−1, 1) =

∑

0<n1<n2<n3<n4

(−1)n1+n3

n2
1n2n3

3n
5
4

.ZJ, �s M -zeta 
F�#tD�l#LVp Z[i]- ^y�Y, Æ#LV2x�>�s zeta 
p�T&�>v, "V, Xl�s
`
x\K��p�QFTp. ^W, 
3�s t-zeta 
V�s T -zeta 
, .
t(k) =

∑

σj=±1

(

r
∏

j=1

σj

)

ζ(k;σ1, . . . , σr), T (k) =
∑

σj=±1

(

r
∏

j=1

σj
j

)

ζ(k;σ1, . . . , σr).
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F�mDN = 4p�>�s zeta
p Z[i]-^y�Y."CXl�s
zeta 
 vp��.'M)7, ��
��p��d�r_Fykp�6<�x�=ap, �-p�l�6 NF2Æ [76, 84, 101, 103, 118, 129, 141]. 
o~�px,K�-p�6l�[,�>�s zeta 
5 Apéry }�z06J\K��=�:pbT. �W, $���� P. Akhilesh[1]��jWWvsp�s Apéry-zeta }�

σ(k1, . . . , kr) :=
∑

0<n1<···<nr

1

nk1
1 · · ·nkr

r

(

2nr

nr

)−1

, (1.9)0l k1, . . . , kr �C℄\�. �^�j�s zeta 
 ζ(k1, . . . , kr) �F�#tD�s Apéry-zeta}� σ(k1, . . . , kr) p\T�^y�Y, ';�_j�s zeta 
5�s Apéry-zeta}�popSWv�>s, *�*8Mj�s zeta 
p Zagier 2-3-2 >s [138] p�5op��^�. �Jv��V5Y�V<a�p>E+�� [125] N�[j�lWWvsp�s Apéry }�
∑

0<n1<···<nr

4nr

nk1
1 · · ·nkr

r

(

2nr

nr

)−1

,
∑

0<n1<···<nr

4−nr

nk1
1 · · ·nkr

r

(

2nr

nr

)F�mD�l#LVp\T�^y�Y."CXl�s zeta
 vp��.'M)7,
�s Apéry}��(�℄)�s t-zeta
�(�℄) �s T -zeta 
�(�℄) �s S-zeta 
V (�℄) �s M -zeta 
p�6x�=ap, ��F��pK(�=�. 0l���F~p{�.ZTK(. v�TK(x��6	��Æp6q��d�FT
pbT. *K(9xXl
6	��Æp��d�FTs`
x F�a_6j,�W, 2018 �$�;qV^�{� [86] ^�j�s zeta 
p℄Ne	S%FT5v��}�FTxr	p. 4 2 l8Mj�s zeta 
p�l��d�FTp6j4. v�TK(x��6	pF*�TDpo�9.V�ghG
pG
 AK(. 0l, �{�pK(x�6-6T v
6	hDp.VghG
pD�V<*pst. vZTK(x�s zeta 
p6q v`
pbT. &$x��`
x \K�l��d�FT, �W, $�;qV'[(J [84] 9,4j�.p�s t-zeta 
 t(k1, . . . , kr) (kj ≥ 2) F�#tD�s zeta 
p Q- ^y�Y. 2022 �, [`9� (T. Murakami)[103] ℄) C. Glanois[55] �Pp motivic ��^�jX5,b. L��Kv
2 �Vv 3 �<*%{�s zeta 
p��d�FT5~Xyk.

2 5, zeta #I�>��.wq+t>��LD�'���:��s zeta 
z_F vp�l{�p��d�FTV~Xyk.

2.1 vp*r<�
2.1.1  �Eu�i*r<�Xx�T�s zeta 
`
�Cs�p Q- ^yFT. }Y, M. Kontsevich V D. Zagier[137]℄)B (L/) ySWv���okj�s zeta 
p�qSWv�#_s

ζ(k1, . . . , kr) =

∫ 1

0

dt

1− t

(

dt

t

)k1−1

· · · dt

1− t

(

dt

t

)kr−1

, (2.1)XZ, BySWv� [34, 35] ��WW:
∫ b

a

f1(t)dtf2(t)dt · · · fp(t)dt :=
∫

a<t1<···<tp<b

f1(t1)f2(t2) · · · fp(tp)dt1dt2 · · ·dtp,



322 � � + Q 54=*v��ÆWWpS%FT: 
P�p [0, 1] `p?� 1- vs (1-form) ω1, . . . , ωr+s, .
∫ 1

0

ω1 · · ·ωr

∫ 1

0

ωr+1 · · ·ωr+s =

∫ 1

0

ω1 · · ·ωr�ωr+1 · · ·ωr+s,XZ � d#S%v: �5 1- vs�F�biD�T%, S%vN#t�g%%SD�%%p�.F��Y. ^W, Yp a = dt
t , b = dt

1−t , N- (2.1) F�ok
ζ(2)ζ(3) =

∫ 1

0

ba�ba
2 = 6

∫ 1

0

b
2
a
3 + 3

∫ 1

0

baba
2 +

∫ 1

0

ba
2
ba = 6ζ(1, 4) + 3ζ(2, 3) + ζ(3, 2).XqFTCC�s zeta 
`
pS%FT. _�u, $�;qV'[(J [84,�X 3.1] �[j�s T -zeta 
pSWv�#_s

T (k1, . . . , kr) =

∫ 1

0

2dt

1− t2

(

dt

t

)k1−1

· · · 2dt

1− t2

(

dt

t

)kr−1

, (2.2)��, �s T -zeta 
1��ÆS%FT.o;, 9;�s zeta 
p�� (1.2) V�oko;�q�S%FT (rC~VS%FT).^W
ζ(2)ζ(3) =

∑

m≥1

1

m2

∑

n≥1

1

n3
=

∑

0<m<n

1

m2n3
+
∑

0<m<n

1

m2n3
+
∑

0<m=n

1

m2n3
= ζ(2, 3)+ζ(3, 2)+ζ(5).�`	gqFT Y3N�okjWWp�5.℄	S%FT

ζ(5) = 6ζ(1, 4) + 2ζ(2, 3).O�	JlK: x �s zeta 
`
�.p Q- ^yFT�F�X.℄	S%FTNok?X (2.5) F�_|BM`	x �p, "C�s zeta 
pEhax 2, ��FvpEhax 4.2=�"Q�$�;qV Zagier[77] /Ovseu#X�[�s zeta 
9
u!?jX5K(.o�`, �.�[�s zeta 
�F/Ogq)1p℄Ne��#tD Q[T ] lp�ds.

(1) S%FT℄Ne: v�q��xYB 0 < ε < 1, J� (2.1)  C (0, 1 − ε) `pv�,XÆF�0�9k�[p�s zeta 
. F�^�, Y�� k ∈ Nr � d 5 1  F, h ε → 0+ m
∫ 1−ε

0

dt

1− t

(

dt

t

)k1−1

· · · dt

1− t

(

dt

t

)kr−1p{dF#tD T = − log ε p d W�ds, �� ζ�(k) = ζ�(k;T ), 'C0C ζ(k) pS%℄Ne
. &$u, ζ�(1) = T .

(2) �S%FT℄Ne: v�q��x� (1.2) p�Ve"℄iK [1,M ]∩N �, XÆ
P�p�[
 (1.2) �.��. F�^�, Y�� k ∈ Nr � d 5 1  F, h M → ∞ m
∑

0<n1<···<nr≤M

1

nk1
1 · · ·nkr

rp{d��#tD T = logM p d W�ds, �� ζ∗(k) = ζ∗(k;T ), 'C0C ζ(k) p�S%℄Ne
. &$u, ζ∗(1) = T .
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.uubT3N, XÆ8Mj�Ip�s zeta 
p℄Ne	S%FT [77,�X 1]:0X 2.1 ���5 R[T ] `p R- ^y1A'b ρ : R[T ] → R[T ] WW:

ρ(exp(Tu)) = exp

(

∞
∑

n=2

(−1)n

n
ζ(n)un

)

exp(Tu),N
P�p k ∈ Nd, L�.
ζ�(k;T ) = ρ

(

ζ∗(k;T )
)

. (2.3)W�,bZtj�V 2.1 ps�y."	 2.1 �s zeta
p℄Ne	S%FTF�hD�s zeta
`
�.p Q-^yFT.

2.1.2 2g<�FV�p�se" k := (k1, . . . , kr) (k1 ≥ 2) F�B�mDWWvs:

k = ({1}b1−1, a1 + 1, . . . , {1}bs−1, as + 1),0l aj , bj ∈ N. �� k p
$e" k∗ C
k∗ = ({1}as−1, bs + 1, . . . , {1}a1−1, b1 + 1).℄) (2.1) V (2.2) �$� hdh t 7→ 1 − t V t 7→ 1−t

1+t Fo�s zeta 
V�s T -zeta 
p
$>s.0X 2.2 
3FV�p�se" k z0
$e" k∗, .℄rs
ζ(k) = ζ(k∗) V T (k) = T (k∗). (2.4)^W

s = 1, b1 = 2, a1 = 1 =⇒ ζ(1, 2) = ζ(3). (2.5)hJ, �s zeta 
p�l0� v�x\K
$>sp, gvs`F�;C'I, �W�J�V [133,�X 2.1] �[j�℄�s T -zeta 
�\K�5
$>s.

2.1.3 B;o
1742–1743�, Km83n�[p/ql, #L^�j�s zeta 
p�5V>s

∑

i+j=k
i≥1, j≥2

ζ(i, j) = ζ(k) (k ≥ 3).

1997 �, Granville[56] V Zagier ()hDR���, 2Æ [144]) 6	�_u^�j�Ævsp�s zeta 
pV>s
∑

k1+···+kr=k
ki≥1, kr≥2

ζ(k1, . . . , kr) = ζ(k) (k ≥ 2).



324 � � + Q 54=.Cpx, Zagier h��.�#�p^�, "C�>o, _
3WV��pV>s, �p^�">j [56,x 95 �]; g^N.�V�[�p��F�*�*6Jk#LVp�6` [144], Æ Granvillep��^�G')V�6J.V^, ���V�8Mj�l)1p^����z0�TupV>s, W: ℄iV>s�
(�ds) �EV>s��fV>sr, 
3℄iV>sN�, lL <p�l�V (W4J=�BIO�nPfr) *xO�=dXp�6 [36−38]. 0l��s�pV>s.|�d����L~4
a�K���V
�j�a�n&(�� [63] p�EV>s

∑

k1+···+kr=k
ki≥1, kr≥2

[

2kr−1 +
(

2kr−1 − 1
)

(

2s2 +

r−1
∑

i=2

2si
)

]

ζ(k1, . . . , kr) = kζ(k),0l si = ki + · · · + kr−1 − r + i (1 < i < r). �� k p0�Ca3 1 p�h5�, �C h(k),S��{��a�!hV Zagier[107] ^�jWW N: 
P��(\� w, d V h, p
I0(w, d, h) =

{

k ∈ Nd : |k| = w, h(k) = h, kr ≥ 2
}

.� Sn(x, y, z) = xn + yn − αn − βn, α, β =
x+y±

√
(x+y)2−4z

2 , N
∑

w,d,h≥1

(

∑

k∈I0(w,d,h)

ζ(k)

)

xw−d−hyd−hzh−1 =
1− exp

(
∑∞

n=2
ζ(n)
n Sn(x, y, z)

)

xy − z
.^N, 1�a�Ym
�� [98] �V N6JkE� i- 0�p>v, XZ k p i- 0�Ca3 ip�h5�.Zl��N, �s zeta 
pV>sp�6 Nx�=�)p, �W, 
3℄\� m, k, r ;

k ≥ r, p f(x1, . . . , xr) C�5.VT�
C�ds, ���EV
Ef (2m, k, r) :=

∑

k1+···+kr=k,
k1,...,kr≥1

f(k1, . . . , kr)ζ(2mk1, . . . , 2mkr), (2.6)h f C=� 1 m, D�#T E(2m, k, r) ≡ Ef (2m, k, r). 2006 �, Gangl�$�;qV Zagier[53]^�j E(2, k, 2) = 3
4ζ(2k). `^, l[sg (T. Nakamura)[104] 8Mj E(2, k, 2) >spo�5^�. 2012 �, Y�;L8�Bem
��VY�a�1,o�� [112] �6j E(2, k, 3) V

E(2, k, 4), '^�jXg5V>s�F�#tD ζ(2k) V ζ(2)ζ(2k− 2) p.V�Y. T� N��6Jk#LV [113] V�s t-zeta 
 [114] `. Æ^, Hoffman[75] V Genčev[54] ℄)0���8Mj E(2, k, r)pZs>s. V;, Genčev[54]g,4j E(4, k, r)p>s. j℄�g (Y. Komori)���:� (K. Matsumoto) V'[(J [88] NCyj;�Æ>vp�EV E(2m, k, r), Zs>s�K [46, 47] l8M.

2015 �, K����Pwa�R'��V�Jv��V [61] 
�Æ�ds f 'MWW,b:

Ef (2, k, r) =

T
∑

l=0

af,l(k)ζ(2l)ζ(2k − 2l), (2.7)0l T = max{ [d+r−2]
2 , [ r−1

2 ]}, d = deg(f), af,l(x) ∈ Q[x] xf�O3 l V f p.VR�;
deg af,l(x) ≤ degx1

f(x1, . . . , xr). 2019 �, Ym
��5<A�u [100] ℄)hDR����z
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pFvpV>s^�j`�,bz0
s��. XZp�s zetas
��WW:

ζ⋆(k) ≡ ζ⋆(k1, . . . , kr) :=
∑

1≤n1≤···≤nr

1

nk1

1 · · ·nkr
r

.

2020�, Ym
5�Jv��V [101] Y��_j�s t-zeta
z_&p�s t-s
p
C�ds�EV>s (|^�jP�d�;�.2h�C$�mp�s t-zeta 
z_&p�s t-s
p�ds�EV>sF�mDg5U� zeta 
pFv�Y).0X 2.3[101] Y℄\� k, r �Æ k ≥ r Æ f(x1, . . . , xr) x�5.VT�
C�ds, N
∑

k1+···+kr=k
k1,...,kr≥1

f(k1, . . . , kr)t(2k1, . . . , 2kr) =

T
∑

l=0

cf,l(k)ζ(2l)t(2k − 2l), (2.8)

∑

k1+···+kr=k
k1,...,kr≥1

f(k1, . . . , kr)t
⋆(2k1, . . . , 2kr) =

T
∑

l=0

c⋆f,l(k)ζ(2l)t(2k − 2l), (2.9)0l T = max{ [d+r−2]
2 , [ r−1

2 ]}, d = deg(f), cf,l(x), c
⋆
f,l(x) ∈ Q(x) xf�O3 l V f p.VR�, ';

deg(cf,l(x)), deg(c
⋆
f,l(x)) ≤ d+ r − 2l− 1,XZ
3FV�p�se" k = (k1, . . . , kr), �s t- s
��C

t⋆(k) ≡ t⋆(k1, . . . , kr) :=
∑

1≤n1≤···≤nr

1

(2n1 − 1)k1 · · · (2nr − 1)kr
.o;, 2019 ��Jv��VKS�8wa�q�.
p�W�s zeta 
%{
`m��V

2.3 m, $�;q��'MjWWK( (�7*K(�_RJx>Ap):�y 2.1 Y℄\� m, k, n �Æ k ≥ n Æ f(x1, . . . , xn) x�5.VT�
C�ds, Wl�5�Æ>vp�ds�EV (F = ζ, ζ⋆, t, t⋆)

∑

k1+···+kn=k
k1,...,kn≥1

f(k1, . . . , kn)F (2mk1, . . . , 2mkn)x \KT��V 2.3 p>s?
3�s T -zeta 
��s S-zeta 
z�s M -zeta 
r0��s zeta 
p v, 0V>sp�l�6 NF2ÆJ\ [12, 84, 118]�z�Jv��Vp��JS [144]. �W, $�;qV'[(J [84,.
 4.5] 'Mj�5Zs T -zeta 
p,b>s
∑

a+b+c=w
a,b≥1, c≥2

2b(3c−1 − 1)T (a, b, c) =
2

3
(w − 1)(w − 2)T (w) (w ≥ 4).*,b3 2023 ���J�Vz0Y�V [12] ℄)#LVp℄Ne	S%d�FT^�.
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2.1.4 jg�x:��ap�4P���� J. Borwein VnL��� R. Girgensohn[17] 'MjWW�s
zeta 
p1$y,b:"	 2.2[17] 
3FV�p�se" k, hE |k| Vd� r p1$y)_1m, ζ(k) F�#tDd�j3 r p�s zeta 
p�Y.
o�'px, J. BorweinV�pzy P. Borwein��=No3oÆ��, ���1S�j��apoÆVAM��lp. �J�Vp���6��o�3��p>A��uG� EZ-face

(Æ http://wayback.cecm.sfu.ca/cgi-bin/EZFace/zetaform.cgi), VG�aa��j�s zeta 
z#LVp�
��.'[(J [122] K 2004�^�j�s zeta
p1$y,b 2.2. 2017�, E. Panzer[110,�X 1.3]N^�j�s�
�R�p1$y�V. 
3 (k1, . . . , kr) ∈ Nr, r  hp�s�
�R� (mul-

tiple polylogarithm function) ��WW:

Lik1,...,kr
(x1, . . . , xr) :=

∑

0<n1<···<nr

xn1
1 · · ·xnr

r

nk1
1 · · ·nkr

r

(|xj · · ·xr| < 1, j = 1, 2, . . . , r).0X 2.4[110] Y d ∈ N V n = (n1, . . . , nr) ∈ Nd, NR�
Lin(z1, z2, . . . , zr)− (−1)n1+···+nr−rLin

(

1

z1
,
1

z2
, . . . ,

1

zr

)p�ad�C r − 1, |0F�#tD
(2πi)k0

r
∏

i=1

logki(−zi · · · zr)
s
∏

i=1

Lin(i)(z(i))p Q-^y�Y,XZ�l n(i) ∈ Ndi ;
d� d1+ · · ·+ds < r,'�HE |k|+∑s
i=1 |n(i)| = |n|,

z(i) p�5�h z
(i)
j �x�5
�pFv zµzµ+1 · · · zν (µ < ν).

2020 �, $�;qV'[(J [84,�X 3.4] 8Mj�s T -zeta 
p1$y�V.0X 2.5[84] 
℄\� r ≥ 2, k ∈ Nr CFV�p�se". hE |k| Vd� r 1$y)_1m, �s T -zeta 
 T (k) F�#tDd�j3 r p�s T -zeta 
p�Y.

2022 �, �J�V℄)�V 2.4 ^�j�s M -zeta 
p1$y�V.0X 2.6[129,�X 2.16] 
℄\� r ≥ 2, k ∈ Nr CFV�p�se", ; ε ∈ {±1}r. hE
|k| Vd� r 1$y)_1m, �s M -zeta 
 M(k; ε) F�#tDd�j3 r p�s M -zeta
p�Y.

2024 �, �J�V'MjF3�℄�s M -zeta p1$y,b [133,.
 4.8], �-�J�V51�a�p�t(u [128,�X 3.10] ℄) Panzer F3�s�
�R�p1$y�V 2.4 ^�jV,b.

2.2 KC�&pMZV,MtV,MTV,MSV,MMV,AMZV �$C-�.�s zeta 
��s t-zeta 
��s T -zeta
��s S-zeta 
��s M -zeta 
�#LVTDp Q- ^yG
, Æ�`W" w #t-EC w p
TDp Q- ^yG
, |
MZV :=

∞
∑

w=0

MZVw, MtV :=

∞
∑

w=0

MtVw, MTV :=

∞
∑

w=0

MTVw,
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MSV :=
∞
∑

w=0

MSVw, MMV :=
∞
∑

w=0

MMVw, AMZV :=
∞
∑

w=0

AMZVw,0lW"C 0 m�.pG
�C Q. L MMVew V MMVow �$��CE w ;K (1.5) l
ε1 = 1 p�.�s M -zeta 
zEC w, ;K (1.5) l ε1 = −1 p�.�s M -zeta 
�TDp
Q- ^yG
.T�u, p AMtV,AMTV,AMSV,AMMV,CMZV �$C-�.�℄�s t-zeta 
��℄�s T -zeta 
��℄�s S-zeta 
��℄�s M -zeta 
��>�s zeta 
TDp Q- ^yG
, Æ�`W" w #t-EC w p
TDp Q- ^yG
, |

AMtV :=
∞
∑

w=0

AMtVw, AMTV :=
∞
∑

w=0

AMTVw, AMSV :=
∞
∑

w=0

AMSVw,

AMMV :=

∞
∑

w=0

AMMVw, CMZV :=

∞
∑

w=0

CMZVw.9;��, V��[�>�s zeta 
p6q�G
\K�WW4 3 �tp�QFT:

t

T

S

t T S

 

5 3 (�^) �toZ zeta dq7r�H�GUO�F�℄) PSLQ ��V GP-Pari G����lsEp�>�s zeta 
p6q�G
pstVD�
, �W, �J�V℄) GP-PariG���jE w ≤ 13 m�.p�s zeta 
z06q1$ v�TDp Q- ^yG
pD�
, �zE w ≤ 8 m�.p�℄�s zeta 
z06q1$ vTDp Q- ^yG
pD�
, Æ# 1 z# 2.! 1 4+ zeta ":)kh�Æx�%-�YSM-F/|s
w 0 1 2 3 4 5 6 7 8 9 10 11 12 13

dimQ MtVw 1 0 1 2 3 5 8 13 21 34 55 89 144 233

dimQ MTVw 1 0 1 1 2 2 4 5 9 10 19 23 42 49

dimQ MSVw 1 0 1 2 3 4 6 10 15 22 32 52 76 ?

dimQ MMVw 1 0 1 2 4 7 12 20 33 54 88 143 232 376

dimQ MMVew 1 0 1 2 4 7 12 20 33 54 88 143 232 376

dimQ MMVow 1 0 1 2 4 6 10 16 27 44 73 120 198 ?



328 � � + Q 54=! 2 O)4+ M-zeta "-:)�Æ� Q mx�%SM-F/|s
w 0 1 2 3 4 5 6 7 8

dimQ AMZVw 1 1 2 3 5 8 13 21 34

dimQ AMtVw 1 1 3 6 12 24 48 96 192

dimQ AMSVw 1 1 3 6 12 22 42 80 156

dimQ AMTVw 1 1 2 4 7 13 24 44 81/O
�oD�
5stp*x�Q, O�'Mj�lF3�>�s zeta 
p6q�G
pst,bVD�,b. ^W, 1994 �, Zagier[137] 'MjWWD�,b:

∞
∑

w=0

dimQ MZVwt
w =

1

1− t2 − t3
.� 0| [119] K 2002 �z Deligne 5 Goncharov[43] K 2005 �))1��^�j Zagier ,bp�s zeta 
pG
D�
HoxD�p`". 1997 �, Hoffman[74] *�*8Mj�.�s

zeta 
TDp Q- ghG
p��^y,bs
{ζ(k) |k = (k1, . . . , kr), r ≥ 1, ki ∈ {2, 3}}. (2.10)

Brown[24] K 2012 �℄) motivic ��^�jK motivic G
l`�,bxD_p, Æ�V 3.1.

2020 �, $�;qV'[(J [84] N,4�ÆWWvsp�s t-zeta 
pFvyY
{

t(2)nt(k1, . . . , kr) |n, r ≥ 0, kiC1�, ki ≥ 3, 2n+ k1 + · · ·+ kr = w
}�xEC w p�.�s zeta 
�TDpghG
p��st.9;#LV�z6q�s zeta 
p1$ vp��, $�;q�'[(J�Hoffman V�J�VrO,4��6	�ADp.VghG
&*\K4 4 �tp�QFT.

CMZV AMMV

AMZV

MMV = MMVe

 MMVo

MTV

MZV

MSV MtV

5 4 -5q�t zeta d7r!w�BEq/WhiH�a�qGU
3 5, zeta #I�>��� motive Z\
3.1 Motive � motivic U(G8

20 v� 60 �d, K�6d�Yp��ykOGl, �L�������qoV�[dd�~X}sO`� A. Grothendieck }Y'Mj motive p+ . �QC
P�9 K `pd�Y
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X &*\K�5�CC motivep A M(X), qo X pP�p`1~I�C M(X) p1#f.';�
3Idd�Y8Mj<*pAM, [&C`CT motive. 20 v��h 21 v�L, S����b[;� (M. Hanamura) [66−67]��L��� M. Levine[94] Vx�
L�������qoV V. Voevodsky[123] ))1pAM��^�jh K C&[C 0 p9m�.p motive hD�5Z��K DM(K). wo`��pAM)._1, gKa��p>v (�J�9) �^��r	.kkTmotive,�7�_p��f>vx
&3H2 (P1)pmotiveQ(−1)z0Th�Q(−n)

= Q(−1)⊗n V�p� Q(n), Xl�s�p motive CCT Tate motive. ÆT Tate motive 1O�'KI9okjnY Tate motive. XZ “) A KI B Nok E” epxZ��Klp�5℄YZ�
A −→ E −→ B −→ A[−1].K motive V{�POGl, x��℄m�������qoV P. Deligne K 20 v� 80 �dp<� [41] ,CF�. �C Grothendieck p�h, ��0�Jip[dd�~XV{<*e.
3�9 K `P� motive M , �AMj�Tl M p<*o['8MjXlo[`
pFT.0l�Cs�pg5o[ ωdR(M) (de Rham o[) V ωB(M) (Betti o[) gV`
p1A'b98Mj M p motivic v.. &$u, h K = Q m, X5v.�DCWWflp�;,

Pm

DM(Q) := O(IsomDM(Q)(ωdR, ωB)).�9x�, M p motivic v.xX ωdR k ωB (KTh�K�) p�.1A�vDp torsor p�bflp�5;�. J-1|p��1A
ωdR(M)⊗QC

∼−→ ωB(M)⊗QC�okjx0s�pv.1#
per : Pm

DM(Q) −→ C.W	p Grothendieck v.,bDC�66q6�p�s zeta 
z0 vpF�."	 3.1 'b per x�5f1A.XZ'kpv. (period)p+ x-����qoVKontsevichV�p(ujj Zagier[89]�L#Xp. �fu�, �5v.9x�5v� ∫

∆ ω, 0l ω xd�R�, Æ ∆ xd�9. *�*, �5v.�F�8!CWWvspv�p Q- ^y�Y:
∫

∆
ω, 0l ω x.VR�, Æ ∆ x-.VT��dsp)rsK Rn l��pA9. ) MT (K) d# DM(K) l�.nY Tate

motive hDp��K, ) P(K) Nd#�.nY Tate motivep motivic v.. x�
L�����Jv��Vp(ujj A. Goncharov .WWp,b:"	 3.2 Y K C�9N P(K) - P1 \ {∞} ∪K `p motivic SW (iterated) v�hD.n�x motivic SWv��? 
3P� S ⊂ {∞} ∪K, PB a0, . . . , an+1 ∈ S qo a0 6= a1,

an 6= an+1, JBX a0 k an+1 K P1(C) \ {∞, a1, . . . , an} lp�5u4 γ, NF��SWv�WW:

Iγ(a0; a1, . . . , an; an+1) :=

∫

0<t1<···<tn<1

n
∏

j=1

dγ(tj)

γ(tj)− aj
∈ C.C��3Æ, C n C Iγ pEÆ dep(a1, . . . , an) := #{1 ≤ j ≤ n | aj 6= 0} NCCd�. wo`, ℄):s{ (tangential base point) V{ [41], fhF�G� a0 = a1 z an = an+1. h
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a0, . . . , ak+1 ∈ K m, C Iγ(a0; a1, . . . , an; an+1) CMT (K) p�5v., �p motivic 'i

Imγ (a0; a1, . . . , an; an+1) ∈ P(K)&�Æ per(Imγ (a0; a1, . . . , an; an+1)) = (−1)dep(a1,...,an)Iγ(a0; a1, . . . , an; an+1). XÆL�F�C
Imγ (a0; a1, . . . , an; an+1) C P1 \ ({∞} ∪ S) `p�5 motivic SWv�.

3.2 Motivic 8�3* zeta ! I[KCy�T&�p motivic SWv�, h S = {0, 1}m, F_|ok motivic �s zeta 
.KV&�>v, %L��� F. Brown[24] H) motive V{^�j�Ws� N:0X 3.1[24] (1) h K = Q m,b 3.2 D_, ;0Hu, �. Z `p Tate motive pv.�x�s zeta 
p Q[ 1
2πi ]- ^y�Y;

(2) yY (2.10) AD MZV K Q `p��hD;.wo`, Brown[24] g^�j.F Galois I Gal(Q̄/Q) K P1 \ {0, 1,∞}p pro-ℓ s�I`p;�) (outer action) p Deligne–Ihara ,b.hB S = {0,±1} m, F�_|ok motivic #LV. ;�Æu, B�℄\� N , p µN C NWfH9I, Nh S = {0} ∪ µN m, _|okv N 6 motivic �>�s zeta 
. L�fhF�<*AMMVq>vWp�.p motivic SWv�qo���Æ�Wyk:

(I1) G�: Im(a0; a1) = 1.

(I2) �u4: 
P�E n ≥ 1, WN a0 = an+1, N Im(a0; a1, . . . , an; an+1) = 0.

(I3) S%v: 
P�\� j ≥ 1, c ≥ 0, kj ≥ 1, εj ∈ ΓN , ηj = 1
εj ···εd

, � k = (k1, . . . , kd),

ε = (ε1, . . . , εd). p ζmc (k; ε) := Im(0; 0c, η1, 0k1−1, . . . , ηd, 0kd−1; 1), '
 ζm(k; ε) := ζm0 (k; ε),N
ζmc (k; ε) = (−1)c

∑

i1+···+id=c
i1,...,id≥0

(

d
∏

j=1

(

kj + ij − 1

ij

)

)

ζm(k1 + i1, . . . , kd + id; ε).

(I4) ℄Ne: Y a1 = · · · = an ∈ {0, 1}, N Im(0; a1, . . . , an; 1) = 0.

(I5) �u4: Im(a0; a1, . . . , an; an+1) = (−1)nIm(an+1; an, . . . , a1; a0).

(I6) 1ky: ∀α ∈ ΓN , Im(0;αa1, . . . , αan;αan+1) = Im(0; a1, . . . , an; an+1).

(I7)  h+h t 7→ 1− t: ∀a1, . . . , an ∈ {0, 1},

Im(0; a1, . . . , an; 1) = Im(0; 1− an, . . . , 1− a1; 1).

(I8) u4��: ∀a, b, x ∈ ΓN ∪ {0},

Im(a; a1, . . . , an; b) =
n
∑

i=0

Im(a; a1, . . . , ai;x)I
m(x; ai+1, . . . , an; b).p HN C�Æ (I1)–(I8) p�.v N 6 motivic �>�s zeta 
�hDp Q-^yG
. �

AN = HN/ζm(2)HN , LN = AN
>0/AN

>0 · AN
>0, 'p HN

w V AN
w C-EC w p
hDp+�. 
℄1� r < w, /O{℄�T Hopf d�p4FF�okW	pj�:

Dr : HN
w 7→ LN

r ⊗HN
w−r,
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w−r
∑

p=0

I l(ap; ap+1, . . . , ap+r; ap+r+1)⊗Im(a0; a1, . . . , ap, ap+r+1, . . . , aw; aw+1).

3.3 78l, motivic fTB
Brown p�h Glanois K�p(u{J [55] l*�*�Pj [24, 42] lpV{'ok�W N:0X 3.2 p a ∈ N0, ε ∈ {±1}d, k ∈ Nd qo a + |k| = w. NEC w p motivic #LV

ζma (k; ε) ∈ Hw h;)h D1ζ
m

a (k; ε) = 0 '
�.℄1� r < w �Æ Drζ
m

a (k; ε) ∈ Lr⊗Hw−r.;*�*, Y
�.℄1� r < w ��Æ Drζ
m

a (k; ε) = 0N\K c ∈ Qqo ζma (k; ε) = c ζm(w).XZ, Y ε = (1, . . . , 1) N� ζma (k; ε) �C motivic �s zeta 
 ζma (k).LK 20v� 90�d,��PV�� Broadhurst[22]9�[#LV (fh.lv 66 CMZV)lK��v�V" ) hp��lM[, g.l#LVo�`F�)�s zeta 
p Q- ^y�Y#t (�|KMZV l), �CVT#LVCU:�s zeta 
, L�C0C��2#LV, Æ�V 3.2 ℄SF�)N&�VT motivic #LV. ^W, �Jv��V [140] ^�
�.℄\� n

8nζ({1, 2̄}n) = ζ({3}n).V℄rsK [130] l�'ik motivic 6	`p℄rs. ZÆ�Æ, �.p1$ v�F�)#LV^y#t. ℄)X6bT, $u7VY�$ [78] �6j motivic �s t-zeta 
'^�j$��-� (Tasaka) ,b. 
�s T -zeta 
, $�;qV'[(J [84] .WW,b:"	 3.3 (1) KEC$m, Y p, r ≥ 3 C1Æ q C$, N T (p, q, r) z0
$�KMZV l.��5d�C 1 p�s T -zeta 
z0
$K�39x�.��2pEC$p�s T -zeta 
;

(2) KEC1m, Y p, r ≥ 3 C$, N T (p, 1, r) z0
$�K MZV l. ��5d�C 1 V
2 p�s T -zeta 
z0
$K�39x�.��2pEC1p�s T -zeta 
.C!?,b 3.3, F�Cy motivic �s T -zeta 
. 
VL�.�W N.0X 3.3[103, 131] Y dep(k) ≤ 3, N motivic �s T -zeta 
 Tm(k) x��2pI���.�x

(1) dep(k) = 1 m, k = k ≥ 2;

(2) k = (k, l) m, l ≥ 2 ; k + l C1�;

(3) dep(k) = 3 m, W	.�`�D_:

(i) k = (1, 1, 2), (1, 1, 3), (1, 2, 2),r
(ii) |k| C$�, k = (O>1, E,O>1), r
(iii) |k| C1�, |k| = (E, 1, E),XZ O F�d#)1p1�, Æ E F�d#)1p$�.Y Grothendieck v.,b 3.1 D_, N�V 3.3 9Æ^j,b 3.3 Kd�j3 4 mp>v.
3o;gT1$ v, L�.WW N.0X 3.4[103, 131] Y dep(k) ≤ 3, N motivic �s S-zeta 
 Sm(k) x��2pI���.�x
(1) dep(k) = 1 m, k = k ≥ 2;

(2) k = (k, l) m, k, l ≥ 2 ; k + l C1�;
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(3) dep(k) = 3 m, W	.�`�D_:

(i) |k| C$�, k = (O>1, O,E) r k = (O>1, E,O>1), r
(ii) |k| C1�, k = (E, 1, E),XZ O F�d#)1p1�, Æ E F�d#)1p$�.0X 3.5 �
 m,n, e ∈ N, q ∈ Nd (d ≥ 0) ;0�.�hhax 2. h k .WWvs`�m, motivic �s t-zeta 
 tm(k) x��2p.

(1) k = q;

(2) k = ({2n}e, 1, q);
(3) k = (2n, 2m, 2n, 1, q);

(4) k = (2, 1, 3, 2, 1, q).0X 3.6 p℄\� n ≤ d '� k = (k1, . . . , kd) ∈ Nd. �
 kn = 1, K kn `7p�h5S.�5x1�, ÆK kn `^p�5�hhax 2, N tm(k1, . . . , kd) C�2p."	 3.4 �
m,n, e ∈ N; qp�.�ha3 1,N�s t-zeta
 t({2n}e, 2m, {2n}e, 1, q)x��2p./O�
��L��[hEj3 16 m,

S(2, 1, 1, 1, 4) =
3577

768
ζ(9) +

343

384
ζ(3)3 − 63

64
ζ(2)3ζ(3)− 217

640
ζ(2)2ζ(5)&*xB�p�5d�a3 3 p��2p�s S-zeta 
./ 3.1 h k pd�hax 4 m, L�.WWK(:

(1) S(k) x��2px )K k = (2, 1, 1, 1, 4) mD_?

(2) x \K��2 T (k)?

(3) x \K��2p�s t-zeta 
�.��V 3.5 V,b 3.4 &,?

3.4 Motivic 8�3* zeta ! II`	{�%{jv�6�>�s zeta 
 (|#LV) `
p�lFT, [KCy�Æ6p>v. p CMZVm,N
w C-EC w 6C N p�.p motivic �>�s zeta 
TDp Q- ^yG
,

Deligne–Goncharov .WW N.0X 3.7[43] 
P�p℄\� w V N , . dimQ CMZVm,N
w ≤ DG(w,N), XZ

1 +

∞
∑

w=1

DG(w,N)tw =



























1

1− t2 − t3
, WN N = 1;

1

1− t− t2
, WN N = 2;

1

1− a(N)t+ b(N)t2
, WN N ≥ 3,0l a(N) = ϕ(N)

2 + ν(N), b(N) = ν(N)− 1, ϕ x#LR�Æ ν(N) x N p)1�"�p5�.;*�*, K N = 2, 3, 4, 6, 8 m Deligne[43] 8Mj CMZVm,N
w p��hD;. o��	,B� ηN = exp(2πi/N), K N = 3, 4 m�Jv��V.WW,b."	 3.5 Y N = 3 r 4, N {ζ({1}w; ηt1N , . . . , ηtwN ) : tj = 1, 2} x CMZVm,N

w p��st.C*�*�6,b 3.5, l�a�pY�$�� [96] ��jvW ζ({1}w; ε1, . . . , εw) p�>�s zeta 
CfH�>�s zeta 
, 0l εj �C N WfH9; εw 6= 1.



2/ ~3, U�8: �t zeta d{`GW| 3330X 3.8[96,�X 1.2] h N = 2, 3, 4 m, EC w pv N 6pfH�>�s zeta 
vDj
CMZVN

w p��hD;.�-, J�� (M. Hirose)/O*�*�P�>�s zeta
p motivicV{^�jWW N.0X 3.9[70,�X 11] h K = Q(ηN ) C N W�>9Æ N C 2r 3 pW�m, ,b 3.2D_.0X 3.10[70,7} 12] �
 p ∈ {2, 3}, q = 6 − p, N = qpM ; M ≥ 0, 'B� N WfH9
ηN . N�.v N 6EC w ;d�C r p�>�s zeta 
�F�#tD�W
p Q- ^y�Y:







(2πi)sζ(k1, . . . , ke; ε1, . . . , εe−1, εeη
−1
N )

∣

∣

∣

∣

∣

∣

s ≥ 0, 0 ≤ e ≤ r, k1, . . . , ke ≥ 1,
k1 + · · ·+ ke + s = w,
ε1, . . . , εe ∈ µpM







.

4 5, zeta #�q- 
e�^�+tK�s zeta
��Æp6q��Vd�FTl,�s�p9x	S%d�FT——v�S%vFT5}��S%vFT, Æ	S%vFT2x~�d� (Rota–Baxter algebra) ��Æp�s�d�FT. ~�d�V{3?3�L|���� G. Baxter[11] 3 1960�K+z{n9lp�6. K`^pl~�l, |���� G.-C. Rota[111] V P. Cartier[28] �~�d�)3�Yn9pV{�6l. V;, ~�Yd�5�|�PV���Z!V R. Baxter 
�p Yang–Baxter�G [10, 15] .��=(�pbT, .HgH Baxter'M��FT. �ÆQC, 
~�d�T2yp�6r3 2000 �h 2001 �K�z0Y�V�#K Advances in Mathematics `pZ)JS
[57, 59, 60]. ���	-�h~�d��nYS%d�p�sAMMN. X�AM))Z*j~�d�pV{�6, W=�e�m"�Ve.�r, Æ;q~�d�o�&)3S%d�_FpJ�n9, �J Hopf d���YV umbral �QrV{. ;s�p�{xX�S%d�AMF�&)3
� ; zeta R�
p	S%d�FTp�6hl [65, 134, 135].~�d� [58] p<*��WW: �
 k x�5f, λ x k l�5;�. Y R x�5 k- d�,

P : R → R x�5^y h, ;�Æ Rota–Baxter �G
P (x)P (y) = P (xP (y)) + P (P (x)y) + λP (xy) (∀x, y ∈ R),NC�;� (R,P ) C�5EC λ p~�d�, P CC R `EC λ p~���. ^W, Cy R `
�R�ADpf R = Cont(R), '����

P : R → R, P (f)(x) :=

∫ x

0

f(t)dt,N (R,P ) x�5EC 0 p~�d�;�ÆWW Rota–Baxter �G:

P (f)P (g) = P (P (f)g) + P (fP (g)).9;�s zeta 
pSWv�#_s (2.1), F_�s zeta 
x�Æv�S%vFTp, X5EC
0 p~�d���Æp Rota–Baxter �GxT�p.
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4.1 3* zeta !�7 r&,*�E

20 v� 50–60 �d, ��PV����[j�qF��h�<{℄Nep BPHZ ��, ^N�L�������qoV A. ConnesVnL�"Ua�pV{PV�� D. Kreimer�[��4�vDp Hopf d�FzCEC −1 p~�d�, XÆ� BPHZ ��d�e. K���V�Qa�T%�� [64] �XqV{&)k�s zeta 
p�6`, }WT2uo[j�s zeta 
K�℄�Pps\e, ';��okps\ep�s zeta 
1��Æ�S%FT (Æ 2.1.1 �).o�`, O�^N2'Mj~q�Æ�S%FTp)1ps\e�� [44, 102], gLO7!pxXl��okps\e
�)._1. �Jv��VVY�V� [45] Y<*��j�5 Hopfd�p&[�I, *Æ^��.�s zeta 
K�℄�Pps\e���F�-X5I`p	-Rz�)ok, XÆ�t!?j�Æ�S%FTp�s zeta 
K�℄�Pps\eK(. gx,W	g5K(h&�g�ÆG?:

(1) WX���ÆS%FTp�s zeta R�K�℄�Pps\e
?

(2) WX���ÆS%V�S%FTp�s zeta R�KF+\�Pps\e
?

4.2 q- bd3* zeta !K�j�, YM&$g�Nrp�� 0 < q < 1. K�{�6l, 
�q�
rR�, 1=F�Cy0 q- ��. �W, 
P�p℄\� n, F����p q- ��
[n] = [n]q := 1 + q + q2 + · · ·+ qn−1 =

1− qn

1− q
.V�BM, limq→1[n]q = n. J�W, � [81] 4�, �Jv��V [139] }Y��jWW q- ���s zeta 


ζBZ
q [k] := ζBZ

q [k1, . . . , kr] :=
∑

0<n1<···<nr

qn1(k1−1)+···+nr(kr−1)

[n1]k1 · · · [nr]kr

= (1− q)|k|
∑

0<n1<···<nr

qn1(k1−1)+···+nr(kr−1)

(1− qn1)k1 · · · (1− qnr )kr
,'� [64]lp��&)k* q-��`XÆo[j��K�℄�Pps\e. "C Bradley[19] 
VT
�j*�*p�6'�[j����ÆV (2.4) 1�p
$FT, "V, -�N, VT
�CC Bradley–Zhaou q- ���s zeta 
. V�BM, limq→1 ζ

BZ
q [k] = ζ(k) �� ζBZ x�q<.fS!QV��ykp q- ���s zeta 
.Nj BZ u;, O�g��j~q0�vsp q- ���s zeta 
. C��3Æ, 2���

a = (a1, . . . , ar), k = (k1, . . . , kr), ��
ζaq [k] :=

∑

0<n1<···<nr

qn1(k1−1)+···+nr(kr−1)

[n1]k1 · · · [nr]kr
= (1− q)|k|zaq [k], (4.1)

z
a

q [k] :=
∑

0<n1<···<nr

qn1a1+···+nrar

(1− qn1)k1 · · · (1− qnr )kr
. (4.2)^W, Schlesinger V Zudilin[149] Cyj a = k p>v, a�!h�
-
� (J. Okuda) V

Zudilin[106] Cyj a = (1, 0, . . . , 0) p>v.
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3 [α, β] `p
�R� f(t), �� Jackson q- v�WW:
∫ β

α

f(x)dqx :=
∑

k≥0

f
(

α+ qk(β − α)
)

(qk − qk+1)(β − α). (4.3)ZJ, limq→1

∫ β

α
f(x)dqx =

∫ β

α
f(x)dx. B α = 0, β = t �ok

J [f ](t) := (1− q)
∑

k≥0

f(qkt)qkt = (1− q)
∑

k≥0

Ek
[

M [f ]
]

(t) = (1− q)P
[

M [f ]
]

(t), (4.4)0lM [f ](t) := tf(t) CFv��,

E[f ](t) := Eq[f ](t) := f(qt) V P [f ](t) := Pq[f ](t) := f(t) + f(qt) + f(q2t) + · · ·�$x q- KT��V ({d) q- �V��. J�� (4d) q- �V��C
R[f ](t) := Rq[f ](t) := f(qt) + f(q2t) + · · · = (P [f ]− f)(t).ZJ, �C�� P = R+ I, 0l I[f ] = f , X9^�j PR = RP . p tQ[[t, q]] C	 hvs�}�f; t > 0, N J ,E,P ,R �x tQ[[t, q]] `p Q[[q]]- ^y	1#. V�^�ay 4.1 
P�p f, g ∈ tQ[[t, q]] .

P [f ]P [g] = P
[

P [f ]g
]

+ P
[

fP [g]
]

− P [fg],

R[f ]R[g] = R
[

R[f ]g
]

+R
[

fR[g]
]

+R[fg],

R[f ]P [g] = R
[

R[f ]g
]

+R
[

fR[g]
]

+R[f ]g +R[fg],

J [f ]J [g] = J
[

J [f ]g
]

+ J
[

fJ [g]
]

− (1 − q)J
[

Ifg
]

= J
[

fJ [g]
]

+ qJ
[

J
[

E[f ]
]

g
]

.�'℄)
( 4.1 F�^��W N.0X 4.1 p k = (k1, . . . , kd) ∈ Nd, a = (a1, . . . , ad) ∈ (Z≥0)
d. � y := y(t) = t

1−t ,

zq[w
a(k); t] := Ra1

[

P k1−a1 [yRa2 [P k2−a2 [y · · ·Rad [P kd−ad [y]] · · · ]]]
]

(t). (4.5)Y
�. j = 1, . . . , d �D_ a1 + · · ·+ aj > 0, N
ζaq [k] = (1− q)wzq[w

a(k); 1], z
a

q [k] = zq[w
a(k); 1]. (4.6)�V�VCsO, /O��.�`��vse, |���CyD��, J^�d�PV, 9F�ok�Æp q- ���s zeta 
p	S% A, V�2Æ [143].-�N, O�g�6j�l0�p q- ���s zeta 
. ^W, 
P�p k = (k1, . . . , kr) ∈

Nr, p = (p1, . . . , pr), 0l p1, . . . , pr−1 ∈ Q[t], pr ∈ tQ[t], H. Bachmann V U. Kühn[7] ��j
zq(k;p) :=

∑

0<n1<···<nr

p1(q
n1) . . . pr(q

nr )

(1− qn1)s1 · · · (1− qnr )sr
,'
E�p d ≥ 0 Cy Q `p^yG


Zd = Zd(q) := 〈zq(k;p) | r ≥ 0, k ∈ Nr, p1, . . . , pr−1 ∈ Q[t], pr ∈ tQ[t], deg pj ≤ kj − d〉Q,
Z◦

d = Z◦
d (q) := 〈zq(k;p) ∈ Zd | p1, . . . , pr ∈ tQ[t]〉Q.�� Z = Z0, Z◦ = Z◦

0 . H. Bachmann[5] *�*���T	JT (bi-bracket) R��Co�q
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q- ���s zeta 
, '�V�6jXT
V��vs (quasi modular form) pFT. 
3P�pg�\� k1, . . . , kr ≥ 1 �z l1, . . . , lr > 0, ��

[

k1, . . . , kr
l1, . . . , lr

]

:=
∑

0<u1<···<ur
v1,...,vr>0

ul1
1

l1!
· · · u

lr
r

lr!

vk1
1 · · · vkr

r

(k1 − 1)! · · · (kr − 1)!
· ql1k1+···+lrkr ∈ Q[[q]].Xq q- ��p�ap+{xF����pEC k1 + · · ·+ kr + l1 + · · ·+ lr.0X 4.2[20,Æ) 3–4], [8,�X 1] W [7,Æ) 3.14] L�.

(1) �. Schlesinger–Zudilin u q- ���s zeta 
 zq(k1, . . . , kr; t
k1 , . . . , tkr ) K Q `hD

Z;

(2) �.	JTR�K Q `hD Z;

(3) �.vW [

k1,...,kr

0,...,0

] p	JTR�K Q `hD Z◦;

(4) �. Bradley–Zhao u q- ���s zeta 
 zq(k1, . . . , kr; t
k1−1, . . . , tkr−1) K Q `hD

Z1;

(5) K�� q d
dq �)W Z V Z◦ �6	��.-�V 4.2 L�F� Zw C-EC ≤ w p	JTR�K Q `TDp^yG
, N)�^�
P�p a, b ≥ 1 . ZaZb ⊆ Za+b, XÆF�� GrZw = Zw/Zw−1. Bachmann V Kühn[8] 'Mj�W,b."	 4.1[8] G
 Z = Z◦, '; Z1 V Z◦

1 K�� q d
dq �)W�x��p. ;*�*,

∞
∑

w=0

tw dimGrZw =
1

1− t− t2 − t3 + t6 + t7 + t8 + t9
.�C�` q- ��p�q&�vs, ����qoV�x�
���� A. Okounkov[108] K�6 Hilbert +vpOGl(kjvW z

O
q (k) := zq(k;p

O)p q-���s zeta
, 0lY kj ≥ 2C$�N pOj (t) = tkj/2, Y kj ≥ 3 C1�N pOj (t) = t(kj−1)/2(t + 1). p ZO
w C�.EC ≤ wp z

O
q (k) hDp Q- ^yG
. N
P�p a, b ≥ 2 F�^� ZO

a ZO
b ⊆ ZO

a+b, XÆF��
GrZO

w = ZO
w /ZO

w−1. Okounkov[108] *Æ'Mj�W,b."	 4.2[108] p ZO C�. z
O
q (k) (k ∈ (N≥2)

d, d ≥ 1) hDp Q `pd�.

(1) �� z
O
q (k) pEC |k|. �� ZO FzC-E�W9hp Z/2Z- �Wd�, �F-�.

z
O
q (k) (2 ≤ ki ≤ 5) hD, ;K�� q d

dq �)WElO� 2.

(2) L�.
∞
∑

w=0

tw dimGrZO
w =

1

1− t2 − t3 − t4 − t8 + t9 + t10 + t11 + t12
.V,bKEj3 7 m�� [143] Æ^.

5 ��}PQ.#
���8M�l-�s zeta 
z_F v�TDp Q- ^yG
pstVD�,b."	 5.1[137] (bV,b)

MZV =

∞
⊕

w=0

MZVw.



2/ ~3, U�8: �t zeta d{`GW| 337"	 5.2[76, 84, 128, 129, 133, 137] (�s zeta 
z_F vpG
D�,b)

∞
∑

w=0

dimQ MZVwt
w =

1

1− t2 − t3
,

∞
∑

w=0

dimQ AMZVwt
w =

1

1− t− t2
,

∞
∑

w=0

dimQ MtVw+1t
w =

1

1− t− t2
,

∞
∑

w=0

dimQ AMTVwt
w =

1

1− t− t2 − t3
,

∞
∑

w=0

dimQ MMVwt
w =

∞
∑

w=0

dimQ MMVewt
w =

1

1− t− t2
− t

1− t
,

dimQ MTV2k = dimQ MTV2k−1 + dimQ MTV2k−2 (k ≥ 1),

dimQ MSV2k+1 = dimQ MSV2k−1 + dimQ MSV2k−2 (k ≥ 1),

dimQ AMSVn = 2dimQ AMSVn−1 − 2

⌊

n+ 1

2

⌋

+ 4 (n ≥ 3),

dimQ AMtVn = 3× 2n−2 (n ≥ 2)."	 5.3[128, 129] (G
�QFT,b)

MSV ⊆ MMVo, MZV ⊆ MtV ∩MTV ∩MSV, MMVe = MMV,

MTVw ( MSVw (w ≥ 3), AMTVw ( AMSVw (w ≥ 2),

MMVew = MMVw (w ≥ 1), MMVow ( MMVw (w ≥ 5)."	 5.4[74, 85, 128] (st,b)

(1) MZV pst: {ζ(k) |k = (k1, . . . , kr), r ≥ 1, wt(k) = w, ki ∈ {2, 3}}, {t(2)nt(k1, . . . ,
kr) |n, r ≥ 0, kiC1�, ki ≥ 3, 2n+ k1 + · · ·+ kr = w};

(2) MtV pst: {t(k1 + 1, k2, . . . , kr) | k1 + · · ·+ kr = k − 1, ki ∈ {1, 2}, 1 ≤ r ≤ k − 1};
(3) AMMV pst: {M ε

σ({1}w) |σ = (−1, {1}w−1), ε ∈ {±1}w}.%� �V-nY�a�1,o����L~4
a�K�����Qa�T%���1�a�Ym
���Y�V<a�>E+���l�a�Y�$���$wa�nPf���Y�;L8�Bem
����/a�Oa���1�a��t(u5S�8wa��
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Abstract: In recent years, the multiple zeta values and related variants have been widely

used in quantum physics, knot theory, number theory, non-commutative geometry, etc. Conse-

quently, the research on the relevant problems has become a very active field in mathematics and

physics. Many interesting and profound results have been achieved in this field so far, however,

there are still many open problems and conjectures to be solved. This survey will systematically

introduce the arithmetic, algebraic, combinatoric and geometric properties of these fascinating

objects. In particular, we will expound on the connections between the multiple zeta values

and some of their odd and even variants (such as multiple t-values, multiple T -values, multiple

S-values, multiple M -values and their alternating versions) and their q-analogs and explain how

the theory of motives and Rota–Baxter algebras are applied in this framework.

Keywords: multiple zeta value; odd and even variant; duality relation; double shuffle

relation; q-analogues of multiple zeta value; motive theory; Rota–Baxter algebra


